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ABSTRACT 

A teletraffic system and the set of its subscribers may 
be considered as two distinct subsystem of a complete 
system including both. The two subsystems, which are of 
quite different natures, are interconnected across an 
interface, and this interconnection conveys mutual 
feedback signals to the two subsystems. 

Previous publications have treated these phenomena from 
theoretical as well as practical points of view. The 
present paper concentrates on the fundamental statistical 
parameters of the subscriber subsystem and on alternative 
models based on these parameters. Failure rates and 
subscriber persistence are essential quantities, and 
a study of these is carried out, based on mathematical 
descriptions, including different effects of influence. 
The subscriber persistence and repetition intervals are 
measured for different A-subscriber categories and for 
different failure causes, by means of computerized data 
recording equipment. Different mathematical models are 
tested statistically versus experimental results obtained 
by observations on real traffic. 

1. INTRODUCTION 

The interaction between telephone subscribers and the 
telephone system is a matter of rather complex nature. 
This is very reasonable, since the feedback from a large 
and complicated technical system influences the set of 
calling subscribers, which is a non-technical and non
deterministic subsystem. The behaviour of this subsystem 
is even influenced by personal habits and psychological 
factors that are difficult to predict. Nevertheless, 
experience indicates that it is possible by statistical 
methods to develop a rather satisfactory description of 
the complicated matter. 

A. Elldin [1] carried out a comprehensive discussion of 
the traffic process related to essential system parts, and 
in this discussion included the feedback mechanism as well 
as subscriber dependent properties, such as call urgency 
and subjective interpretation of the state of the system. 
However, the influence of these properties was not 
quantified, and the greater part of Elldin's paper is 
devoted to a theory of repeated call attempts based on the 
equation of states method, assuming Markov processes. 

More recent investigations have added to the real know
ledge of subscriber behaviour, and even made possible 
simplified theoretical treatment. Some papers in this 
field are [2]-[8]. · Particularly mentioned is LeGall
Pellieux's very simple model of the repetition rate as a 
function of the overall failure probability. 

The approach of the present paper contains three main 
elements: 

a more detailed study of the main parameters in 
Elldin's fundamental theory 

- observation results from automatic measurement~ ~ 
on a group or subscribers 

- statistical tests of some models compared with 
experimental results. 
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- failure rate, probability of failure 
- accumulated failure rate 
- persistence, probability of repetition 
- accumulated persistence 
- attempt number, index 
- efficiency rate, r = 1 - f 
- call multiplication factor 
- functional constant 
- probability 
- call rate, general and reattempt rate 
- call rate towards individual B-subscribers 
- mean failure state duration 
- parameter of failure state distribution 
- parameter of free state distribution 
- distribution functions 
- distribution functions 
- statistical moments 
- standard deviation 
- expectation of y 
- parameters in Beta-distribution 
- g.eneral variables 

2. FUNDAMENTAL PARAMETERS AND MODELS 

In Elldin's paper a simplified theoretical model of 
repeated calls is presented, based on two fundamental 
parameters: 

1. f = failure probability for an arbitrary call. 
(Denoted F in Elldin's paper). f includes all 
different causes of failure and is assumed indepen
dent of attempt number as well as of time. For com
parison, f = l-r, where r is the efficiency rate 
according to LeGall. 

2. w = l~etrial probability after the x-th unsuccessful 
aftempt. The retrial probability is identical to the 
persistence factor or perseverance factor H as 
introduced by LeGall. Like f, w is assumedXtoftake 
into account all different caus~s of failure during 
the series of attempts. 

In this simplified theory it is assumed from the outset 
that f is constant. As shall be shown later, this 
assumption is much too simple, and we shall here gene
ralize the theory in a straightforward way by assuming a 
failure probability f for the x-th attempt. Then, 
following Elldin's co~cepts we obtain: 
Accumulated failure probability: 

x 
F = IT f 

x \)=1 \) 

Accumulated retrial probability: 

W 
x 

Probability of success· after exactly x trials: 

(2.1) 

(2.2) 

Px = Fx_lWx_l(l-fx) = (Fx- l - Fx)Wx_l (2.3) 

Probability of abandonment after exactly x trials: 

Qx • FxWx_l(l-wx) = Fx(Wx_1 - Wx ) (2.4) 

Probability of termination after exactly x trials: 

(2.5) 
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Probability of a call series ending successfully: 

P = L 
x=l 

P 
x 

Probability of a call series being abandoned: 

Q = L Q = 
x=l x 

L Fx(W
x

_
l 

- Wx ) = 1 - P 
x=l 

(2.6) 

(2.7) 

Expected number of trials, or average length of a call 
string: 

E(x) = L 
x=l 

xR 
x F W x x 

Relating these quantities to key concepts in LeGall
Pellieux's theory yields 

E(x) = (3 

P = 8r ,Q 1 - 8r 

giving 

P 
EW = r 

(2.8) 

(2.9) 

(2.10) 

(2.11) 

A further discussion will be carried out in section 3. 

While f and ware the fundamental parameters, the de
duced p~ramete~s E(x)=(3 and P/E(x)=r are also useful 
traffic quantities with meaningful interpretations, and 
so are the combined quantities P=8r and Q=1-8r. 

In the following we shall carry out a study of the 
variation of f and w • 

x x 

2.1 DISCUSSION OF PARAMETERS 

Even in a stationary traffic situation there are two 
reasons for variation of the failure rate f with the 
attempt number x: 

x 

1. f is the conditional probability that an attempt 
f~ils, given that the previous x-I attempts failed. 

2. there will be a selection among destinations with 
increasing x, which may lead to a variation in f • 
The reason for this is that the destinations wit~ 
a low failure rate will be reached successfully 
during the early attempts, whereas the remaining 
ones will have a higher failure rate. 

A similar selection effect also applies to the persis-
tence w • x 

The cause of failure may belong to one of four main 
categories: 

- failure on the part of the calling subscriber 
- system congestion, delay or fault 
- busy called subscriber 
- absent called subscriber. 

These categories are of different character, and they are 
listed in ascending order of state duration. (This does 
not quite apply to system faults, however, any special 
effects are considered negligible). 

For the sake of simplicity, only one category of failure 
cause will be considered at a time. Overall effects can 
generally be obtained by linear combinations, since 
observations have shown that most call strings have uni
form failure causes. 

2.1.1. FAILURE INTERDEPENDENCE BETWEEN CALL ATTEMPTS 

For the study of conditional failure probabilities, three 
distribution functions are of interest, namely that of 

- failure state duration, index f 
- inter-failure interval duration, index i 
- reattempt interval, index r. 

Frequency functions are denoted ~(t), cumulative distri
bution functions $(t) and survival functions ~(t): 

t 

$(t) J <P(z)dz = 1 - 'i'(t) (2.12) 
o 
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Failure .tat. 
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( -l.attempt 
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F.igure 1. 

With reference to fig. 1, the probability of hitting the 
same failure state in a second attempt, given that the 
first attempt failed, can be calculated by 

1 
PI = 1 - ~ J 'i'f(Tl)'i'r(Tl)dTl 

m Tl=O 
(2.13) 

The probability of hitting the first interfailure inter
val in the second attempt is: 

1 
P2 = ~ J 'i'f(Tl)'i'r(Tl)dT l -

m Tl=O 
1 ex> 

t J T:O 'i'f(Tl)<Pi(T2)'i'r(Tl+T2)dTldT2 
m Tl=O 2 

(2.14) 

In general, failure states (f) and interfailure states 
(i) are interleaved, and the probability that the second 
attempt hits a state number j may be expressed by 

where 

I. 
J 

Here 

{ 

cf>f for j odd 

<Py = <p. for j even 
1. 

(2.15) 

(2.16) 

If the reattempt interval distribution can be expressed 
as a sum of exponential terms, 

-Alz -A 2Z 
'i'r(z) = ale + a 2e 

where 
n 
L ak = 1, 

k=l 

+ •.• a e 
n 

-A z 
n 

then the solution of (2.16) can be expressed by the 
Laplace-transforms cf>y*(Ak ) with respect to Ak 
k=l, 2, .•• , n. 

Each term number k is of the form 

l-~*<A ) (i) [i:l] 

Ij,k = ak ~k k <Pi*(Ak ) ,2 <Pf*(Ak) 2 

where [q] = integer part of q. 

(2.17) 

(2.18) 

Till now failure states and interfailure states are 
assumed to have general distributions. Assuming that 

<Pf(Z) = ye -yz· 

oe-Oz 
1. 
J 

(2.19) 
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or 

I 2m- l ,k 

From (2.15), 

Pj=2m-l 

m m C\ +y) (Ak +0) 

since L = y 
t m 

m-I 
n AkY 
L 

, m=l, 2, ... 

om-l 

k=l 
ak m m-I 

(Ak +y) (Ak +0) 

n A m om-l 
k y 

L Pj=2m 
k=l 

ak (A
k 

+y)m(Ak +o)m 

It is easily verified that L 
j=l 

p. = 1 
J 

(2.20) 

(2.21) 

The probability of failure in a second attempt, given 
failure in the first attempt is: 

akA k { 00 r m-I 
n 

yo ] } f2 L P = L -- L 
(\+y) (\+0) m=l 2m-l k=l Ak+Y m=ll 

n \+ 0 
L ak Ak+Y+O (2.22) 

k=l 

From formula (2.18) one can observe that the solution 
will still be rather simple if (2.19) is replaced by 
Erlang m-distributions, whereas hyperexponential distri
butions of the form (2.17) will lead to more complicated 
sums of product terms. 

In practice the reattempt interval distribution can be 
approximated by a two-term function 

- Alz -A 2Z 

~r(z) b e + (l-b)e 

f = 
2 

Any first attempt is considered to be random, with a 
failure probability 

f = 
1 

l/y 0 1 
l/y+ 1/0 = ~ = 1 + y/o 

With constant parameters one always obtains 

(2.23) 

(2.24) 

Under the assumption of ~ (z) = ye-Yz the probability of 
failure in a third attemp~ will have a form which is 
identical to (2.23) even though the parameters may be 
different 

(2.26) 

The argument may be repeated, so that for an attempt 
number x>l the probability of failure is 

f = b 
x x 

(2.27) 

where px means a parameter relating to an x-th attempt. 

2.1.2 THE FAILURE RATE SELECTION EFFECT 

The effect treated in the previous section will now be 
neglected by assuming for instance that y»" ,"2 . 
Furthermore is assumed a distribution g(z) ot called 
subscribers according to traffic load z in the interval 
O<z<l, ref, [9]. Similar distribution may be envisaged for 
oth~r failure causes than busy subscriber. 

Assuming now that the persistence Wx is independent of z 

ITe8 

and that the fresh call rate per called subscriber c(z) 
is in general a function of z, the following expressions 
are obtained: 

l[ x-I } x-I 
c f IT wi z c(z)g(z)dz (2.28) 
x 0 i=l 

~[ 
x-I 

wd zXc(z)g(z)dz b IT x i=l 
(2.29) 

1 
f 

x c(z)g(z)dz 
b z 

x 0 
Px c 1 x-I x f z c(z)g(z)dz 

(2.30) 

0 

where cx is call frequency, bx is failure frequency and 
Px is failure probability of ah x-th attempt. 

Assuming now that c(z) can be modeled by 
c(z) c (2.31) 

or 
c(z) c'oz (2.32) 

the expressions (2.33) and (2.34) are obtained, respec
tively, where ~ is the x-th moment of g(z): 

~x 
P = -- (2.33) 

x ~x-l 

\.Ix+l 
P , = -- = Px+l (2.34) x ~x 

For fresh calls then 

\.1 1 a 
P = ---- = - = a 

1 ~O 1 

, ~2 o2+a
2 [0 2] P = - = -- = a 1+(-) 

1 ~l a a 

A reasonable two-parameter adaptive model of g(z) is the 
Beta-distribution 

_ f(k+m) k-l rn-I 
g(z) - f(k)f(m) z (l-z) 

leading to 

= ~ = x+k-l 
Px ~ 1 x+k+m-l x-

~ , = ~x+l = ~ 
x ~x x+k+m 

(2.35) 

(2.36) 

(2.37) 

Given k and rn, and equating the fresh call failure rate 
from (2.24) with (2.36) and (2.37) respectively, leads to 

Yx 1 m 
Ox = P

x 
- 1 = x+k-l (2.38) 

Yx' 1 1 = ~ 
6i" = ~ - x+k 

x x 
(2.39) 

For a discussion of formula (2.27) the parameters b, AI, 
1.2 and y are not substantially influenced by the selection 
effect, particularly when busy subscribers are concerned. 
For other failure causes this is not quite so evident. The 
parameter 0, however, may increase substantially with in
creasing x. 

2.1.3. PERSISTENCE w • THE SELECTION EFFECT 
x 

For the persistence w there is no interdependence between 
the first call a~d the following ones similar to that of 
the failure probability. However, the same kind of selec
tion effect exists. 

Suppose that a certain degree of urgency is connected to 
each traffic demand i.e. call string. The urgency ex
presses itself by the probability of a reattempt after a 
failure. If all call strings are allocated along the in
terval O<z<l according to their reattempt probability z, 
a corresponding probability distribution h(z) is obtained . 
For a given call string, z is assumed not to change with 
x. It will fur~termore be assumed that the failure proba-
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bility is independent of the urgency. The persistence Wx 
can now be calculated: 

1 x = _T)x 
w = J _z__ h(Z) dz 

x 0 T)x-l T)x-l 

where T)x is the x-th moment of h(z). 

Introducing again the Beta distribution (2.35) one 
obtains 

w x 
= ~ x+k-l 

T)x-l - x+k+m-l 

2.1.4. CALCULATED RESULTS 

(2.40) 

(2.41) 

In figures 2 and 3 are shown results for fx according 
to equations (2.24), (2.27), (2.38) and (2.39). 

The parameters in the reattempt distribution are calcu
lated according to an adaptation to a two-term hyper
exponential distribution for residence-subscribers when 
"busy B-subscriber': tm=l/y is chosen to be 180 secon~ and 
fl = 0,~84 

Fig. 2 illustrates limiting cases and a typical case for 
Px' only including the selection effect. The same princi
pal curves are valid for all values of O~~~l. The same 
applies to the persistence wx, as also illustrated. 

In fig. 3 the selection effect as well the interdepen
dence effect is included, with limiting and typical 
curves for the cases c(z) = c and c(z) = c'-z, equations 
(2.31) and (2.32). 
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Figure 2. Failure rate. Only selection effect included~ 
Persistence. -2 -1 
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tm .. l80s. 
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2.2. OBSERVATION RESULTS 

The observations comprise measurements on real telephone 
traffic done by means of the recording equipment CARAT [10] 
(Computer Aided Recording and Analysis of Traffic). The 
measurements cover a group of 500 subscribers, which has 
been subdivided into 3 categories, A, Band C: 

A: PABX lines 
B: Business subscribers 
C: Residence subscribers 
D: Total group 

Because of signalling limitations only local traffic is 
considered. The measurements comprise 93 working days be
tween hours 8.00 and 16.00 in the period 29/5-74 to 21/8-
75. Only calls with completed dialling are considered. 
The result of a call attempt may then be as follows: 
i=l: The A-subscriber replaces his handset immediately 

after dialling. 
i=2: The A-subscriber gives up waiting for a free path. 
i=3: Time-out occurs while waiting for a free path. 
i=4: B-subscriber busy. 
i=5: No B-answer. 
i=6: Successfull call. 
Only the first 4 calls in a call string are considered. 
The symbol f, w and ~ are used as previously, and a 
double index xi means an x-th attempt with a result i. 
Series with mixed results are neglected. In addition are 
introduced 

nxi - number of attempts no. x with result "i" 
IDxi - number of one day samples for some variable ~xi 
ua - a-percentage point in the standard normal ~istri-

bution 
E - expectation 
Var - variance 
v coefficient of variance 
s - skew. 

Let z be a stochastic variable. Then 

E(z-E(z»2 v(z) = ~::.....:~~-
(E(z»2 

and 

E(Z-E(z»3 
s(z) = 

(E(Z_E(z»2)3/2 

(2.42) 

(2.43) 

The symbol "A" at the top of the operators symbolize 
estimators. Table 1 shows the number of calls that is ob
served from the different A-subscriber categories. 

~ 1 2 3 4 5 

1 340 505 535 6772 5707 
2 2 28 42 2365 990 
3 0 4 3 978 323 

1 159 151 253 3724 2892 
2 0 12 34 1296 491 
3 0 4 3 552 160 

1 59 61 91 1113 1318 
2 0 6 13 513 329 
3 0 1 1 273 104 

1 558 717 879 1169 0017 
2 2 46 89 4174 
3 0 9 7 1803 

Table 1. Number of calls Dxi' 
x - repetition number 
i-result of call attempt 

2.2.1. PERSISTENCE wxi 

1810 
587 

6 Category 

64244 
PABX - (A) -

31244 Business - (B) -

10632 Residence - (C) -
06120 Total - (D) -

Table 2 shows the estimated mean and standard deviation of 
wxi for the diff~rent A-subscriber categories. In spite of 
the fairly large sample of measurements from 500 subscri
bers in 93 days, the uncertainty in the material is con
siderable. 

To get an estimate of the significance in the observed 
difference in Wxi with different causes of failure and 
different A-subscriber categories, suppose that wli is 
normally distributed N(~i,Oi2). To test the hypothesis 
HO against HI, 

HO 
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suppose that 

~(w1i) - ~(W1j) 
A A 1/2 

[
var(wli) · + var(w1j )] 

mli m 1j 

N (2.44) 

if HO is normally distributed N(O,l). HO is rejected with 
significance level a when INI>ua / 2, where ua / 2 is the 

~/2-percentage point in the standard normal distribution. 
With significance level a= 0.05, ua / 2= 1.96. There is no 

significant difference between failure , duses 2 and 3. 
The dIfferences between the other causes are significant. 

~ 1 2 3 4 5 Category 

.415 .784 .778 .702 .488 
1 .316 .207 .194 .129 .147 

91 86 78 93 93 PABX 

.893 .762 .777 .561 
(A) 

2 - .280 .427 .108 .193 
19 28 93 93 

• 835 .650 

3 - - - .128 .325 
93 91 

1 
.327 .669 .751 .661 .442 
.373 .365 .286 .213 .179 

72 54 70 93 93 
Business 

1.00 .735 .791 .540 (B) 
2 - 0.00 .407 .163 .284 

10 24 93 93 

.844 .600 

3 - - - .161 .391 
93 76 

.305 .918 .824 .811 .506 
1 .443 .304 .284 .181 .138 

46 36 48 93 93 Residence 
.667 .769 .887 .559 (C) 

2 - .441 • 446 .091 .258 
5 11 92 85 

.897 .721 
3 - - - .222 .386 

82 69 
.. 

Table 2. PersIstence 
~(xxO 1/2 
(Var(wxi» 
IDxi 

A comparison of ~(Wxi) in table 2 betw~en the subscriber 
categories A, Band C indicates that ~(wxO for catego·ry 
C in 8 out of 11 cases is greater than for category A, 
and in 9 out of 11 ca§es greater than for category B. In 
8 out of 11 cases is ~(wxi) for category A greater than 
for category B. This seems to indicate that 

- residence subscribers have the greatest persistence, 
- PABX-subscribers have the second greatest persistence. 

We will remark that the persistence seems to be greatest 
for congestion in the exchange (failure 2 and 3), then 
comes "B-subscriber busy", "no B-answer" and at last "A
subscriber replaces handset innnediately after dialling". 

2.2.2. DISTRIBUTION ~ .(t) OF REPETITION INTERVALS 
r,Xl , 

Table 3 shows estimated values for the mean, the coeffi
cient of variation and the skew in the distribution for 
~ . (t). 

r,XI 
Because of the great coefficient of variation and skew, 
tests based on normally distributed variables may give 
wrong results. A comparison of t(~r xi(t» between the 
different categories indicates that' the mean is less for 
category C than for categories A and B, whereas A and B 
show no clear difference. 

ITea 

~ 1 2 3 4 5 

1038. 692. 402. 954 2151 
1 6.7 16.1 9.9 7.6 3.2 

4.2 4.8 5.2 4.3 2.7 

8.1 1149 857 2275 
2 - 5.9 4.7 7.3 1.7 

3.6 2.7 4.5 2.2 

692 1772 
3 - - - 8.2 1.5 

4.9 2.0 

1380 1019 675 746 1978 
1 7.8 11.7 10.9 10.4 3.8 

3.6 4.1 4.4 5.0 2.9 

169 138 561 2385 
2 - 4.1 4.0 10.8 2.2 

1.8 2.9 6.4 2.5 

449 1865 
3 - - - 11.4 1.8 

5.3 2.1 

150 • 63 254 359 1785 
1 5.2 13.3 12.7 15.1 3.6 

3.2 4.6 4.9 8.0 3.0 

4 407 224 2081 
2 - 1.5 1.0 4.9 3.0 

1.0 0.6 4.6 3.5 

412 1920 
3 - - - 17.9 2.5 

9.0 2.6 

Table 3. Repetition intervals (in sec.) 
~(~r,xi(t») 
X(~r,xi(t» 
s(~r,xi(t» 

2.2.3. FAILURE RATE f . 
Xl 

Category 

PABX 
(A) 

Business 
(B) 

Recidence 
(C) 

As already seen in section 2.1.1, fx is given when ~f x(t), 
~i,x(t) ~nd ~r,x(t) are known. In the following some ' 
observatIon results are presented to illustrate the shown 
effects. Table 4 contains fxi and fi' where fi is the 
total average for attempts 1-3 with result i . 

It is clear that failure cause 1 has no practical impor
tance. The subscriber behaviour in this situation IS 
therefore of little interest. Failure causes 2 and 3 are 
also of little practical importance in this observation. 
The subscriber behaviour is of significant interest, how
eve~ because it must be expected that these quantItIes 
will become considerable in situations with high traffic 
loads. 

X 1 2 3 4 5 ~ 
1 .004 .006 .007 .089 .081 
2 .014 .071 .104 .506 .387 PABX 
3 - - - .537 .630 (A) 

1,2,3 .004 .007 .008 .125 .096 

1 .004 .004 .007 .098 .084 
2 - .119 .183 .553 .420 Business 
3 - - - .543 .640 (B) 

1,2,3 .004 .005 .008 .139 .100 

1 .004 .005 .007 .084 .118 
2 - .107 .178 .579 .505 Residence 
3 - - - .603 .601 (C) 

1,2,3 .004 ~006 .008 .137 .147 

1 .004 .006 .007 .091 .086 
2 - .090 .135 .523 .414 Total 
3 - - - .549 .627 (D) 

1,2,3 .004 .007 .008 .131 .105 

Table 4. The probability of failure . 
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Table 4 indicates always a strong increase in fxi whe~ x 
goes from 1 to 2. This is mainly caused by the interde
pendence effect. The data available show 

- a small increase in fxi when x goes from 2 to 3 for 
the case of ·"busy B-subscriber". 

- a fairly large increase in fxi when x goes from 2 to 
3 for the case of "no B-answer". 

As observed in section 2.1.1., if ~f(t) is n.e.d., f will 
have the same expression for all x>2. ~f(t) for the ~usy 
condition is ~early n.e.d. Thus a small increase in fx4 due 
to the select10n effect must be expected for x>2. The 
observation results are then in accordance with this 
theory. 

The cause of "no B-answer" is due to two situations: 
i) The B-subscriber is not present 

ii) Long answering-time because of different situations 
by the B-subscriber. These may be a highly loaded 
switchboard, short temporary absences etc. 

The effect of this combination is a ~f(t) which is hyper
exponential, or a "flat" distribution. The assumption 
that leads to fx>2=f2 does not apply in this case. A de
tailed calculation is not carried out. However, an intui
tive explanation is that situation i) will be more pre
dominant in later attempts with this distribution than 
with n.e.d., thus leading to an increasing f with x. 
This adds to the selection effect as calcula~ed. Even the 
selection effect tends to influence the later results more 
in the "no-answer" case than in the "busy" case. As can be 
seen from table 3 the coefficient of variation is small 
for this case, which actually means that the (l-b)-term in 
equation (2.27) is greater than in the "busy" case. In 
practice the selection effect is concantrated to the (l-b)
term. 
For PABX-subscribers as well as for business-subscribers 
"busy B-subscriber" is the most important failure cause, 
while for residence subscribers "no B-answer" is predomi
nant. In section 2.2.1. and 2.2.2. is seen that residence 
subs~ribers have the highest persistence and the shortest 
time between repetitions for each failure cause. However, 
an observation that does not take into account the fai
lure cause, might lead to other and wrong conclusions, 
because the persistence is less and the repetition inter
val longer for "no B-answer" than for "B-subscriber busy". 

3 . SIMPLIFIED MODELS 

3.1 GENERAL 

For an exact study of the stochastic properties of the 
complete arrival process, knowledge of the fundamental 
parameters and models presented in section 2 is necessary. 

However, for less exact purposes approximate models may be 
sufficient. Suppose there is only one failure cause and on
ly one subscriber category. Equation (2.8) may be written 

(3.1) B = 1 + E IT f w 
i=l x=l x x 

and from (2.6) and (2.8) 
i~l 

B(1-r) = [ f. IT f w 
i=l l. x=l x x (3.2) 

Experiments have indicated a clear functional relationship 
between 8 and r. The simplified models are of the form 

8= f(r) (3.3) 

The value of the simplified models depends on the possibi
lity of evaluating r without having to use the more basic 
quantities Wx and fx' as the calculation of r is of the 
same complexity as the calculation of B. 

3.2 TWO SIMPLE PROPOSED MODELS 

If in (3.1) and (3.2) w = w = constant, then 
00 • x 

or 

i-I 1 
8(1-r) = [w IT f 

x=l x i=l 
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1 (8-1) 
w 

1 
l-(l-r)w 

(3.4) 

even for arbitrary f . Thus (3.4), which will be called 
Elldin's simplified ~odel, has a wider application than 
the simple wx = wand fx = f = l-r. 

Another proposal is the LeGall-Pellieux model 

, a constant (3.5) 

The constant a has no physical interpretation in the de
duction of the function, which is based on network argu
ments rather than on the fundamental parameters. It is 
possible, though, to interpret (3.5) even in a physical 
way by Taylor series expansion: 

-a (l-r)i i-I 
8 = r = 1 + i:i --y:- x~o(a+x) (3.6) 

Comparison illustrates that (3.6) is identical to (3.1) if 
one assume 

w x 
x+a-l 

x 

f = 1 - r x 

(3.7) 

(3.8) 

Note the functional similarity between (2.41) and (3.7). 
According to (3.7) a = wl, which has a clear physical 
interpretation. 

3.3 EXPERIMENTAL ANALYSIS OF SIMPLIFIED MODELS 

3.3.1. STATISTICAL METHOD 

This analysis is also based on data from the traffic re
cording system CARAT [10]. The measurements cover a group 
0: 500 subscribers and comprise 39 working days in the 
t1me between 9.00 and 15.00 in the period 26/11-73 to 
~5/3-74: This analysis is independent. of the one presented 
1n sect10n 2.2. 

The source may be a PABX or a single line, while the de- . 
stination is a trunk or a local line. The source-destina
tion combinations are: 

E PABX - trunk line 
F PABX - local line 
G Single line trunk line 
H Single line - local line 

The group contains 86 PABX-lines, 107 of the single lines 
are bu~iness.lines, 1 is a coin telephone, 13 special pur
pose l1nes l1ke operator trunk lines, 40 are' not in use 
and the remaining 253 are residence lines. 

This chapter is an extract of [11], where 8 is analysed 
for observation times of 10 and 30 minutes and 1, 3 and 6 
hours, while the present results are based on 1 hour 
observation time. 

The following symbols are used: 
r i - discrete representation of r. Resolution is 

0.01. 
- sample number j of B when r., j = 1,2, .. ,N .. 
- number of observations whenl.r.. l. 
- number of obseryationsin a gi~en area of r-

axis. 
- number of different points on the r-axis. 
- a-percentage point in the Fisher-distribution 

with hI and h2 degrees of freedom. 

For comparison a third relation between 8 and r is sup
posed. 

6=n+(1-n)r 

Optimal values of q, w and ~ is found by the principle of 
least squares. Letft. () and II symbolize the quantities 
found by this principle. 

Assuming that Bij is normally distributed N(~i,02) and 
that the measured values of r are exact, the hypotheses 

HO' l/l-(l-r)w 
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• 
• 

• 

• 

• 
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HO' , 
HO" , 

8 
8 

r-et 

n +(l-n)r 

are tested against the alternative that there is another 
relation between 8 and r. By using the maximum likeli
hood principle, HO'" is rejected when 

r ~ N.(fr(8.)-(B+(1-~)r.»2Jl 
Li=l 1 1 1 " eN-I) 

r 
IN· 2]· (I-I) 
L r (8 .. -~(8.» 

Li=l j=l 1J 1 

F"' > f 
et,I-l,N-l 

because F'" is F-distributed with I-I and N-I degrees 
of freedom. Let F' and F': denote ""the .. an~~ogOUS e~Gres-

1ions for HO' and HO", w1th l/[l-(l-ri)w] and ri 
, spectively substituted in the numerator. If is supposed 
that F' and F" are also F-distributed "when HO' and HO" 
respectively are correct. 

3.3.2 RESULTS 

The mean of the fresh call intensity for the different 
source-destination combinations E-H in the observation 
period is 50, 180, 31 and 163 calls per hour, respec
tively. 

fable 5 shows the estimate"d values for the expectation of 
S in the different intervals on the r-axis. Table 6 shows 

the result of the model-testing. The significance level 
is 0 ,05. The linear model is rejected for all source
destination-combinations. Elldins simplified model is re
jected for combination G and H, while LeGall/Pellieux's 
model is rejected for combination G. 

It is to remark that the different combinations give dif
ferent values for the parameters w, et and n. The diffe
rence between the combinations is found significant in 
[l l J, however combination G might be equa l to f or H. It 
is also remarkable that the value that Pellieux has ob
"t a ined in [ 8] for et is 0,72 while our value is 0,74. 

r E F G 

0:--T5 1.95 

0.45 1.82 1.65 
0.55 1. 53 1.44 
0.65 1.38 1.33 1.31 
0.75 1.26 1.22 1.21 
0.85 1.16 1.15 1.11 

Table 5. Estimated values of 8. 

E F G 

hI' h 2 , 43,190 26,207 52,181 

f O,05,h1 ,h 1.4 1.5 1.4 

8 = l/(l-(l-r)w) 

Reject ? No No Yes 
F' 1.2 .7 2.1 
C .80 .73 .72 

8 = r - et 

Reject ? No No Yes 
F' , 1.0 .6 2.3 

& .74 .69 .62 

8 = n +(l-n)r 

Reject ? Yes Yes Yes 
F' , 4.1 2.1 4.7 

n 2.20 1.91 2.09 

Table 6. Results of model testing. 
hI, h2 - degrees of freedom 

H 

1.39 
1.29 
1.19 

1.12 

H 

26.207 

1.5 

Yes 

1.7 
.65 

No 
1.4 

.60 

Yes 
3.2 
1.82 

~"AF'~, F"'.- F-distributed variables 
w, et, n - est1mated parameters. 

ITea 

The point with the" simplified models is that they should 
be easy to use in practical situations with acceptable 
accuracy. A comparison between table 5 and the computed 
values from Elldin's simplified model and LeGall/Pellieux~ 
model with & and ~ from table 6 gives a maximum difference 
between the models and the observations of approx, 4 %. 
The practical difference between the models seems to be 
small, and they both seem to be acceptable in practice. 

It should be stressed, however, that the presented values 
of et and ware only valid in situations with the same call 
mix and the same subscriber group composition. As seen 
in chapter 2.2 the persistence is different for different 
failure causes and for the different A-subscriber catego
ries. If the single lines were only residence subscribers, 
and if they had the same call mix as the PABX-lines, the 
values of wand et would be greater for single lines than 
for PABX-lines. 

The previous results are based on the assumption that all 
hours between 9.00 and 15.00 gives the same 8 when r is 
fixed. However, this as!:umption is not quite correct. Fig. 
4 shows & estimated for different hours of the day. & 
shows an increasing tendency because of an accumulation of 
call demands. For all source-destination combinations one 
has a maximum between 14.00 and 15.00. The difference be
tween the maximum and the mean values of et is approx 0,05. 

A 

a 
0.8 

0..7 

0.8 
g 10 It 12 13 14 15 

o-f 
F :==a.O_7' 

= =---=-:.om 
'.8 I I I .. 

9 1O 11 12 13 14 15 

or 
.Q... 

=====~O.8 
0.6 

~i..o_., 

I .. 
11 12 13 U 15 

a. 
6.7 

J:L a", 0.55 

••• ci",O.1O 

0.5 
g 10 , 11 12 13 14 15 

Figure 4. Parameter et in 8=r -Ct as a function of time 
of the day. 
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4. CONCLUSION 

The present study of the interrelationship between a tele
phone exchange as a technical system and its subscribers 
as a social environment largely follows the same approach 
of statistical description as presented in some earlier 
papers in this field. 

Beginning with a probabilistic model with failure and 
reattempt probabilities as basic quantities, a further 
study of the main effects influencing these quantities 
is carried out. This study indicates that the strong in
crease in failure probability with the attempt number can 
be explained partly by the conditional probability of 
failure in the following attempts, given first attempt 
failure, and partly by a repeated selection among desti
nations. This selection effect also applies to the re
attempt probability. Experimental results largely affirm 
the model calculations. 

Furthermore, a statistical study of simplified models of 
repeated calls is carried out. The close interrelation
ship between the two main models is pointed out, and 
the models are tested statistically versus observation 
results. The tests indicate that the models may cover 
considerable variations fairly well, though the type of 
source-destination combinations as well as the time of 
day influence the parameters of the models. 
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