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ABSTRACT 

The paper presents an evaluation of the mathematical 
expressions for overflow traffic when the number of 
circuits assumes real quantities. Efficient computational 
methods are given for evaluation of overflow traffic to 
an arbitrary accuracy. 

The resulting methods are applied to Wilkinson's 
equivalent random theory (ERT-W) for both rough and smooth 
traffics. A new ERT(ERT-N) is derived and applied which 
avoids the iterative complications of ERT-W. An 
equivalent binomial theory for rough and smooth traffics 
is defined and results compared with the ERT's and exact 
results. An equivalent random queue theory is defined for 
several queue disciplines and a brief comparison made with 
exact results. A directly computed Wormald chart and a 
table of values for E(-l,A) and ~(O,A) are included where 
~ (O,A) = (aln r(N+l,A)/3N)N __ l-lnA. 

INTRODUCTION 

In a plane formed with N as abseissa and A as ordinate, 
rough traffic problems of an Erlang overflow type occur 
in the first quadrant and smooth traffic problems in the 
second. This paper is primarily devoted to evaluation of 
the traffic quantities of interest in the second quadrant. 
However since analytic continuation exists between the 
first and second quadrants the general results will be 
applicable in both quadrants. 

The prime quantities of interest are the cumulants of 
overflow traffic when a pure chance traffic is applied to 
a group of N circuits all fully available. Wilkinson's 
equivalent random theory involves the use of the mean and 
variance only to determine an equivalent group of N 
circuits and equivalent pure chance traffic A to convert 
a problem with non-random traffic input to one of simple 
full availability. 

When the traffic is smooth new methods of computing the 
mean overflow traffic are required, for this condition 
results in a negative equivalent choice. The iterativ~ 
complications of the Wilkinson method are still present 
however so the author has derived a new equivalent 
random theory involving three cumulants, which enables 
solutions to be obtained without iteration. 

Traffic arising from a limited number of sources exhibits 
smooth characteristics and theoretical models for a 
number of practical situations have been evolved in both 
congestion and queueing theory. These models, on the one 
hand, enable an equivalent binomial theory to be devised 
to approximate infinite source models and, on the other, 
as checks on the application of infinite source models to 
limited source problems. To this end an equivalent random 
theory for queues has been studied briefly. 

THE ERLANG LOSS FORMULA IN CONTINUOUS FORM 

Equation (1) is the usual form of Erlang'. Loss formula 
for full availability systems where B(N,A) is the 
probability of loss, N, a positive integer, the number of 
circuits. 

AN 

B(N,A) - N! •••••••••• (1) 
N Ai 
L iT i"'o 

ITG8 

The denominator of (1) may be classed as an incomplete 
exponential function, ~. (N,A), of the first kind since its 
terms correspond to those of the exponential series. 
Clearly, when N is large enough, fl(N,A)+ exp(A) and leads 
to the Poisson approximation to B(N,A). : 

When N is continuous, the factorial of N(N!) is usually 
represented by the gamma function r(N+I) -:y (N+I,A) + 
r(N+I,A), where Y(N+I,A) and r(N+I,A) are iqcomplete 
gamma functions of the first and second kinds, defined by 
the integrals (2) and (3), respectively, 

y(N+I,A) - to exp (-t).tN.dt •..••••••• (2) 

r (N+I,A) f
A

oo 

exp (-t).tN.dt •••••••••• (3) 

Integration of (3), by parts, leads to the result r{N+I,A) 
- fl(N,A). r(N+I). exp (-A) which, on insertion into (I) 

gives (4), the continuous form of the Erlang loss formula. 

B (N ,A) 
N A .exp(-A) •••••••••• (4) 
r(N+1,A) 

The traffic, m(N,A), overflowing from a full-availability 
group is obtained from (5) with variance v{N,A) from (6). 

N+1 A exp (-A) 
r{N+l, A) 

m{N,A) 
••••••••.• (5) 

v(N,A) m{N,A)'r-m{N,A) + N+I-!+m{N,A)]·········(6) 

The exponential integral E CZ), defined by the integral 
(7), is related to r(N+I,A~. For, by setting Z - A and 
Zt a W, (7) reduces to An-i.r(l-n.A) which, on sub
stitution in (5), provides the interesting result (8). 

•••••••••• (7) 

m{-n,A) • ••••••••• (8) 

The function E (A) (not to be confused with E(N,A» has 
been extensiveiy tabulated so that results are readily 
derivable for B{N,A) with negative argument N. Similar 
functions are available (Ref. 5), which enable B{N,A) 
(and m{N,A» to be obtained in the third and fourth 
quadrants of the A/N plane although they are not known 
to have any practical traffic significance. 

Various regions of the second quadrant of the A/N plane 
are of interest because of their relationship to well
known functions. For example setting n-1 in (7) one 
obtains the exponential integral El{A) which is variously 
represented by r(O,A) or -Ei{-A). 

Brettschneider (Ref.2) chose a rational approximation to 
-Ei(-A) and, in conjunction with the inverse of (9), 
generated values of m(N,A) for negative integral N. 

A.m(N,A) .......... (9) 
N+l+m(N,A) m(N+l,A} 
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A function, Gp(W), represented by the integral (10), is 

of special interest. Comparison of (10) with (2) shows 
it to be identical in form to the incomplete gamma 
function of the first kind. Hence (11) follows readily 
from (3), (5) and (10). 

W ~ 1 

= fo exp (-tP).dt! L exp(-v).v(p--l) dv (.!.) ! G (W) 
p p 

m(.!. -1 A) p , 

••••.••••. (10) 
.!. 

AP.exp(-A) 
•••••••••• (11) 

re.!.) (l-G (p lA» 
p p 

When p .. 2, G (W) reduces to the error function erf( I A), 
p 

in which case (11) reduces to (12) where erfc( I A) is the 
complementary error function (l-erf( I Aj). 

A • exp(-,) 
1-:; erfc( A) •••••••••• (12) 

1 
Jagerman (Ref. 12) gives asymptotic forms for B(- 2,A) 

and B(-l,A) mainly derived from Whittaker functions. 
Extensive work has been done by Akimaru and Nishimura 
(Refs. 6 and 7) on the differential coefficients of 
the Erlang function, when N is restricted to a positive 
real variable. However since analytic continuation 
exists between the first and second quadrants of the 
A/N plane, the basic results, (13) and (14), are also 
valid in the second quadrant. 

fA . B (N , A) .. B (N, A). [* -1+B (N , A)] .••••••••• (13) 

1 .a .B(N,A) c lnA- a lnr(N+l,A)- - w(N+l.A) 
B(N,A) aN . . aN · •••••••••• (14) 

Direct differentiation of (9) results in (15) and, in 
conjunction with (14), one obtains the recursive function 
(16) for W(N+l.A). 

Dl -:1 .[Do(l-Bl ) - :1] •••••••.•• (15) 

o 

• ••••••.•• (16) .p(N+2,A) - :\0' [(N+1)."(N+l,A)+l]. 

where Di .. ~N .B(N+i,A) and Bi - B(N+i,A). 

Inverse formulae for (15) and (16) are readily derivable. 

The smallest positive value of N, for which a 
differential coefficient may be required is zero, which 
requires ~(l,A) in (14). Since ~(l.A) is, conveniently 
exp(A).El(A) one obtains the result (17) for Do' from 
(8) and (14). 

[
a .B(N.A)] 1 

aN N-O - - m(-l,A) 
•••••••••. (17) 

In applying the inverse of (15) or (16) through zero, 
with integral values of N, a singularity occurs. Hence 
for this case «O,A) is needed with generation 
commencing from N - -1. ~ (O,A) is also needed for 
evaluation of second differential coefficients (Ref.7). 

EQUIVALENT RANDOM THEORIES 

The original equivalent random theory (ERT-W) devised by 
Wilkinson (Ref.3), treats N as a positive real variable 
in which the mean overflow traffic is given by (5) with 
variance (6). When values of m and v are specified 
which result from a simple full availability group, with 
a single pure chance traffic offered. simultaneous 
solution of (5) and (6) precisely determine the values 
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of A and N concerned. If v is less than m the traffic 
is smooth and solution of (8) and (6) will produce an 
exact negative value of N. When an offering stream 
arrives from several different sources, each in a 
different stage of degeneration (from pure chance traffic) 
the ERT produces a single stream equivalent of the 
arriving streams irrespective of differences in the 
higher moments. 

From Wallstrom (Ref.l5) the factorial moments, Fq, of 
traffic overflowing a full availability group are defined 
in (18), in terms of Kosten polynomials R(N,r). Since 
individual polynomials sum to zero when N is negative 
and are undefined when N is not integral it is necessary 
to define a new function Z(N,a,b) as a ratio (19) • 

Fq{N) = Aq R(N,O) 
R(N,q) ••..••••.. (18) 

~ Z(N,a,b) .. Fl~ ••.••••••• (19) 

Equations (20) to (22) are among a number of recurrence 
relationships satisfied by R(N,r) (Ref. 15), which are 
used to derive (23) for Z(N,a,b). 

R(N,r) .. R(N-l,r) + R(N,r-l) ...•••••.. (20) 
N.R(N.r)-(A+N-l+r).R(N-l,r)-A.R(N-2,r) •••••• (2l) 
N.R(N.r)-A.R(N-l.r)+r.R(N-l.r+l) ••.••••••. (22) 

........ ___ -l-~ = 1 [ N+q-A + A] 
Z(N,O,q+l) q Z(N,O,q) Z(N,O,q-l) ..•.•.• (23) 

Clearly, from (19). Z(N,O,O) .. 1 and since F1(N)-m(N,A), 
Z(N,O,l) .. B(~,A). Hence, if Fl(N) is availAble for any 
values of A and N, Z(N,O,q) is available for all q, from 
(23). Z(N,O,q) may be eliminated from (23) to produce 
(24) in terms of F so that, given A, Nand m(N,A) all 
factorial moments 8f the overflow traffic may be 
generated, irrespective of the character of N • 

•• ... . •.. . (24) 

A closed solution, for A and N may be obtained from (24), 
when Fl , F2, and F3 are known. Setting ~ .. (N-A) and 

q=2,3 in (24), ~ is given by (25). from which A and N 

follow directly. 2 
F3(2Fl + F2)- 2F2 (Fl-l) 

1; = 2 
2F2 - FlF3 

whence. 
F2 

A =--
Fl 

(~ + 1) + F2 

and N =~ + A 

..••..•.•. (25) · 

. .•..••••• (26) 

•.•••••••• (27) 

Limiting properties of (25) are of interest particularly 
if Fl and F2 are assumed constant. The full extent of 

the variation of F produces regions in which both 
positive and negat!ve values of A and N occur. For the 
purposes of the proposed ERT(ERT-N) and ERT-W, F3 lies 
between the values given by (28) and (29) in which 
region A remains positive. 

2F~ (1+Fl ) 
7;= 0 when F3 .. 2Fl + F2 •••••••••• (28) 

~ 
7; = +00 when F = --- - £ 

3 Fl 
•••••••••• (29) 

In principle any arrival process, for which F
l

, F2 and 
F1 are specified, may be approximated by a single Erlang 
sfream. ERT-N gives an exact result when the arrival 
process consists of the overflow traffic from a single 
full-availability group offered pure chance traffic. 
Where the overflow traffic is derived from a number of 
such sources, for which the originating parameters are 
known, ERT~N is an approximation to the true result, 1s 
directly calculable and. in most cas.es. is more accurate 
or safer than ERT-W. Most practical traf.fic calculations 
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commence at some point, with an assumed pure chance 
traffic, therefore the iterative intricacies of ERT-W 
can be avoided by progressively deriving the first three 
cumulants of the traffic overflowed (or carried) by 
successive groups of circuits. If the first three 
cumulants are m(mean), v(variance) and w, the factorial 
moments are given by (30) to (32). 

m 

v - m + m
2 

w + 3mv + m3 - 3F2 - m 

..••••••.• (30) 

.••.•••••• (31) 

.••.••..•• (32) 

When deriving the factorial moments of several streams 
the values m, v and w, to be used in (30) to (32) 
represent the sum of the separate cumu1ants in the 
arriving streams. In cases where only m and v are known, 
for an arriving stream, recourse may be had to ERT-W 
for an approximation to w. 

The resultant overflow traffic from circuits following 
an equivalent group may be obtained from the recurrence 
(9). Alternatively it can be shown, from (22), that the 
moments overflowing successive circuit groups are given 
by (33). 

1 
F (N+l) 

q 

COMPUTATION OF m(N,A) 

•. ••••••• . (33) 

Practical uses for the Erlang formula seldom occur much 
outside of the triangle bounded by N - 0 and N a A, when 
N is positive. The overflow traffic m(N,A) becomes 
vanishing1y small for quite modest extensions of N and a 
problem does not exist when A - O. The condition N - ° 
is often used in computer programmes to allow traffic to 
overflow without change of properties. If N is finite 
and A +0, mCN,A) +0 for all positive values of N. Hence, 
in the first quadrant, the +N axis represents the limit 
m(NJ) - 0 and the +A axis m(O,A)- A. 

In the second quadrant the line N - -1 is described, in 
(8), by the exponential integral E1(A) , which may be 
represented by the series expansion (34). 

( ( ) 
(-A) P .......... (34) 

El A) = - y+lnA - ! -----p!p 
p=l 

where y a Euler's constant - 0.5772156649 ... 

For very small traffics, A, E (A)+A -(y + lnA) and as 
A+O, E1(A) rises slowly to intinity; e.g. when A is as 
little as 10-99 , El(A) - 225.076. Hence, from (8), m(-l,A) 

+0 as A+O and, at this point, from (6), v(-l,O) - O. It 
may be shown generally that m(-N,O) - N-l and v(-N,O) • 0, 
i.e. the negative N axis exhibits a finite mean with zero 
variance at the integral points. For the region 
-l<N<O, Gp(O) = 0 and m(l -1,0) - 0 for any real p. 

1 t' 1 
Similarly m C- - 1 - f, 0) - f - -, f integral. Elsewhere 

p p 
in the second quadrant the variance is always less than 
the mean m, and A is less than v. It may be shown, easily, 
that v+0 as A+o,for any n(= -N). By introduction of the 
marginal occupancy (Ref. 8) ~=m(N,A) - m(N+l,A), (6) can 

be re-expressed in the alternative form (35) and since from 
above, m(-N,O) .. N-l, it follows that v(-N,O) - o. 

v(N,A) = m(N,A) 2 [~ - 1] .......... (35) 

The continued fraction (CF) representation of E (A) 
(ri - ~N) is a useful form for direct computatioR of 
m(-N,A) over most regions in the second quadrant of the 
A/N plane. The general form of the CF to be used is 
given in (36) and a computational process in (37). 

b b
l 

b
2 

m(-N,A) "" a + ~ • a
2
+' +' _._.-.......... (36) o a l a 3 

where, with q an arbitrary integer, 

a2q - A, a2q+l - 1, b2q - N+q, b2q+l - q+1. 

ITe8 

Hence, setting Q 1 ~ 1,computation of (36) may be 
a~ranged in the q+ sequence (37). 

::;!!ts..... + A: 
~+1 

Qq-l"" s:L + 1; 
Q~-l 

, 
etc., which leads to m(-N,A) "" Q

o •.•••••.•• (37) 

It is found that the best result for mC-N,A), using 10-
digit, floating-point computation, may be obtained with 
q approximated by K/f (abs N+A). For the region A.0.5, 
K = 115 and for NC:-lO, K .. 259. Precise accuracy in q 
is not necessary for a precise result in m provided that 
the value of q, given by the chosen approximation, is 
large enough. 

In the remaining region of the second quadrant the value 
of q becomes too large for practical purposes so that 
other methods must be used. For the region n<l equation 
(11) is suitable, with G computed from the expansion 
(38) and re!) obtained Pfrom a Steriing process, (39) or 

p 
other suitable rational approximation • 

where. 

lnr(r) 

0(r) 

r 

I (-A)j prA. E 
j=O j!(jp+1) 

••.•••••.• (38) 

r(r) ....•.•••. (39) s-l 

1[(4i) 
i=O p 

(r-l/2)lnr - r+(1/2)ln(2n)+0(r), 

(1+ ! (1+ !(l- ~(139+ 571»» 
z 2z l5z 4z 

and z = l2r. 

The parameter s would be chosen at about 30 for the 
proposed region of application in the A/N plane. The 
region for A<0.5, n>l would have m(N,A) obtained by 
recurrence using the inverse of (9). However some 
loss of accuracy will occur in recurring across the 
leading diagonal n(= -N, N+ve)/A. Let n take a small 
value tt, then m(tt,A) will lie close to and above A, 
(A+o) say. If the inverse of (9) is now applied to find 
m(tt-l,A) the result is «.(A+5)/6. Hence the accuracy 
of recurrence is dependent upon the accuracy with which 
o is known. Since o«A, and (A+o) occupies all digits 
available, accuracy is lost in recurring across the 
diagonal. For example at A-0.5 and with I~-digit 
computation, the error in m is 30 in 10-10 at tt=.Ol 
rising to 8670 in 10-10 at tt=.OOOl. 

On the general question of recurrence,Miller (Ref.lO) 
states that accuracy is lost in recurring towards the 
leading diagonal in the second quadrant and gained in 
recurring away. Rapp (Ref.9) proved the latter part of 
this rule, by algebraic means, for increasing recurrence 
in the first quadrant. The first quadrant has also been 
examined by Levy-Soussan in terms of a CF solution CRei., 
14). The CF process (37) is also valid in the first 
quadrant of the A/N plane and is a terminating CF at 
q-N for positive integral values of N. For real N(+Ve) 
q varies significantly along the diagonal A/N but may be 
approximated by q-5(25 - f«A+5)/(N+5») in the range 
A~N)l.When A<N,m(N,A) would be obtained from within the 
region bounded -by A>N and recurrence used to the point in 
question. Direct computation is indicated for the region 
N<A<l using an increasing series for the incomplete gamma 
function of the first kind (e.g. (40» together with a 
Sterling approximation for r(N) in (5). ' 

AN [ r y (N,A) .. N 1 + r=l (_A)r. N ] 
r! (N+r-l) ..•..•.••. (40) 

Direct evaluation of m(N,A), N real, enables differential 
coefficients to be readily obtained. aB(N,A)/aA is 
available directly from (13), whereas aB(N,A)/3N requires 
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a value for ~(N+1,A), which is computationa11y difficult 
(Refs. (6) and (7». Using a 6-point Lagrange formula 
one may derive approximation (41) which exhibits an error 
of the order of h6~6/30. 

where C 
o 

A 

.05 

.10 

.15 

.20 

.25 

.30 

.35 

.40 

.45 

.50 

.55 

.60 

.65 

.70 

.75 

.80 

.85 

.90 

.95 
1.00 

1.50 
2.00 
2.50 
3.00 
3.50 
4.00 
4.50 
5.00 

6.00 
7.00 
8,00 
9.00 
10.00 
12.00 . 
14.00 
16.00 
18.00 
20.00 

= 

5 
r Cr.m«l-~.h-S,A) •.••••••.• (41) 

r=O 

+12, Cl +65, C2 = -120~ 

+60, C
4 

-20, C
5 

.. +3. 

TABLE 1 

B(-l,A) PSI(O,A) 

7.70882132 1.49819312 
4.96365970 1.21351667 
3.91819963 1.05587744 
3.34817973 • 94881104 
2.98310345 .86883012 
2.72657362 .80564029 
2.53507355 .75382743 
2.38588774 .71020120 
2.26592114 .67272827 
2.16705706 .64003589 

2.08397797 .61115538 
2.01304428 .58537879 
1. 95167489 .56217381 
1.891.98478' .54113058 
1. 85056287 .52192718 
1.80833030 .50430642 
1. 77044712 .48805977 
1.73624885 .47301597 
1.70520247 .45903275 
1. 67687503 .44599071 

1.48724316 .35072295 
1.38378190 .29171139 
1.31784498 .25086193 
1.27185812 
1.23782650 

.22063233 

.19723059 
1.21155934 .17851278 
1.19063615 .16316409 
1.17355619 .15032835 

1.14730768 .13003073 
1. '1..2804727 .11466703 
1.11329178 .10260971 
1.10161567 .09288275 
1.09214022 .08486310 
1.07768655 .07240290 
1.06717293 .06315913 
1.05917656 .05602238 
1.05288760 .05034278 
1.04781065 .04571370 

The first order approximation (42) may suffice for many 
practical applications and, with h-l, is the form used by 
Rapp (Ref.9) for iterative evaluation of ERT~W. 

-l m(N,A) ~ ih [m(N+h,A) - m(N~h,A) 1 .......... (42) 
aN . 

Equation (16) may be used for negative recursive evaluation 
of the differential coefficient except when passing 
through N-O at the integral point. An increasing series 
(43), has been used to compute Table 1 giving values of 
W(O,A) up to A=20 which necessitates the use of 29-digit 
arithmetic to obtain 9-digit accuracy. To compute the 
values of El(A) to the required accuracy a sequence due to 
Miller and Hurst (Ref.11) was used. 

W(O,A) __ 1_ [l(y +lnA)2 + l + E (:A)k] ... (43) 
E1(A) 2 12 k cl k.k 

For values of A>20 (approx) the asymptotic form (44) may 
be used in which, with terms continued to p. [A], the 
error in W(O,A) approximates p!/AP+3. 

IJi(O,A)-A.m(-l,A). ~l Cl)s ~: (44) s-2 A m(-~ ,A) •••••••••• 
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NUMERICAL CONSIDERATIONS 

In 1968 Worma1d published (Ref.4) the results of a 
simulation exercise in which congestion resulting from 
offered smooth traffics were obtained. The results are 
principally concerned with the second quadrant of the 
A/N plane and represent a continuation of the well known 
Wi1kinson chart (Ref.3). The Worma1d chart combines 
both the first and second quadrants, of the A/N plane, in 
one quadrant in such a way that the leading diagonal' 
represents pure chance traffic. A directly computed 
version of this chart is given in Fig.1 which was derived 
from the processes described in this paper. To read the 
chart one notes that the radia1s represent pure chance 
traffics and circuits count negatively from the diagonal 
upwards positively downwards. Comparison with the 
originally simulated version shows remarkably close agree
ment over the whole range. Ample verification is thus 
provided of the theoretical processes which describe the 
degeneration, from pure chance, of one infinite source 
traffic stream overflowed from a real quantity of circuits, 
~l~ fully available • 

Practical application of ERT-W (and ERT-N when F3 is not 
known) requires the simultaneous solution of (5) and 
(6) to determine equivalent values of A and N given the 
offered resultant traffic m and v. The author uses (45) 
(a modified form of the Rapp approximation (Ref. 9» to 
obtain a first approximation A* to A; N* is then obtained 
from (46) which is an inversion of (6). The problem is 
thus essentially of one variable, in A. 

where Q = 1 - l/(m + v/m) 

N* ~ A*/Q - m - 1 

•••••••••• (45) 

•••••••••• (46) 

Various methods are in use for refining the value of A*, 
for example, the Newton-Raphson iteration described by 
Ott and De Los Rios (Ref.13) and the Regu1i Fa1sii method 
described by Rapp (Ref.9). The author uses the former for 
computer evaluation and the latter for manual computation. 
Equations (45) and (46) are applicable over both quadrants 
and provide better accuracy in the second quadrant than 
the Rapp equation and acceptable accuracy elsewhere. 
Some examples fol1ow:-

N A A*Rapp A*Equation (45) 

-.3 .05 -.0082 .0615 
-.3 .50 .4358 .5224 
-.3 2.50 2.4728 2.5054 
-.3 4.95 4.9361 4.9510 

-5.0 5.00 4,9325 5.0016 

Traffic originating from a limited number of sources S, 
each offering 'a' er1ang/source (average), will have a 
mean value of m - S. a er1ang and a variance of v=Sa(l-a). 
In the limit, as S~, the traffic changes from smooth 
(v<m) to pure chance (v-m). Hence it may be expected 
that models based on a limited number of sources would 
have a congestion response which is different to that 
predicted by either ERT-W or ERT-N. Hence application 
of an ERT to a limited source situation, will produce 
a different congestion to a limited source model and the 
difference may be expected to diminish as S becomes large. 
The Engset model, for call probability of loss, is given 
in (47) which may be economically computed by the 
sequence (48). 

(S-~ 
E (N ,b). N N b N .......... (47) 

"r (S-l)b j 

j .. O j 

where b - a/(l-a(l-E(N,b»). 

E(N,b) • •.•••.••• (48) 
where 

To - 1, ~ • 1 to N, E • 0 initially and 

T (N-R+1) 1 
TR - R-1 (S-N~l+R) b' 
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Sequence (48) is used iteratively, by adjusting b, until 
the change in E is as small as desired. The same sequence 
may also be used to compute time congest ion by replacing 
(S-l) by (S), which, when further multiplied by (S-N)/N, 
produces traffic congestion. It will be noted that the 
first iteration of (48) produces the equivalent O'Dell 
result • 

Mina (Ref.l) proposed an equivalent binomial theory (EBT) 
based on the binomial formulae for both smooth and rough 
traffics. Since the mean and variance of a traffic stream 
are defined in terms of S and 'a', the EBT involves finding 
ficticious values from the m and v supplied. The binomial 
models are continuous through S = m so that (48) may be 
used for both rough and smooth traffics where, for the 
former case, both S and 'a' are negative. This fact was 
noted by Wallstrom (Ref. 15, p344) in passing and its 
significance did not apparently occur to Mina. 

A simple trunking system, comprising 8 primary groups of 
2 circuits, each offered 2 erlang of pure chance traffic, 
directs traffic to a secondary group of X circuits. The 
probability of loss experienced by the secondary group, 
as predicted by various models, is listed in TABLE 2 when 
the primary carried traffic is offered to X and in TABLE 
3 when the primary overflow traffic is offered to X. 

2 
<i 
UJ 
~ 

0 
0 

N 
C'l 

0 
0 .. 
Cl) 

N 

0 
0 

• N 

0 
0 

0 
N 

0 
0 

CO 

0 
0 

N 

o 
o 

• 

I 

I""" 

r-

4.00 8.00 12.00 

MODEL 
ERT-N 
A*/N* 
EBT 
SIMULATION 

MODEL 
ERT-N 
A*/N* 
EBT 
SIMULATION 

TABLE 2. CARRtED T'RAFPtc 

X R2 5 9 15 
.8090 .5377 .2335 .0186 
.8089 .5371 .2322 .0180 
.8118 .5431 .2290 .0023 
,8161 .5345 .2236 .0014 

TABLE 

X ~2 
.7459 
.7458 
.7365 
.7407 

3, OVERFLOW TRAFFIC 

5 9 15 
.4159 .1243 ,0050 
.4152 .4233 .0048 
.3959 .1115 .0056 
.4005 .1165 .0039 

EQUATIONS 
(26), (27) 
(45), (46) 
(48) 

EQUATIONS 
(26), (27) 
(45), (46) 
(48) 

Kibb1e (Ref.20) provides exact and ERT-W solutions for a 
large number of gradings. In every case ERT~N' is higher 
than ERT-W and where ERT-W is below the exact solution 
ERT-N is, in some cases, closer to the exact solution and 
in othe~ slightly higher. The elementary two-group grading 
with three outlets has been solved exactly and some sample 
comparisons with ERT-N are given below, with a balanced 
offered traffic of A erlang. 

A E(exact) 
.1 .00130 
.5 .03153 

1 .10494 

-

J 

1/ 1 J 
Y1 11) 

11 

V ILL J 

V1 I I I j 

I I I I 

I~ I I I I I I -1. J 

lA J I I I / I III j 

16.00 20.00 24.00 

E(ERT-N) 
.00130 
.03178 
.10606 

28.00 

VARIANCE. 
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3 
5 

.26705 

.39600 

.56199 

.26923 

.39810 

.56328 

Schehrer (Ref. 16) has provided an exact solution for 
consecutive Engset groups an example fo~ w~1c~ has S~4Q, 
b-0.5 offering to a primary group ot 10 circuits 
followed by a secondary group of 10 circuits. The ERT ' 
solution (with N negative) gives 4.4294 erlang overflowed 
to the secondary group (4.6249 exact) and 0.1273 lost 
(.1201 exact). The EBT gives 4.6674 and .120 respectively 
when the offered traffic 'a' is assumed constant for the 
intermediate group calculation. 

One program tape for an HP65 calculator can accommodate 
equations (37), (6) and (9) plus its inverse and a typical 
listing is given in Table 4. With this program one may 
evaluate, to nearly 10 digit accuracy, m(N,A) and v(N,A) 
over the practical range of interest in A and real N. 
All other ~quations given in this paper have been directly 
applied to the HP65 calculator with the exception of 
(43) which requires double precision arithmetic. It is 
noted that Brettschneider (Ref.2l) suggests integer N 
program forms for the HP65 for (1), (6), (9), (47) and 
(49). TABLE 4 
HP65 Routine For Equa~37), (6) and (9) 

For m(N,A,q): AtNtq key A. Any time after an meN,A) has 
been obtained:- m(N+R,A): R' ST08 key D; m(N-R,A): R ST08 
key C; v(N,A): key B.Stores used are: lA, 2N, 4m, 6vand 8. 

f R.CL8 g B 1 1 GTO .;. 
PROG + DSZ RCLl + + C RCLl 
LBL t GTO t RCL4 t RTN X 
A RCL2 1 RCL4 X RCL4 LBL ST04 
ST08 - RCL2 1 ST06 X D g 
g.J. RCL4 CHS + RTN RCLl RCL4 DSZ 
ST02 .;. RCL4 RCL2 LBL t t GTO 
g.J. RCLl .;. + C RCL4 t D 
STOl + RCLl RCLl RCL2 - RCL2 RTN 
1 .;. + - t .;. 1 gNOP 
isT04 1 ST04 .;. 1 ST04 + gNOP 
~BL + RTN RCL4 - g ST02 -
1 ST04 LBL - ST02 DSZ + -

f;QUIV ALENT RANDOM QUEUES 

~rlang's second formula, for delay working, is usually 
expressed in the form (49) where N (an integer) and A 

ave the usual meaning. The quantity B
2

(N,A) is the 
,robability of a delay occurring and m

2
(N,A)-A.B

2
(N,A), 

lhe delayed traffic. 

J!1 ..1i 
(N) 

iT . N-A 
B2 ,A - N-l AP AN 

• ...!L r ,.. + NI N-A p-O p. • 

•••••••••. (49) 

One may develop an equivalent random theory for queues 
(ERTQ) by converting (49) to its equivalent form (50) 
with real N. which is Achieved by replacing the Sum term 
in (49) by its equivalent from Cl). 

( A) _ N.m(N,A) 
m2 N. - N-A+m(N,A) •••••••••• (SO) 

In the form (SO) m may be evaluated for N a continuous 
real variable so t~at a non-random source may be approx
imated by an equivalent pure chance traffic' and an 
equivalent choice. The delay performance for X(say) 
circuits which succeed the equivalent choice is then 
obtained simply from B

2
(X,A) - m

2
(X+N,A)/m(N,A). 

The limited source equivalent of (49) may be expre'ssed 
in the form (51) (Ref. 18) which can be computed by the 
sequences (52) and (53). 

_ ...1..-
T+R •••••••••• (51) 
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where T- s ~ X+q 
<X +q) x!x q • 0 

X,-l 
and R - r Rp' R -

p-O P 

R - 1 R - R .~.b 
o ' p p~l p •••••••••• (52) 

() - T Slt-g+l b ( ) T - R pO«, , T l' •• • • • • • • • •• 53 o q q- ' 

The quantity b assumes different values to those applying 
to the Engset model because the State of free sources is 
different. If m(S,a) is the mean of the offered traffic 
which is known. b is obtained, by iteration, from (54). 

N-l 
m(S,A) - S.a - r 

p-o 
p.R + N.T 

P 
•.•••••••• (54) 

Table 2 contains a few-selections of traffics with 
different variance to mean ratios in which the 
probability of delay. B2 (X,A) from (49), is compared 
with exact results, B2(X.S,a) from (51), It remains to 
be determined whether smooth traffic offered to a 
queue is better represented by ERTQ or (51) when the 
traffic originates from an original pure chance traffic. 

!!lli..1 
V/M S X B

2
(X,A) B2(X,S,a) 

(49) (51) 

.52 5 3 .30392 .35373 
4 .08565 .05450 

.95 20 4 .01558 .01393 
S .00264 .00207 

.9 20 4 .13667 .15263 
5 .04232 .03815 
8 .00054 .00028 

.8 20 5 .42349 .44815 
8 .03094 .02487 

10 .00322 .00162 

.7 30 10 .46135 .53624 
12 .14918 .15286 
15 .01723 .01228 
18 .00113 .00036 

The voluntary departure queue model is a modified form of 
the Erlang queue which requires no restrictions on the 
value of A. The probability of delay B

3
(N,A), which 

includes (49) as a special case, can be expressed in the 
form (55) (Ref. 19) with N a real variable. 

B (N A) 
_ (l+Q).m(N,A) 

3' A+Q.m(N,A) 
•••••••••• (55) 

- Aq q h 
where Q - r K ' K - ]I (N+r 'd) , 

q-l q q r-l 

h - mean holding time 

d - mean time of departure, if not served. 

Equation (55) is in the form in which !RTQ may be applied, 
for non-random offered traffics, but space does not 
permit further elaboration. 
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