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ABSTRAcT 

The performance of three stage link matrices is improved 
by multiple marking control techniques by which the vari
ous third stages are searched for an idle outlet of the 
proper class. Matrices with low occupancies on the in
lets show greater improvements, but the most impressive 
gains are found when the primary stages are square, or 
provide expansion into the second stages. 

GENERAL COMMENTS 

Van Den Bossche and Knight (Ref. 1) presented a paper at 
the 2nd ITC in the Hague concerning the blocking proba
bilities of the 3-stage link switching system shown in 
Fig. 1. Syske (Ref. 2) developed the concept in consid
erable detail for two and 3-stages. Numerous authors, 

. Lotze, Jacobaeous and others, have treated various condi
tions relating to the two and 3-stage systems. 
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Thltee I.da.ge link I.>Yl.>tem 
cU..6 c.u6.& ed -in the YUVlJr..a..t{.ve. 

Bowers (Ref. 3) authored a paper concerning the improve
ments to be expected by folding a 3-stage matrix. That 
is, as shown in Fig. 2, if A is blocked calling B, then 
arrange the control to let B call A. 
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Folded ~x, a6 developed -in Re6. (3). 
16 c.a..U. 6a.A.h 6JtOm A to B, c.ort:tJtOl a.ction6 

a.:t:tempt connection nltom B ~o A. 

Bowers also touched upon the effects of multiple attempts, 
or the improvements to be expected if a connection can be 
made in a particular to any mode. As shown in Fig. 3 
the control will attempt to complete a new call by an 
idle outlet in tertiary Li but if a match cannot be found 
the next tertiary with idle outlets will be tried and so 
on. 

Bowers offered his mUltiple attempt equations without 
proof and, like others, calssified all of his formulae 
according to the relative dimensions of the primaries and 
tertiarys. 

ITea 

This paper develops the equation for a particular example 
of mUltiple attempts apparently not covered elsewhere, 
namely the case of: 

LI > M ~ L2 , Q attempts 

These and other symbols are defined in the Appendix. 
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The concept 06 multiple attempt6. 
Connection attempt 6a.A.h On ~ 1 a.nd 2, 

l.>ucceed6 -in :th-i.Itd .&:ta.ge 
A subscriber secures an inlet associated with J-stage 
switch j and attempts to reach an outlet associated with 
L-Stage switch l. This can be done if there exists a K
stage switch such that the JK path from J-stage switch j 
and the KL path to L-stage switch l are both unoccupied. 
It is understood that when the call is attempted, both 
inlets and outlets are known to be idle; the only 
problem then is to find an appropriate pair of unoccupied 
JK and KL paths. If such a pair cannot be found, the 
call is blocked. If this occurs, some philosophies of 
control make it possible to mark an outlet associated 
with one or more other L-stage switched so that "multiple 
attempts are made to set up some calls.* This, of 
course, decreases the probability of blocking under a par
ticular multiple attempt condition. 

In calculating the probability of blocking in three stage 
matrices of the type described above, it soon becomes 
obvious that there must be different formulae for the 
various cases which can arise with respect to the compara
tive number of inlets (NI) per J-stage switch, outlets per 
L-stage switch (N2) and number of K-stages (M). Refer
ence 3 gives an excellent compendium of appropriate 
formulae,** but the multiple attempt case is given subsid
iary treatment; formul~e for two cases are given without 
proof or evaluation. 

It is the purpose of this paper to provide with proof and 
brief discussion the formulae for a third case not 

*Multiple marking can be applied only when a particular 
inlet can make use of or be served by any outlet of a 
class of outlets which are scattered over two or more L 
stages. 

**The formulae as written in Ref. 3 apply to so-called 
"folded" switching arrays as described above. However, 
by merely replacing 2N by M in the reference, the for
mulae are applicable to standard three stage matrices. 
As far as possible, this paper uses the notation and 
approach of Ref. 3, which in turn was influenced by 
Ref. l. ' 
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previously given. The method of proof is generally effi
cacious and can be used to prove the formulae in the ref
erence. 

DERIVATION OF EQUATIONS 

The following formulae are given without proof in the 
reference: 

reM - L2 + i)!lQ-l 

[ i! ] 

Case 2, Ll and L2 > M 

P
Q 

= B"(L1,M+I,a) + [1 - B"(Ll'M+l,a)J (B"(L2 ,M+I,b)J Q 

L 

~ B'(L
1 

+ L
2
- M,i,a)bQ(Ll+L2-M~i) 

i=L2- M 

(1) 

We next undertake the derivation of the blocking formula 
for the case, Ll > M ~ L2• 

In this case, it is possible for a new call to be blocked 
at the J-stage switch before getting into the matrix. 
This can occur if the number of inlets already occupied 
is equal to M or more. 

At the moment when a connection is needed between an idle 
inlet of a J-stage switch and an idle outlet, the exact 
number of occupied inlets may be any number from zero to 
L1, and the exact number of occupied outlets in the 
switch under consideration may have any value from zero 
to L2 • 

Each of the possible M paths between the inlet of a par
ticular J-stage switch and the outlet of a particular L
stage switch l consists of a J to K portion and a K to L 
portion. 

Let x be the number of occupied JK paths and Yi be the 
number of occupied KL paths leading into L stage switch i. 
For any given value of Yi' the number of remaining paths 
whose K to L portion is still free is M - Yi' For any 
given value of x, the number of paths whose J to K sec
tion is in us~and . therefore cannot be used to complete 
the waiting call, is, of course, x . It therefore 
follows that if x ~M - Yi' it is possible that all of 
the M - Yi paths whose K to L sections are still idle 
meet with paths whose J to K sections are already in use, 
thus leaving none of the M paths available for completing 
the desired waiting call. The call with then be blocked 
through the ith third stage switch. 

This can only occur if x ~M - Yi (i.e. when x + Yi ~M). 
For any given set of (x, Yi) values it can be shown 
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(References 2 or 3.) that the probability of blocking given 
and Yi, single attempt, is 

x+Y
i 

> M 

P(x'Yi) = 0, x+Yi ~ M 

where P(x'Yi) is the probability of blocking in the ith 
third stage switch for any given set of (x'Yi) values.* 

Assuming Q attempts, there are altogether 

possible arrangement of x occupied JK paths and Yl 'Y2 "'YQ 
occupied KL paths. 

To reiterate, for anyone of the (~) arrangements on the 
JK side, M-x of the occupied paths on the KL side associ
ated with third stage switch i must be in particular 
situations in order that there be blocking in the attempt 
to reach third stage switch i. There remain on the KL 
side Yi - (M-x) E x+Yi-M occupied lines which can be 
assigned in any manner to x of the lines on the KL side. 
Thus for anyone of the I ~1 arrangements on the JK side 
there are 'X+~i-M' arrange ents on the KL side which will 
create blo~king through third stage switch i. Hence, 
P(x,yl ••• y

Q
) the probability of blocking in Q attempts is 

It will sometimes be more convenient to represent the 
vector (YI' ••• yQ) by y. 

The probability of blocking in Q attempts, given x, Y1 ' 
Y2 ••. YQ' can be written 

xl xl 

P(x,y) 
(x + Yl - M)! (M - Y)! ••• (x + YQ - M)! (M - YQ)! 

MI M! 

(xl)Q Y1 ' ... YQ P(x,y) - ___ ...L-__ .-::L-________ _ 

(MI)Q (x + Y
1 

- M)! ••• (x + Y
Q 

- M)! 

For fixed x, Yi can now assume values from M-x to L2; x 
assumes values between x = M-L2 and x = M (if x were less 
than M-L2 , there could not be blocking). 

For fixed x, th~ probability of blocking with the Yi 
equal to a specified set of values is equal to the prob
ability of finding Yl' Y2' ••• YQ KL paths engaged multi
plied by the probability that there will be blocking with 
this set of x and Yl' Y2 ••• YQ paths engaged. 

*Strictly speaking, Yi should be the number of occupied 
KL paths associated with the ith L-stage switch attempted 
However, there is no loss in generality if this is 
always assumed to be the ith L-stage switch. 
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This number is equal to 

( ) [ 

(x! ) Q y 1 ! y Q! 

P
y

, b (M!)Q (x + Yl - M)! ••• (x + YQ 

where P(y,b) is the probability of finding Yl' Y2' .•• YQ 
paths engaged by Yl' Y2' ••• Yo outlets, where b is the 
average occupancy of each out1~t. 

If the components of Y are now permitted to assume succes
sive values from M-x to L2, the probability of blocking 
for any given value of x between x = M-L2 and x = M will 
equal 

It is next observed that this is a conditional probability 
and that the probability of blocking unconditionally with 
x paths occupied by x busy inlets with average occupancy 
of a, is 

P ~ P 0 [,~L2 (x! )QY1 !. .. y ! ] 

x a (y,b) 
, y=M-x (M!)Q(X+Y!-M)! ... (X+YQ-M)! 

The complete probability of blocking is given by the 
equation 

.J1 ~.h (x! ) Qy !. .. y 
L p I... P 1 0 

X=M-L
2 

(x,a) M (y,b) Q y= -x (M!) (x+y1-M)! •.• (x+vQ
-M)! 

The probability distribution of traffic on the JK paths is 
assumed* to be 

L 

p(x,a) I[B'(Ll'x,a) = B"(Ll'M,a) 
x=M 

for x < M 

for x - M 

r.L2 P (x! )Qy1 !. "YQ! 

y=M-x y,b(M!)Q(x+YI-M)! •.• (X+YQ-M)! 

where the term, B"(LI,M,a) is the probability of blocking 
to all JK paths being occupied. 

*It is possible to make many. other reasonable assumptions 
with respect to the probability distributions Px,a and 
Pyi,b. The technique of proof would not be affected, 

but the results from this point depend upon the 
particular assumption made. 
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If in the expression above, after the summation on x, 
x = M were to be substituted we would obtain, after sim
p1ification,{~I)aM(1 - .a)LI-M. Hence, 

B"(LI ,M+1,a) + f ( Ll) aX(1-a)L1 - x 
x"M-L

2 
x 

Note that in the above expression the upper limit of the 
first summation is now M, rather than M-1 and there has 
been a compensating change in the first term • 

The summation over y is equal to 

L -y xly! J - b) 2 1 ____ _ 

M! (x+YI-M)! 

L X!Y!] b) 2-
yQlf------

M! (x+yQ-M)! 

Recall that y is the vector (YI' Y2 .•. YQ). 

We can sum over one term at a time in the brackets above, 
e.g. in the first term, sum over YI since it does not 
appear in the subsequent brackets . The summation over 
Yi can be transformed in the following manner 

Let v = x + Yi - M 

The following identities will then exist 

Yi ... v + M - x 

When Yi = M - x, v = 0 

The summation over y then reduces to 

Since the summation in the above expression equals 1, the 
summation over Yi reduces to 

L
2

lbM- xxl 

MI (L2+x-M) r 

It follows that the summation over y is equal to 

M-x 
L21b xl 

M I (L2+X-M) ! 

The complete blocking probability can now be rewritten 
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M-x ~Q L2!b .x! 

M! (L2+x-M) 

Let j = L2+ x - M 

Then x ,. j + M - L2 

L1 - x = Ll + L2 - M - j 

When x - M - L2 , j = 0 

When x a M, j = L2 

PQ _ '''(LI,MH,.) + (L~: nbH)Q 
L2 
L a j +M-L2 (bL2- M- j )Q(l _ a)Ll+L2-M-j 

j=o 

The expression for P
Q 

can be rewritten 

( 
L2!)Q Q(M-L ) M-L 

P
Q 

= B"(Ll,M+l,a) + -- b 1 a 2 
M! 

and, finally, 

PQ = B"(Ll,M+l,a) 

At Q-l it can be shown that the results of Reference 3 
are obtained, namely 

PI - B"(L1 ,M+1,a) 
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DISCUSSION 

To gain some insight ·into the effect of multiple attempts, 
some calculations were carried out for the case Ll = 9, 
M - 5, L2 = 4, using the equation derived above. 

The results are shown in Table I 

a ,. b 

.1 

.2 

.4 

.6 

.8 

TABLE I 
BLOCKING PROBABILITIES 

Q = 1 Q '"' 2 

.00183 .000940 

.0354 .0214 

.375 .295 

.832 .776 

.992 .988 

Q = 3 

.000895 

.0199 

.275 

.753 

.985 

tt is observe~ that increasing the number of attempts 
improves the blocking probabilities but not dramatically. 
This is because the probability of blocking due to all JK 
paths being occupied is a large component of the total 
blocking probability and this component is not decreased 
at all by multiple attempts. At the high occupancies 
there is virtually no improvement gained from multiple 
attempts. 

This result should not, however, be construed to imply 
that multiple attempts are not effective. The adverse 
result noted above would have been less marked had Ll and 
M been more nearly equal, and impressive improvements are 
found if the primary (J) stage is square or provides 
expansion into the K stages (Ll + 1 < M). To gain added 
insight into the effect of multiple ~ttempts, calcula
tions were carried out for Ll - 9, L2 = 9, M ,. 10 which 
requires the use of the formula listed under Case 1 above. 
The following results are obtained: 

a - b 

.1 

.2 

.4 

.6 

.8 

. TABLE II 
BLOCKING PROBABILITIES 

Ll - 9, M - 10, L2 ,. 9 

-Q - 1 Q - 2 

.153(10)-7 .150(10)-10 

.102(10)-4 .477(10)-7 

.405(10)-2 . 157(10)-3 

.803(10)-1 .136(10)-1 

.416 .200 

Q - 3 

.771(10)-12 

.364(10)-8 

.219(10)-4 

.372(10)-2 

.107 

For this condition it can be seen that the effect of mul
tiple attempts is more marked, but once again it is 
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observed that the effect is less notable at the high occu
pancies than at the low. The reason for ' this phenomenon 
is that multiple attempts give the opportunity to try 
alternate sets of KL paths but not the opportunity to try 
alternate sets of JK paths. When inlet and outlet occu
pancies are high, few JK paths are likely to be unoccupied 
and the repeated attempts can only help by matching appro
priate KL paths to what is likely a very small set of 
unoccupied JK paths. 

It should be noted that the above derivation and the mul
tiple attempt formulae in Reference 3 tacitly assume that 
it is always possible to attempt in Q of the L stages. 
In actuality, this may not be the case, and if it is not 
the case, the more realistic probability of blocking is: 

Where p( /i) is the probability of blocking given that i L 
stages a~e marked and P (i) is the probability that exact
ly i L stages can be marked; V is the number of L stages. 

If the three-stage switching array under consideration 
does not have marking at all in the L stages, the above 
comment is no longer applicable. To obtain the proba
bility of blocking in this case, merely replace L2 by N2 
in equations (1), (2), and (3). The logic of the deri
vation is not affected and the result is the applicable 
expression for PQ with N2 substituted for L2• 
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APPENDIX 

LOTATION EMPLOYED IN THE NARRATIVE 

Notation 

N .. L + 1 
1 1 

N2 - L2 + 1 

M 

la 

ib 

I 
x 

Yi 

Px 

PYib 

p(x,Y{) 

Description 

Number of inlets per J-stage switch. 

Number of outlets per L-stage switch. 

Number of K-stage switches. 

Mean occupancy of an inlet to a J-stage 
switch. 

Mean occupancy of an outlet from an L
stage switch. 

The number of inlets engaged at a partic
ular J-stage switch at a particular 
instant. 

The number of outlets engaged at the ith 
L-stage switch at a particular instant. 

Probability that at a particular instant 
x inlets (and hence x JK paths) are occu
pied from a particular J-stage switch • 

Probability that at a particular instant 
Yi outlets (and hence Yi KL paths) from 

the ith L-stage switch are occupied. 

Conditional probability of blocking given 
a particular (x'Yi)~ 

i

B'(m,x,p) a (~)pX(l_p)m-X 

m m 
, B"(m,n,p) - L (:)PX(l - p)m-x - r B'(m,x,p) 

P(Qi k) 

P(k) 

J,K.L 

x=n xzn 

Probability of blocking ~a11 congestion 
in Q attempts). 

Conditional probability of blocking in k 
attempts given that i tertiaries are 
marked. 

Probability that exactly k tertiaries can 
be marked. 

Identifiers for first, second, third 
stages, also the number of groups in each 
stage • 

Other symbols are developed in the text • 

545-5 


