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ABSTRACT 

This paper describes three applications of quad~ 
ratic programming, i.e. minimization of a quad~ 
ratic objective function subject to linear con~ 
straints, to the calculation of traffic matrices. 
Section 2 deals with the problem of transforming 
an old traffic matrix into a new one, the new 
row and column totals being fixed. In section 3 
we devise a procedure by which a call dispersal 
matrix can be transformed into a traffic matrix 
using partial information about the latter. 
Finally in section 4 a method is developed by 
which a forecasted traffic matrix is obtained 
using forecasts on the number of subscriber per 
exchange and on a few large traffic streams. 

The essence of the given results is that the 
calculated traffic matrices can be said to have 
the specific property of minimizing a given sum 
of squared differences. The sum of squares is 
chosen so that a small value seems highly de~ 
sirable from a practical point of view, 

The application of these principles in the 
Stockholm multiexchange area is summarized in 
section S . 

1. THE TRAFFIC MATRIX 

A traffic matrix is an array of traffic values 

xII x12 x lm 
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Every row and column represents an exchange, a 
group of exchanges or a part of an exchange, but 
in the sequel we shall use the word 'exchange' 
for any of these three possibilities. 

The element x .. denotes the traffic which origi-
IJ 

nates in the exchange corresponding to row i and 
terminates in the exchange corresponding to 
column j. Often row i and column i represent the 
same exchange and in such a case xii will den~te 
the internal traffic of that exchange. Sometimes 
the matrix is square (m=n) and furthermore some 
elements can be zero. This is usually the case 
for element xnn when the last row and column in 

a square matrix represent the long distance 
traffic of a multiexchange area. 

For the row and column totals we introduce the 
following notation 
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l<i<n 
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and for the grand total 

x = L 
i,j 

x .. 
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The traffic matrix is composed of point-to-point 
traffic values and is generally base data for 
network planning for both multiexchange areas 
and long distance networks. 

2. TRAFFIC MATRICES WITH FIXED ROW 
AND COLUMN TOTALS 

The wellknown Kruithof [1] or double factor 
method for transforming an old traffic matrix, 
A = (aij ), into a new, X = (x ij ), so that the 

new matrix has prescribed (forecasted) row and 
column totals x! and x'. consists of the follo-

1. • J 
wing steps 

0) 

1) 

Put X = A 

Adjust the matrix to the given row 
totals by putting 

x! 
1. 

X
iJ

' = x ... --
IJ Xi. 

2) Adjust this matrix to the given column 
totals by putting 

3) 

x .. 
IJ 

x' . 
-!.l. 
x . 

• J 
• 

Repeat 1) and 2) as long as the relative 
difference between x! and x. or between 

1. 1. 

x'. and x . is greater than some speci-
• J • J 

fied small number. 

When the process is terminated the elements of ' 
the resulting matrix, X = (x ij ), statisfy the 

linear constraints 

x. x! l<i<n 
1. 1. 

(2) 
x . j x' . l~j~m • J 

Apart from this nothing is known about the pro
perties of (x .. ) and the method has been found 

1J 
to have certain drawbacks in cases of rapidly 
growing exchanges . 

In order to design a more satisfactory method a 
number of desirable properties of the solution 
could be discussed. We have adopted the prin
ciple that x . . /x! and x . . /x'. should be close 
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to a. ·/a. and a. ·/a . respectively. This could 1J 1. 1J. J 
be accomplished by minimizing the sum of squares 

F = l: 
i,j 

x.· a. 
(~ 1. -1) 2 + l: 
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1. 1J i,j 

x .. a . 
(2l. ~ _1)2 
x'. a .. 

. J 1J 
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as a function of (x ij ) subject to the constraints 

(2). This objective function is somewhat diffe
rent to the one given in [2] and the solution to 
the quadratic programming problem defined by (2) 
and (3) can be obtained in a straightforward 
manner. To do this we introduce the notation 

• 
nv number of ij f 0 

nb n+m number of constraints 

nk nb-1 

... , x =x nv nm 

nv i.e. {x·}l ={x .. taken rowwise ex-1 1J 
c1uding those for which aij=O} 

[ " xl I 
: I 

x=. I , 
- : x ' , nv I 

, " 
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b' = , : 1 I 
' b , llb) 

Let W' be a nbxnv matrix so that W'x=b' is equi
valent to (2). 

The problem of minimizing F reduces to the pro
blem of minimizing 

subject to the constraints W'~=b', where U is a 
nvxnv diagonal matrix and V is a vector of size 
nv. Since there is one linear relation among . 
the constraints we can exclude the last one and 
put 

W=W' with the last row removed 

b=b' with the last element removed 

We can now reduce the problem to the finding of 
the saddle point of 

where A is a nk size vector of Lagrangian multi
pliers. Since the problem is separable in x we 
find that L is minimum for fixed A when 

-1 t 
~=U (-~-W~) (4) 

If A can be determined so that x as given by 
(4)-satisfies Wx=b then this value of ~ inserted 
in (4) yields the-solution. 
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-1 t 
WU (-~-W~) =:Q. ' 

Th . WU~ 1Wt . . db· e matr1x 1S symmetr1c an can e 1n-
verted by some standard method. A is then calcu
lated and inserted into (4) to gIve the elements 
of the new traffic matrix. 

3. TRANSFORMATION OF CALL DISPERSAL MEASURE
MENTS INTO A TRAFFIC MATRIX 

In some networks it is easier to obtain informa
tion about the dispersal of calls than the dis
persal of traffic. Therefore it would be desir
able if one could design a method for transfor
ming a 'call' matrix into a traffic matrix. A 
'call' matrix, C=(c .. ), is generated by simu1-

1J 
taneous recording of the dispersion of origina
ting calls during some busy period 

number of calls from exchange 
i to exchange j 

In the case when a row in the matrix represents 
a collection of exchanges outside a considered 
area the corresponding recording of calls must 
be done at the incoming transit exchange. The 
recordings are usually done rowwise and the ele
ments of C may be normalized so that c =100. 

The information which is available concerning 
the traffic matrix, A, consists as a rule of 
estimates of single elements and sums or partial 
sums of elements in a particular row or column . 
For example measurements may have made it possi~ 
le to estimate the total originating traffics, 
the total terminating traffics and some traffic 
streams on high loss routes. We introduce the 
notation dk , l~k~r, for these estimates and 

Sk={(i,j) I dk is an estimate of l: a .. } 
(i,j)lJ 

for the set of indices that defines the elements 
in A the sum of which is estimated by dk . If, 

for example, d1=the originating traffic from 
exchange no. 1 then 

Sl={(1,1),(1,2), ... , (l,m)} since d1 is then an 

estimate of all+a12+ ... +alm. 

In order to form a new traffic matrix, we make 
the assumption that the elements of A can be ex
pressed as 

a· .=c .. (g.+h.) 
1J 1J 1 J 

that is to say, the holding times for the vario
us traffic streams are proportional to the sum 
of two terms, depending only on the originating 
and the terminating exchange respectively. It 
seems reasonable to require that the g:s and h:s 
should be determined in such a way that the ele
ments of the resulting matrix, A, are in 'good' 
agreement with the estimates, {dk }. This can be 
expressed as 
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E a .. '" dk S lJ 
k 

l<k<r 

where the 'good' agreement is achieved by mini~ 
mization of 

r 2 
E (E c .. (g.+h.)-dk ) Idk 

k=l Sk lJ 1 J 
(5 ) 

H 

Subject to the constraints 

g.>O 
1-

l<i<n 

(6) 

h. >0 
J- . 12.J~.m 

In the object function H we have introduced the 
weights Itraffic in order to reduce the influ
ence of small and therefore not so well deter
mined traffics. The constraints are introduced 
to assure positiveness to the elements in A in 
a simple way. The problem defined by (5) and 
(6) is again a quadratic programming problem 
and can be solved by for example the Lemke algo
ritm, [31. However, to assure the existence of 
an unique solution it is necessary to have at 
least m+n independent estimates, {dk }. 

4. CALCULATION OF TRAFFIC MATRICES BASED ON 
SUBSCRIBER FORECASTS 

For network planning in multiexchange areas 
forecasted traffic matrices are of great impor~ 
tance. Several different approaches are possib~ 
le in this connection. One could for example 
make forecasts on the row and column totals and 
use the method described in section 2. Another, 
maybe more appealing possibility, is to make 
forecasts only on some large traffic volumes, 
for example . the total traffic in the area, and 
then use forecasts on the number of subscribers 
in the different exchanges as auxiliary informa~ 
tion. 

Suppose we are ~ive.n an area with m-I exchanges 
and an old traffic matrix. A= (a .. ), of size mxm 

. lJ 
where the elements of the last column are the 
originating long distance traffics and the ele~ 
ments of the last row are the ter.minating long 
distance traffics, amm=O. This matrix can for 
example have been obtained by the method of 
section 3. In order to relate the number of 
subscribers to the traffic figures we make the 
following assumptions regarding the elements 
of A 

( niBii i=j<m 

ninjBij irj, i<m, j~m 

a . . 
lJ = <. n· B· 

' 1 lm i<m, j =m 

n·B . , J mJ 
i=m, j <m 

, 0 i=j=m 

where ni' (l2.i2.m-l), is the present number of 
subscribers belonging to exchange number i. The 
long distance traffics and the internal traffics 
are thus assumed to be proportional to the num
ber of subscribers. The traffics between the ex~ 
changes in the area are assumed to be proportio~ 
nal to the product of the two numbers of sub
scribers. Let ni,(l~i~m-l), be the forecasted 

number of subscribers for the different ex~ 
changes (some ni may be less than the corre-
sponding n i ) and let x:.,x:m and x~. be fore~ 
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casts of the total, originating · long distance 
and terminating long distance traffic for the 
whole area. Our objective is to calculate a 
traffic matrix, X=(x .. ), containing forecasted 

lJ 
traffic values. To this end we make the follo
wing assumptions regarding the traffic characte
ristic of the future subscribers 

x : . 
lJ 

n! n! a .. 
1 J lJ 

= < n! 
1 

a. lm 
a . 

mJ 

i=j<m 

iFj, i<m, j <m 

i<m, j =m 

i=m, j<m 

i=j=m 

where the a:s are to be determined. The 
two sets of parameters {B .. } and {a .. } characte-

lJ lJ 
rize the behaviour of the present and future 
subscribers respectively. For a not too rapidly 
growing network it seems reasonable to determine 
the a:s so that they are close to the B:s. One 
way of doing this is to seek the minimum of 

G = E 
i,j 

2 
(a. ·/13· .-1) y .. lJ lJ lJ 

subject to the constraints 
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m-I 
E 
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X .=x' =b mJ m. 2 

E x .. =x' -b l -b
2

=b
3 i,j=l lJ .. 

(7) 

(8) 

The weights, Yij' are introduced in order to 
handle some rather difficult situations. Such 
situations arise when a very small or a large 
exchange is subject to rapid growth or when very 
large exchanges are not growing at all. The 
weights have been eimpiricly determined to suit 
the Stockholm multiexchange area and are given 
by 

i ni i=j<m 

n! n! 
13 (-1:.+~) irj, i<m, j<m ij n. n. 

1 J 
n! 

y ij =( Bim 
1 i<m, j=m ni 

n! 
B ~ i=m, j<m 

mj nj 

0 i=j=m 

Following section 3 we shall introduce the nota
tion 
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We also introduce a matrix W of size 3xnv so 
that Wx=b is equivalent to (8). The problem 
defined by (7) and (8) can now be formulated as 
the following quadratic programming problem: 

Minimize 

(9) 

subject to the constraints 

Wx=b (10) 

where U is a nvxnv diagonal matrix and y is a 
column vector of size nv. The solution to this 
problem is obtained by the same formulas that 
were used in section 3. However, since each 
column of W has only one non-zero element it 
follows that the matrix WU-lWt is diagonal 
which makes the inversion extremely simple. 

5. COMPUTER IMPLEMENTATIONS 

The Swedish Administration has developed a se
ries of computer programs to facilitate the 
planning of multiexchange networks. A flow chart 
showing the main data files and the interaction 
of the programs is given in the Annex. The nota ... 
tion of the Annex follows that of sections 3 and 
4. The following comments can be made about the 
different programs which are run on a CDC6600 
computer. 

5.1 USTOZl 

This program reads recordings from call meters. 
For every traffic interest the number of calls 
can be calculated for five successive busy hours. 
The data for each interest is tested for out~ 
liers and the mean of the five values yields 
the elements of the call dispersal matrix, C. 
The size of C for the Stockholm area is about 
80 x 80. 

5.Z UST70S 

This program applies the method of section 3 
using the partial information of A as given by 
{Sk' dk }· The resulting matrix is the base year 

traffic matrix. The program uses a FORTRAN ver~ 
sion of the Lemke algoritm [4J. 
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5.3 UST708 

This program applies the method of section 3 • 
with some slight modifications. One of these 
consists of having p types of special traffic. 
This makes the matrix W of size (Zp+l)xnv but 
does not affect the simplicity of the solution. 
The traffic matrix for each design year uses 
the forecast for the previous year as base year 
information A. 

5.4 USTOZ3 

This program carries out the dimensioning of the 
trunk network in the area for each design year 
using routing information. The dimensioning 
method is given in [5]. It has however been dev~ 
loped to take into account the type of gradings 
used. This has been done applying the concept of 
'equivalent group' as defined in [6J. 
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ANNEX 

FLOW CHART FOR NETWORK PLANNING IN 
THE STOCKHOLM MULTIEXCHANGE AREA 
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