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The Rigorous Calculati<:>n o! th~ Block.ing 
Probability and its Application In Traffic 
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ABSTRACT 

The first part of this paper deals with the theory for the 
rigorous calculation of the mean and variance of the load 
offered to a group of fully available trunks and its 
blocking probability from the mean and variance of the 
carried load. 

The second part describes a concept for an inexpensive 
traffic measuring system. The system is processor con
trolled and makes use of the co,mputing power of the 
processor in calculating the mean and variance of the 
offered load and its blocking probability from the mean 
and variance of the load carried by a limited portion of 
the trunks which are arranged to be used when all the 
other trunks in the group are blocked or occupied. The 
system also includes facility for event count measurement 
and for visual display of congestion in overloaded groups 
as well as an indication of plant overprovision in under
loaded groups. 

l. INTRODUCTION 

The probability of blocking known as the grade of service 
is a quantity of particular interest to traffic engineers. 
Theoretically, it is defined as the limit, as time 
increases without end, of the ratio of blocked call 
attempts to all call attempts [1]. In practice, this is 
achieved by providing two call counters for each trunk 
group, one counts the unsuccessful call attempts and the 
other counts all call attempts . Due to the limitation of 
the observation period in practice and due to re-orders at 
moments of heavy congestion, the grade of service measured 
by this method is unreliable. Moreover, it does not 
indicate the grade of service in underloaded groups. 

In spite of the recent advancements of teletraffic theory, 
Benes [1] has indicated that the rigorous theoretical 
calculation of blocking probabilities has long been an 
outstanding problem of traffic theory. He has shown, 
however, that the blocking probability is uniquely 
determined by the mean and variance of the carried load. 
Presented here is the theory for the calculation of the 
offered load and its blocking probability from the mean 
and variance of the carried load. 

The theory led to a new concept for an inexpensive method 
of traffic measurement. This can be achieved by limiting 
the measurement to a small portion of the trunks which are 
arranged to be used when all the other trunks in the group 
are blocked or occupied. 

2. THE TRAFFIC MODEL 

Consider a trunk group consisting of c fully available 
trunks to which is offered a load of A erlangs of Poisson 
traffic. The group is divided in two subgroups, a first
choice subgroup consisting of k trunks and a last-choice 
subgroup consisting of c-k trunks with the arrangement 
that the last-choice trunks are used when all the first
choice trunks are occupied. It is required to find the 
expressions for the mean and variance of the offered and 
carried loads in terms of the parameter of the Poisson 
load. 

* The work and opinions contained herein are those of the 
author and they do not represent official policy of the 
Federal Communications Commission. 
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3. SOLtlflON 

The sought expressions depend on the distribution function 
of the offered traffic and the assumptions used in dealing 
with lost calls. 

In the case of lost-calls-held and Poisson distribution, 
the following expression for the variance-to-mean ratio 
(vmr) of the load carried by the c-k subgroup is derived 
in the appendix (formula 15): 

z = q(k) - g(c) 
BCk) B(c) 

where, 

cB(k) - kB(c) 
B(k) BCc) + (c-k) + (A-l) 

z is the vmr of the carried load 

A is the parameter of the offered Poisson load 

1 is the mean of the carried load, 

1 = A[B(k) - B(c)] 

u 
B(u) • q(u) - A q(u+1) 

q(u) • 1: 
i-u 

(1) 

(2) 

(3) 

(4) 

It will be noticed from (1) that z can be less or greater 
than unity depending on the values of c and k. For large 
c (no truncation), the following formula, when q(c) and 
B(c) approach zero, expresses the variance-to-mean ratio 
of the load, Y overflowing the subgroup of k first choice 
trlDlks: 

z = a~B -k + (A-Y) 

where Y = A' B(k) 

Note that formula (5) is comparable to Wilkinson's [2] 
formula 12** in the case of lost-calls-cleared. 

4. APPLICATION 

(5) 

Given the mean and variance of the carried load, formula 
(1) can be used to calculate the parameter of the offered 
Poisson load which when offered to k hypothetical first
choice trunks will generate a peaked overflow load. which 
produces the given load carried by the c-k subgroup under 
consideration. The application can better be illustrated 
by numerical ex~les: 

Example 1 

The mean and variance of the load carried by a final group 
consisting of 48 trunks is found to be 45.6 erlangs and 
16.6 respectively. Calculate the mean and variance of the 
offered load and its blocking probability. 

**Z • 1 - Y + A(k+l + Y_A)-l 
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Solution 

z = ~~:~ " = 0.364 

From (1) and (2) we have the following two simultaneous 
equations: 

B(k) B(c) 

q(k) - q(c) 
B(k) - B(c) -

45.6 
-A-

cB(k) 
B(k) 

- kB(c) + (c-k) + (A-l) 
B(c) 

where c-k = 48 and 1 = 45.6 

0.364 

Solving by the method of iteration, for the two unknowns 
A and k. it will be found that A = 70 and k 20 satisfy 
these two equations. 

The offered load can be calculated by formulas (3), (5) 
and (6) with A = 70 and k = 20. 

From (3), B(20) 20 
q(20) - 70 q(21) 20 = 1 - 70 = .714 

From (6), Y 70 x .714 = 50.0 erlangs (50.38)** 

From (5), Z .7~4 - 20 + (70-50) = 1.40 (1.362)** 

Therefore the mean and variance of the offered load are 
50.0 erlangs and 70.0 (1.40 x 50.0 = 70.0) respectively. 
The lost traffic is therefore 4.4 erlangs, (50 - 45.6 = 
4.4) and the grade of service is 8.8% «4.4 f 50) x 100 
= 8.8) with respect to the traffic offered to the final 
group and 6.3% «4.4 f 70) x 100 • 6.3) with respect to 
the first routed traffic. 

Example 2 

In the previous example, if the mean and variance of the 
load carried by the last 12 trunks were 9.7 erlangs and 
13.26 respectively, calculate the mean and variance of the 
offered and carried loads in the final group and the 
blocking probability. 

Solution 

z = 19: 96 = 1.367 

From (1) and (2) we have the two simultaneous equations: 

B(k) - B(c) = 9A7 

~) - q(c) cB(k) - kB(c) + (c-k) + (A-1) = 1.367 
B(k) B(c) - BCk) B(c) 

where c-k • 12 and 1 = 9.7 

Solving by the method of iteration, it will be found that 
A = 70 and k = 56 satisfy these two equations. 

The load offered to the final group can be calculated from 
(5) with A = 70 and k = 20, (56 + 12 - 48 = 20) and 
c = 68, (20 + 48 68). 

Y = 50.0 and Z 1.40 as in example 1. 

The load carried by the final group is calculated from 
formulas (1) and (2) with k = 20, c-k = 48 and A • 70. " 

From previous example we have: 

q(k) q(20) 1 and B(k) = 8(20) = .714 

From (3). B(c) = .610467 - 68/70 (x.563521) •• 063 

B(k) - 8(c) • .714 - .063 = .651 

The load, 1, carried by the final group is therefore 
45.60, (70 x .651 • 45.60) and the variance obtained from 
(1) is 16.60, (0.364 x 45.60 = 16.60). 

** The comparable values in the case of lost-calls-cleared 
are shown in parenthesis. 
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The mean and variance of the load offered to the final 
group are therefore 50.0 erlangs and 70 respectively and 
the grade of service with respect to the offered peaked 
load is 8.8\ as in the previous example. 

This example shows that by limiting the measurement to a 
small portion of the trunks which are arranged to be used 
as last choice. it is possible to calculate the load 
offered to the whole group and its blocking probability. 

5. CONCEPT FOR IMPROVED TRAFFIC MEASURING SYSTEM 

The theory presented before leads to an improved and 
inexpensive method of traffic measurement. It is based on 
limiting the usage measurements to a small portion of the 
trunks which are arranged as full availability last-choice 
trunks. By utilizing the computing power, now available 
in inexpensive microprocessors, the load offered to the 
whole group and its blocking probability can be calculated 
from the load carried by the last-choice trunks. 

The system can also provide facility for peg count and 
congestion measurements. Congestion measurements can be 
provided by pre-assigned thresholds in the memory to 
indicate the instances when the traffic intensity reaches 
those thresholds. 

One of the main advantages of this concept, in addition to 
providing inexpensive facility for the measurement of 
variance, is that the measurement wiring is permanent and 
does not require updating with growth. 

6. CONCLUSION 

We have presented here the theory for the rigorous 
calculation of the blocking probability from the mean and 
variance of the carried load and applied the theory to a 
concept for an improved inexpensive method of traffic 
measurement. 
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APPENDIX 

Let R be a discrete random variable (r. v.) with pro
bability function pCi). i = O. 1 ••••• and let k and c be 
two fixed positive integers. Assuming the lost-calls are 
held. define three new r.v's as follows: 

X=R y .. o 
X • k Y - R-k 

Y = c-k 

Z = 0 when 
Z .. 0 when 

when 
Z .. R-c when 

Thus R .. X + Y + Z 

Hence, E{R} = A = E{X}+E{Y}+E{Z} 

o ~ R ~ k 
k ~ R < c 

R ~ c 
R > c 

and var R .. 02 = var X + var Y + var Z + 2 (Cov XY + 
COy XZ + Cov YZ). 

Let the distribution fUnctions be as follows: 

Offered traffic 
Traffic carried by k group 
Traffic carried by c-k group 
Traffic overflow 

pCi)=P(R=i),i.O.l ••.•. 
q(i)=P(X=i).i-O,l ••••• ,k 
r(i)-p(Y=i).i=O,l, •••• ,c-k 
s(i)=P(Z=i),i .. 0.1, •••• 

Evidently. 

q(i) = p(i) i = 0, 1, •.••• k-1 

qCk) I: pCi) i - k 
i=k 

reO) I: p(i) i 0 
i=O 

rei) = p(k+i) i 1. 2, •••.• c-k-1 

r(c-k) I: p(i) i c-k 
i=c-k 

s (0) I: p(i) i .. 0 
i-O 

s (1) .. p(c+i) i .. I, 2, •••. 

We proceed now to write the expressions for the expec
tation and variance of the r.v.s. X and Y in terms of the 
parameters of offered traffic. 

Evidently. 

E{R}.. r ip(i) = A 
i·O 

E{R2} _ r i 2p(i) :z var R + E2 {R} • 02 + A2 
i-O 

k k-1 
Now. E{X} .. I: iq(i) or r ip(i) + k I: p(i) 

i=O i-O i=k 

.. I: ip(i) - r (i-k) p(i) 
i-O i-k 

or. E{X} - A[l-B(k)] 

where, 

8(k) -

Similarly, 

1: (i-k) p(i) 
i-k 

I: (i-k) p(i) 
i-k 

.. 1: 

i·k 

k k-l 

ip(i) 1 
.. A 

E{X2} - I: i 2 q(i) - r i 2 p(i) + k2 r p(i) 
i-O i-O i-k 

.. r i 2 p(i) - r (i2_k2) p(i) 
i-O i-k 

or. BU2} - B{R21[1-0(k)] - (02+A2) [1-0(k)] 

ITes 

(1) 

(2) 

(3) 

where. 

D(k) I: (i2_k2) p(i) T I: i 2p(i) 
i=k i .. O 

(4) 

Similarly, we can write, right away. the expressions for 
the sum of the r.v. (X + Y). 

E{X + Y} - A[l-B(c)] 

where, 
1 GO 

B(c) - A.r (i-c) p(i) 
1-C 

(5) 

(6) 

(7) 

(8) 

We are interested in the expressions for the expectation 
and variance of the traffic carried by the c-k group. 

E{Y} - E{(X + Y)-X} • E{X + Y} - E{X} 

From (1) and (5) we get: 

E{Y} = A[B(k) - B(c)] 

E{y2} E{[X+Y_X]2} 

.. E{(X + y)2 -2X(X + Y) + X2} 

E{(X + y)2} +E{X2} -2E{X(X + Y)} 

= E{(X + y)2} -E{X2} -2E{XY} 

but, E{XY} .. k E{Y} 

Therefore frOIl (3) and (6) we get: 

E{y2} _ (02+A2) [D(k) - D(c)] - 2kA[B(k) 

(9) 

- B(c)] .•• (10) 

var Y - E{y2} - E2{y} 

_ (02+A2)[D(k) - D(c)] - 2kA[B(k) - B(c)] 

_ A2[B(k) - B(c)]2 

= (02+A2) [O(k) - D(c)] - A[2k - E{n] [B(k) 

- B(c)] 

Finally. the variance-to-mean ratio of the traffic carried 
by the c-k group becomes: 

var Y _ (02 A) D(k) - D~C) _ 2k _ E{Y} 
~ A + B(k) - B c) 

••• (11) 

where B(k). B(c). D(k) and D(c) are given by (2), (7), 
(4) and (8) respectively. 

The expression for Poisson offered traffic: 
-A Ai p(i) .. e IT i .. 0, 1 ••••• 

02 = A and p(i - 1) .. > ip(i) 

and q(u) .. t . p(i) 
i-u 

i-I, 2 •.••• 

but t i p(i) - A r p(i-1) - A r p(i) - Aq(u-1) 
i-u i-u i-u-1 

Froa (2), 

B(u) - i [Aq(u-l) - uq(u)] - q(u-l) - ~ q(u) 

but q(u) - p(u) + q(u + I), so 

8(u) - q(u - 1) - X [p(u) + q(u + 1)] 
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u u = q(u - 1) - AP(u) - A (u + 1) 
u = q(u - 1) - p(u - 1) - A q(u + 1) 

Therefore, 
u B(u) = q(u) - Aq(u + 1) ••• (12) 

The expression for D(u) is similarly derived as follows: 
GO GO 

r i 2 p(i) • A E i p(i-l) = A E (i-I) p(i-l) + A 
i=u i=u i=u 

E P (i-I) 
i=u 

= A2 E p(i-2) + A E p(i-1). A2q(u-2) 
i=u i-u 

+ Aq(u-1) 

From (4), 

D(u) __ 1_ [A2q(u-2) + Aq(u-1) _ u2 q(u)] 
A+A2 

u2 
(A+1) D(u) = A q(u-2) + q(u-l) - A q(u) 

= A q(u-2) + q(u-1) - u[q(u-1) - B(u)] 

= A q(u-2) - (u-1) q(u-1) + u B(u) 

'" A[p(u-2) + q(u-1) - (u-1) [p(u-l) + q(u)] 

+ u B(u) 

= A p(u-2) - (u-1) p(u-1) + A q(u-l) - (u-1) 

q(u) + u B(u) 

A q(u-1) - (u-1) q(u) + U B(u) 

= A B(u) + u q(u) - (u-1) q(u) + u B(u) 

= A B(u) + U B(u) + q(u) 

D(u) = ~ B(u) + 1!~) ... (13) 

From (11) and (13) we have: 

E
v{yr}Y • (A+1) D(k) - D(c) _ 2k _ E{Y} 

8(k) - B(c) (14) 

Substituting D(k) and D(c) by their expression in (13) 
and after re-arrangement, the expression for the variance
to-mean ratio of the traffic carried by the group e-k 
becomes: 

where, 
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z • g(k) - g(e) e8(k) - kB(e) 
8(k) - B(e) - 8(k) - B(e) 

1 = A[8(k) - B(e)] 

B(u) - qluJ - * q(u + 1) 

q(u) = -A Ai 
E e TT 

1. i=u 

+ (e-k) + (A-1) 

••• (IS) 

• 

• 

• 

• 

• • 
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