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ABSTRACT 

A loss system in which the number of customers in the sys
tem can be described as a birth and death process with ar
bitrary birth and death intensities is considered. For 
this system we derive formulas for the variance of the 
number of lost calls, the proportion of lost calls and 
the time congestion measured by continuous observation 
or by different scanning methods. For the Erlang loss 
system an exact formula for the variance of the number 
of lost calls is derived for the case when the observa
tions comprise a fixed number of calls. 

For observations on the Erlang waiting system comprising 
a fixed number of calls, formulas are derived for the 
variance of the mean waiting time, the proportion of de
layed calls and the mean queue length observed when calls 
arrive. 

1. INTRODUCTION 

When there are made observations on simulated telecom
munication traffic systems the conditions as a rule differ 
from those, valid when observations are made on real traf
fic. In the former case, contrary to the latter case, all 
system parameters are as a rule known, and the purpose of 
the simulation is to estimate one or several performance 
parameters such as losses or mean waiting times. In a 
simulation it is, at least theoretically, possible to 
make observations under stationary conditions during ar
bitrarily long time intervals. In addition to the measur
ing methods used in observing real traffic there are some 
methods which are specific to simulations, for example 
scanning with exponential distribution for the distances 
between successive scanning points or making observations 
in connection with the arrivals of the calls. When observ
ing real traffic we often do this during a time interval 
of fixed length. If in a simulation we use the method of 
the inbedded markov chain we have no control of the con
tinuous time and we therefore have to use an other stopp
ing criteria such as the number of incoming calls or the 
number of measurements made. 

An important question in the planning of a simulation run 
is: "How long should the run be to ensure that the estima
tes of the performance parameters will be accurate enough?" 
A simple stopping rule is: stop the simulation when the 
variance of the statistic that estimates the quantity of 
interest is within limits. However, the calculation in 
advance of this variance is as a rule not possible. In 
these cases one has to try to estimate these variances 
from the successive simulation results. As these results 
as a rule are correlated ther e will be certain difficul
ties in these estimations. During the last decade there 
have been developed a lot of statistical methods to handle 
these problems. Among these methods there should be 
mentioned a technique that is aimed at subdividing a si
mulation run into uncorrelated subruns. Other methods use 
theorems from such branches of statistics as time series 
analysis, sequential analysis etc • 

In some very simple systems it has been possible by use 
of mathematical analysis to calculate in advance the 
variances of interest. The classic paper in this field 
is [1]. In this paper the authors have for the M/M/c 
loss system (the Erlang case) calculated the variance of 
the number of lost calls i n an interval, (0, t), and also 
the variance of the proportion of this interval, when all 
c servers are occupied simultaneously (the time conges-

ITea 

tion). In [2] there is given a generalization of the 
results in [1]. The variance of the proportion of lost 
calls as well as the variance of the time congestion, 
estimated by scanning with constant scanning intervals 
are calculated in [2]. In [3] there has been made a 
generalization in an other direction. In this paper the 
assumption of Poissonian input has been replaced by the 
assumption of recurrent input. The present paper will 
follow the same lines as [2] and [3]. Concerning loss 
systems the variances of different estimates are calculat
ed in a system that is a generalization of Erlangs loss 
system. For this latter system we will also derive vari
ance formulas which are applicable when we use measurin~ 
methods which are different from those assumed in [1] -l3]. 

In [4] I have derived formulas for the calculation of the 
variances of observed mean waiting time, mean queue length 
and the proportion of calls that have to wait in an M/M/c 
waiting system (Erlang's waiting system). Formulas for 
calculation of the variances of the same quantities in a 
more general waiting system with a limited number of 
states were also derived. In this paper I will give some 
further formulas applicable to the M/M/c system. 

2. A GENERAL MARKOVIAN LOSS SYSTEH 

We .consider a service system with c servers. The arrival 
intensities AV , V = 0, 1, ••• c are assumed > O. The 
departure intensi ties Jlv' V = 1, 2, ... c are assumed 
> 0 and Jlo = O. Arrivals (calls) that occur when all 

servers are busy are lost. 

With all Av=A and lJ: = V we have the Erlang loss 
system and with AV = (~- V )a , N> c, and \.Lv = V 
we have the Engset loss system with N call sources with 
call intensity a for each free source. A further model 
that is included in the system described, is studied in 
[5] , where the call intensity is an increasing linear 

function of the states. 

2.1 THE TRANSFORM OF THE JOINT DISTRIBUTION OF THE 
DISTANCE BETWEEN TWO SUCCESSIVE LOST CALLS AND THE 
NUMBER OF CALLS IN THIS INTERVAL 

Define for a system with c servers: 
X the distance between two successive lost calls 
KC the number of calls between two successive lost 

c calls including the last loss call 

Let .us also consider a system with c - 1 servers, in which 
'Av and ~vfor V = 0, 1, ••• c - 1 are the same as in the 
first system. 

Now assume for the moment that at time 0- a transition 
from c to c - 1 occupied servers has taken place in the 
first system and that at time 0- a call has been lost in 
the second system. 

In connection with the first system we define a stochastic 
process {Xl (t), t ~ o} as follows: 

For V = 0, 1, ••• c - 1 Xl (t) = V , if at time t V 
servers are occupied and if 1n the interval (0, tJ all 
servers have not been-OCcupied simultaneously. We define 
Xl (t) = c if at some time in the interval (0, tJ all 
servers have been occupied simultaneously. 

In connection with the second system we define a stochas
tic process {X2 (t), t ~ 0 I as follows: 
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For V = 0, 1, ••• c - 1 X2 (t) = V if at time t 
V servers are occupied ~ if in the interval (0, ~ 
no call has been lost. We put X2 (t) = c if in the inter
val (0, ~ at least one call has been lost. 

~X. (t), t ~ O~ then forms for i = 1 2 a birth and 
death process on the integers in [0, cl with the same 
birth and death intensities and w1th an absorbing barrier 
in c. As furthermore Xi (o) = c - 1 for i = 1, 2 the two 
processes have identical probability structures. This 
implies i. a. that the length of a non busy period and 
the number of calls in this period in the first system 
has the same joint distribution as the distance between 
two successive lost calls and the number of calls in this 
interval including the last lost call in the second sys
tem. For each of the two systems these two quantities 
correspond to the time until absorption and the number 
of positive steps before absorption in the birth and 
death process. 

Let 
X c 

I 

the length of a non busy period in a 
system with c servers 

Kc the number of calls in such a period 

We then have 

(X', K') 
c c 

d 

Define furthermore 

(1) 

X" c 
the distance from an arbitrary instant When 
all servers are busy to the first lost call 
after that instant 

Kit 
C 

the number of calls in such an interval, 
including the lost call 

We then have because of the markov property 

Let us now consider a system with c servers at an instant 
when a call has been lost. By U we designate the time 
distance to the first event (arrival or departure). U is 
exponentially di stri buted Wl th parameter ). c + 1-1 c' so 

Independent of t the probability that the first event 
is an arrival is 

and a departure 

~c 

If the first event is an arrival we have 

(u, 1) ( ~) 

If the first event is a departure, the remaining part 
of the time to the next lost call may be decomposed into 
two parts, namely the first part being a non busy period 
and the second part the time from the beginning of a busy 
period until the time when the first call is lost. When 
the first event is a departure, occurring at U, we have 

(u, 0) + (x', K') + (x", K") 
c c c c 
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Because of the markov pro~erty, (1) and (2) we get 

r_ -aX K,l 
E~ Coo~= 

. Ef -aXc • ooKc] 

Let 

"-c 
"-c + I-1c 

r:. -sU 11. 
• E~ ·ooy-

loP c (s, (0) = E [e -aXc • 00 Kc] 

and use (3) in (6). We then get 

(6) 

The arguments used in the derivation of (7) may be used 
for all c. If we replace c by r we get the recurrence 
relations 

r = 1; 2, 

For r = 0 the first event is always an arrival and the 
distance between two successive (lost) calls is exponen
tiaUy distributed with parameter ~o' so 

\P O{s,oo-) = E {e -sUo ooil = ~ J s + ~O 

2.2 THE TRANSFORM OF THE MARGINAL DISTRIBUTION OF Xc 

Define 

By putting W = 1 in (8) and (9) we get the recurrence 
relations 

s+~ +1-1 -1-1.1t 1{s) r r r r-

r = 1, 2, ••• c 

with 

Tt 0 (s) 

We write Ttr (s) in the fonn 

Tr (s) 
ltr (s) = 

Nr (s) 

Insertion of this in (10) gives 

~ r • Nr _
1 

(s) 

If we define 

we get 

(10) 

(11) . 

(12) 
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(s + Ar + Ilr ) • Nr _1 (s) - Ilr • A r-l· Nr _2 (s) 

(13) 
and 

( a) 

From (12) and (13) it is seen that N (s) is a polynomial 
of degree r+l and it is easily shownrby induction that 
the r+l zeros of N (s) are distinct, negative and separat
ed by the r zeros ijf N l(s). Therefore n (s) may be 
written r- c 

~ (15) 
8- Cl. 

JC 

where Cl je, j = 0, 1, 
Bj are calculated from 

c, are the zeros of Nc(s) anq 

e-1 

A . IT ( Cl j c - Cl r. e -1 ) 
er" 0 

fr (Clje - Clre ) 
r" 0 
r ,. j 

From the inequalities 

(16) 

it follows that the number of ne~ative factors in the 
numerator and denominator of (16) are equal for all j 
and therefore 

0, 1, ••• c (17) 

2., THY 'rnANSTTION PR.ORt\lULITY pcc( t) 

We now define the stochastic process 
<x( t), t ~ o}: X( t) = V if V servers are occupied 
a1 t, V = 0, 1, c. 

Denote by Pcc(t) the transition probability 

Pcc (t) = P [X(t) = c I X(O) = c} 

and its Laplace transform 

£-Gec(t~ 
0> 

-st Je pcc(t).dt = ~c(s) 
0 

Now the event ~X(t) c x(O) e} may occur 
different ways 

in 

1. in the interval (0, t) there is no departure, 

2. a. at x (x < t) there is a first departure and 

b. at U(x < U < t) there is a first return 
state c and 

(IS) 

(19) 

two 

to the 

c. there is a transition from c to c in the interval 
( U , t) 

Thus 

t u 

e 
+ )fo IJ. • 

c 

• Pec (t-u) dx • du (20) 

where f c_1(x) is the density function of the length of 
a non busy period. 

Taking Laplace transforms in (20) .gives 

lTea 

~ (s) c 5+ IJ. c 
+ ~ Tt C_1(S) • ~e (5) 

5 + IJ.c 

or 
1 

~ e( s) 
s + 11 - IJ. c· n c_l(s) c 

Using (13) and (1~) we can write this 

~ (s) = Nc_1(s) 

c N (s) - A·N l(s) c c c-
(21) 

or finally 

To find the inverse of c¥ (s) we have to· calculate the 
zeros of I-n (s). Accord~n~ to the preceding section the 
denominator o~ n (s), N (s), has c+l zeros, which are 
distinct and nega~ive. L~t us take a closer look at the 
function nc(s) • 

By differentiating in (15) we get 

Tt' (s) 
c 

As all Bj are > 0 this means that 

Tt: (5) (0 

whenever it exists. 

From (15) and (2~) follows 

(24) 

1. \Yhen s varies from + 00 to Cl n (s) increases 
mono tonically from 0 to + <X> O~d tafies the value 1 
for s = O. 

2. \Yhen s varies from Cl. to Cl. 1 ' J = 1, 2, •.• 
c-l, n (s) increasesJ;gonoton~~all§ from - 00 to 
+00 andCthus takes the value 1 once and only once 
in this interval. 

\Yhen s varies from Cl 
mono tonically from _,!bc 

to - <X> 
to O • 

T'Ce(s) increases 

This means that the zeros of 1- n (s) are distinct, real 
and, if we denote them 6j, j =cO, 1, ••• l 

that 

60 " 0 > Cloe > 61 > Cl1e > . . ... . > 6e > Clee 

We can therefore write 

+ 

Ao is calculated from 

1 l
' 5.TtJ5) 

Ao: Im -_ .. - : 
s-.o 1 - Ttc(s) - Tt:( 0) 

For 1, 2, ••• c we get 

n c (t5 j ) 

- n'c(Oj ) 

1 
: 

E{XJ 
(25) 

(26) 
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From (24) follows that Aj > 0, j = 0,1, ••• c 

Inversion now gives 

(27) 

and 

1 
= ~cE{XJ 

(28) 

From (10) we can get the recurrence formulas 

(29) 

for calculation of E ~ Xc~ with the start value 

(30) 

By letting t _ 00 in (28) we get 

Pc = lim Pcc(t) (31 ) 
t -+ CD 

where p denotes the equilibrium probability of finding 
all c s~rvers occupied. 

2.4 THE VARIANCE OF THE NUMBER OF LOST CALLS IN (0, t) 

We assume that the traffic process is in statistical 
equilibrium at time 0 and consider the stochastic sequen
ce that is formed by the distance to the first lost call 
and after that the distances between successive lost 
calls. This sequence forms a so called equilibrium rene
wal process. We can then use formulas from the theory of 
these processes. 

Designate by R(t) the number of lost calls in (0, t). 
Formula (3) p. 46 of [6] then gives 

From (32) and formula (5) p. 56 of [6J follows 

2 
(33) 

This expression may be broken up into partial fractions 
of the form 

t £. J[ il] Co C, C 2 ~ D' 
f:ar"LR(t!.r = 53 + 52 + -5 + ... ~ 

j: , 

(34) 

where S j are the non-zero roots of ne ( s) - 1 = O. 

To determine Co we multiply both sides of (33) by s3 and 
let s ~ O. We then get 

Co = lirn _2_, _ 0 ( Ttc(S ).5 _ 

11- 0 E{XJ- , - nc(s) E{XJ 
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1 and 

Um _5 __ = __ ,_ 
11- 0 1-Ttc(s) - Tt c(O) 

we have Co O. 

1 
= 

E{XJ 

This means that Var {R( t)} is of the form 

c O. t 
Var[R(t[} = Cft + C2 + l: Dj.e J 

From (26) and (33) we get 

or using (31) 

O 
_ 2 >"c·Pc·Aj 

j - 6 2 
J 

j" 1 

To calculate C2 we put t = 0 in (35) and get 

c c 
~ ~ A J' 

C2 = - ... Dj = - 2
o

>"c
o

pc "J'-_1 ~J' 
j: 1 

We differentiate in (35) and put t = 0: 

We easily find 

and then using (37) 

c A 
C1 = >.. op 0 (, + 2~ ~ ) 

c c ~ -6 ' 
j:1 J 

and finally 

c c 

( ~ A ' ) ~ ~( o·.t) = Ac: o Pc 1 +2 ~ _6
J
• ·t - 2 Ac·Pc· ... ~ 1- e J 

j: ,J j : 1 J 

(35) 

(36) 

(37) 

(38) 

{39) 

2.5 AN APPROXIMATE FOR.MULA. FOR. THE VARIANCE OF TIfF 
NuMBER OF LOST CALLS IN (0. t) IN THE ERLANG CASE 

When all >.. V are equal (= >.. ) and \lv= V (the l!:rlang 
system), the variance of the number of lost calls is der
ived in [lJ. Like in the generalized case treated here, 
the expression for the variance consists of a sum of a 
linear part 

and a sum of c exponential terms with negative exponents, 
so that for large t 

Var {R( t)} ~ Ci t + C2 

Formulas for the numerical calculation of Cl and C2 are 
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also given in [lJ. 

These formulas are, as the authors state, rather tedious. 
By using formulas from renewal theory it is possible to 
get a simpler algorithm for the calculation of C and C • 
These quantities can be expressed as simple functions o¥ 
the three first moments of X • The foraala required is 
(18) on page 58 of [6J. C1

c
and C2 may be given in the 

form 

and 

E{Xa. - E2{~ 

E~J 
(40) 

(41) 

The calculation of the first three moments of Xc may be 
done recursively as follows. 

By putting Ar = A and 1.1, = r in (10) and (11) and 
expanding n (s), n l(s)rand n (s) in powers of s, 
we get the forlowing r~currence rela~ions 

1 
T 

EeXa= +, E (X~~J + 2 E2[Xr} 

E{X~} = +'E{X~-J+ 6E~}~{X~} - E~Xr}J 

with the start values 

E{Xo} 
1 

= T 

E{X~ = 2 
7" 

E[X~ = 
6 
}! 

(42) 

(43) 

(44) 

(45) 

(46) 

(47) 

We have thus arrived at formulas, which give us the exact 
value of the linear part of the variance. To get an ex
pression that is approximately valid for all values of t 
we should try to approximate the exponential part. This 
part is more important the less t is, while its value 
approaches 0 when t~~. We should therefore try to find 
an approximation that is good in the first place for 
small values of t and we have chosen the following. Put 

( -art -a .t) 
A (t ) = C 1 t + C 2 - C 2 k· e + (1- k) e 2 (48) 

wher e Cl and C2 are calculated from formulas (~l) - (~7) 
and determine the parameters k, a 1 and a so that the 
first three derivatives of A{t) at t = 0 co~ncide with 
the corresponding quantities for the exact solution. This 
means that we have approximated the sum of c exponential 
terms by the sum of two such terms. 

We remind of the two theorems from the theory of Laplace 
transforms • 

1. 

(49) 
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and 

(50) 

By using these theorems repeatedly in the expression for 
the Laplace transform of Var {R( t)} , which is given by 

i{var{R(tfr} = 

2 
2A·Ec Nc-1(S) 

5 1 Nc_1(1+s) 
A'Ec 2A~E! 

+ --;r - --5-3-
(51 ) 

we find 

(52) 

= (53) 

and 

d
d
t

3

3 
VarJR(tl] 

L ~t:o 
z = - 2 · A· c·E ,c (54) 

In these expressions E,c is the Erlang loss formula. 

If we now equate these three expressions with the corre
sponding derivatives of A{t) at t = 0, we get three equa
tions to determine k, a 1 and a

2
• By eliminating k we 

get an algebraic equation of the second order to deter
mine a 1 and a 2 • After the calculation of these quant1-
ties we can get k from one of the three equations. 

Numerical comparisons have been made between the exact 
and the approximate expression for combinations of A 
and c, which give low as well as high losses. The maximum 
of the relative error, which in general occurs for t < 1, 
seems to be less then 3%. 

2.6 ruE VARIANCE OF THE OBSERVED PROPORTION OF In~~ 
CALLS IN (0, tJ 

Let us consider the general markovian loss system W1 t.h ( 
servers. Let (0, tJ be a time interval with the start 
point chosen at random. By N(t) we denote the number of 
incG~ing calls in (0, tJ and by R(t) the number of lost 
VIEs in (O, tJ • The ratio R( t)!N( t) is the observed 
call congestion. The variance of this ratio may be approx
imated by the formula (see [7J ): 

var[R(t)/N(t)} = 

= rV{R (t)} 
LEZ{R(t l} 

+ 
Var{N(tl} 

EZ{N (t)} 

-2 COV{R(t).N(tU] E2~(tl} 
E~(tl}·E@ (tl) . E~N(tG 

(55) 

To determine this variance we thus require formulas for 
the first two moments of R(t) and N(t) including the mix
ed moment of second order. 
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The corresponding problem in the Erlang case is solved 
in [2J • When the service times are exponentially dis
tributed and the inter-arrival times form a renewal 
process the solution is given in [3J. 
Denote by t , n = 0, 1, 2 ••• the time point when the 
n:th call i~ lost and by Z = t - t 1 the distance 
between the n:th and the (~_l):nst l~;t calls. By L we 
denote the number of incoming calls in (t l' tJ aNd by 
X the vector n- n 

n 

Because of the markov property Z as well as X , 
n = 1, 2, ••• are independent andnequally distriguted 
random variables, so (X , Z ), n = 1, 2, ••• forms a 
multidimensional renewalnprogess. Define 

11 (t) = ~ X n 

where the sum is taken for all n such that 0 < t ~ t. 
Then for large t n 

lI(t) ~ (R(t). N(t)) 

We can now use formulas (25) and (26) of [8J, which 
express the moments of R(t) and N(t) in t and the momeQts 
of Zn and Ln' Obviously we have for an arbitrary n 

d 
(Ln.Zn) = (Kc.Xc) 
Further the moments of K and X may be calculated re
cursively from the recur~ence r~lations (8) and (9). 

Formula (25) of [8J now gives 

t 
(56) 

and 

EJN(t)} = t. E{KJ 
L E{X;} 

(57 ) 

Formula (26) gives 

(58) 

and 

and finally 

cov{!(t) . N (t Q~ 

(60) 

By differentiating in (8) and (9) once or twice with 
respect to Wand/or s and then putting W= 1, s = 0 we 
get the following recurrence relations from which the 
moments of Kc and Xc may be calculated: 

E{xr} = (610) 

431-6 

E[XJ 1 
To 

(61 b) 

E[Xa = irr . E{X~_J + 2· E2{xr} (6io) 

E{X~} 2 = ~ 
(62b) 

£{Kd- = 1 + ~>E{Kr_J (630) 

E~o} = (63b) 

(640 ) 

(64b) 

(650 ) 

1 

Ta 
(65b) 

The system of formulas given makes it possible for us to 
get an expression for t • Var f R( t)!N( tll-that is inde
pendent of t. The usefulness of the formulas has in the 
Erlang and Engset cases been confirmed by simulations. 

2.7 THE VARIANCE OF THE NUMBER OF LOST CALI.$ i\MONG A 
FIXED NUMBER OF CALLS IN THE ERLANG CASE 

Let us again look at the Erlang model and assume that the 
process is in statistical equilibrium and that we observe 
a fixed number of calls, say M. Define 

Z. 
1 

1 
o 

if call 

" " 
no. 
" 

i is lost 
i is successful 

We want to calculate the variance of the estimate 
M 

~ Zi 
i=l 

We have 

with E1c the Erlang 10s8 formula and 

M M 

Vor[RJ= ~2'l: 1:; COV~i Zj} 
i =1 j = 1 
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Let 

(66) 

Then 

and 

(67) 

We now have to calculate U k. 

Define 

y = the number of successful calls between two 
successive lost calls, and 

hi = P .[ Y = iJ i = 0, 1, ••• 

Further 

The function H (x) is thorou~hly investigated in [9]. 
There it is pr8ved that Hc(x) may be written 

A. 
Nc(x) 

where N (x) is a polynomial, that may be formed according 
to the ~ecurrence relations 

with 

No(x) =1 and N, (x) = A 

In [9J the following properties of the polynomials are 
proved 

( a) 

(b) 

(c) 

(e) 

The degree V 
part of m/2 

m = 0, 1, 2, ••• 

V (m) of Nm (.) is the integral 

The coefficients of xO, x , xV in Nm(x) are 
alternately positive and negative 

When x .... co , N (x) tends to CO if V (m) is 
even and to - co mif V (m) is odd 

Nm( .) has V (m) distinct zeros, which are positive 
and> 1 

(f) Hc{x) is of the form 

~ere x. are the zeros of N l(x). 
y = Olif C is odd and yC+> 0 if C is even. 
y~, i = 1 V(c+l) a~e > 0 • 

IJet us now define 

x = the number of incoming calls between two suc
cessive lost calls, including the last lost 
call. 

Further 
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and 

Obviously 

so 

If we define 

cD 

U(x) = l: Uk'X
k 

k"O 

it follows from [toJ that 

U(x) = = 

i = 1, 2, ••• 

(68) 

(69) 

Using the properties (a) - (f) above and (69) it is pos
sible to prove that for all c the function 1-G (x) has a 
number of distinct zeros that is equal to [~]c + 1. One 
zero is = 1 and the others> 1. We can then write 

Cl 
+--

x-1 
(70) 

where Z. are the zeros. 1 of 1-Gc{X). In this expression 
Co may ~e = 0. We have 

C, = 1 = - E,c - G'(1) 
(71) 

and 

Cj = 1 
<0 -

G'(Zil 
i = 2 •.... et] + 1 (72) 

We write (70) 

E,c !c +1 _ C i 1 
U(x)=Co + + -_.---

1-x . 2 Zi 1- ~ 
'" Zi 

(73) 

Developing the terms of (73) in series gives 

(74) 

Now Uk is the coefficient of xk in this series. Thus 

+~ k ='.2 .. , . (75) 
is 2 
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After insertion of (75) in (67) and summing up the series 
we get 

(76) 

2.S THE VARIANCE OF OBSERVED TIME CONGESTION 

We consider the general loss system and assume that we 
make observations of the time congestion by scanning. 
This means that at times t 1 , t 2 , ••• we observe whether 
all servers are occupied or not. Assume that the intervals 
t - t form a renewal process with distribution func-
t~on B{t~ and that the observations go on until we have 
made m scans. Define 

T. 
1 

1 if all servers are occupied at ti 

o " not occupied at ti 

i = 1, 2, ••• m 

We estimate the time congestion by 

m 

Om = --k-.l:; T i (77 ) 
i: 1 

Define the Laplace-Stieltjes transform of B(t) 

b (5) = ! e-st, dB(t) 
o 

(78) 

By p (n) we denote the probability that at two scans at 
dist~~ce n there will be a transition from state c to 
state c. We have 

1nl r It. 
Pee = J Pee ( t ) , dB (t) 

o 
(79) 

where p (t) is given by (2S) and dBn~~) means the n:th 
convolui~on of dB(t) with itself. Insertion of (2S) in 
(79) gives 

Now 

and 

so 
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(80) 

The variance of Dm may now be calculated as follows 

and 

We have 

so 

(81 ) 

Insertion of (SO) in (Sl) gives after summing up the 
series 

{ } 
2 Pe ~e b(-O,) 

m ·Vcr Om = Pe·(l - Pe) + -. Aj ------J..- -

Xe j: 1 ' - b(-Oj) 

(82) 

If we spec ialize B( t) = e - y. t, i. e. exponential scann
ing with intellsi ty y , we have to put 

in (S2) 

If the scanning is made at regular intervals at distance 
h we have 

o when t < h 
B(t) = 1 t ~ h 

and 

b(-Oj) = eh OJ 

and (82) takes the form 

(83) 
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This variance has in the Erlang case been derived in [2]. 
In (83) we replace m by t/h and let h-+O and m~Q) with 
t constant. We then get the formula valid for continuous 
measurement 

Vor{D t} (84) 

The corresponding formula for the Erlang case has been 
derived in [lJ . 

An asymptotic formula of Var { Dt } may be obtained in the 
following way. 

Consider the alternating renewal process, which is de
defined by the start and the end of busy periods. The 
length of a busy period is exponentially distributed with 
mean ~ -1 and variance ~ -2. The length of a non busy 
period ~s given by the var~able X -1' the two first mo
ments of which can be calculated ~rom the recurrence re
lations (61) and (62). Now we can use formula (12) p. 90 
of [6J and get 

(85) 

Using the relation 

we can write the denominator of (85) as 

As 

we finally get 

(86) 

In the Erlang case 

c 

and 

so 

(87) 

where E{ X2_~ 
relations f 61) 
i e with 

can be calculated with the recurrence 
and (62) specialized to the Erlang case, 

r 

and 

X 
r 

ITea 

THE VARIANCES OF SOME ESTIMATES IN AN MIM/ c WAITING 
SYSTEM WHEN THE OBSERVATIONS COMPRISE A FIXED NUMBER 
OF CALLS 

We consider an M/M/c waiting system with a mean service 
time that we select as the time unit. The arrival inten
sity is denoted X • 

In [4J are given asymptotic formulas for the calculation 
of the variance of observed mean values of waiting times, 
queue lengths and the proportion of delayed calls in an 
interval of fixed length. In the paper mentioned has been 
derived a functional equation for the transform of the 
joint distribution of the length of a busy period, the 
number of incoming calls in such a period and the accumu
lated waiting time during that period. From this equation 
there ha,s been derived formulas for the first and second 
order moments of the variables considered. In the paper 
are also given recurrence relations for calculation of 
the first and second order moments of the length of a 
non busy period and the number of calls in such a period. 
Use of these moment formulas in a formula for the vari
ance of a so called multidimensional process gave the 
variances wanted. By using the same set of formulas we 
can get asymptotic expressions for the variance of the 
observed mean waiting time and the proportion of delayed 
calls, when we observe a fixed number of calls. 

Assume that we have observed M successive waiting times, 
Wi , i = 1, 2, M and put 

1 
W = M 

M 

:E Wj 

i : 1 

Then the use of the fomulas mentioned above gives 

M· vor[w} ~ 

In this formula 

(88) 

E
2
,c = the probability that a call is delayed according 

to Erlangs delay formula, p = X /c, i e the mean load 
per server, Var { R -1} = the variance of the number 
of incoming calls inca non busy period. 

In the special case c = 1 we have 

and 

Var [Rc_1} o 

and we get 

M· vor[W} =::: 
c: .. 1 

p( p3_4 pZ+5p+2) 

(1 _p)4 
(89) 

This formula has with a quite different technique been 
derived in [l1J 

Put 
o if Wi 0 

1 if W i '* 0 
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M 
i~ a i then is the number of delayed calls and 

M 

E = ! ~ OJ 
M i:l 

is the proportion of calls, which are delayed. 

Using the formulas mentioned above gives 

M· Vor{E]::::-

E 2 c (1 -p) E 2 p(1 + p) 2 {} J] :::=' • (1 - E le) . ---3 + E 2 c ' Vo r Rc-I 
P • (1- P) • 

(90) 

When c = 1 we get 

M .Var{E} ~ P (1 +p) 
C~l 

(91 ) 

a formula that is also derived in [llJ . 

Now suppose that we observe the queue length at each in
coming call and denote by q. this length when call number 
i arrives. We estimate the ~ean queue length with 

M 

q = _1 .~ qj 
M id 

We denote the number of calls arr1v1ng in a busy period 
by L and the- sum of the queue lengths at the correspond
ing ~rrival instants by Qc. 

'Ye define the joint transform 

By considering the two possibilities for the first event 
that occurs in a busy period (call or termination) and 
using the fact that the birth and death intensities in 
all states ~ c are the same ( ~ and c respectively) we 
can derive the functional equation 

lP (W . U ) = _C_. 1 + -~-.w. 4> (W·U.U )·\f>(W. u) 
A+C A+C 

(92) 

From this equation we can get formulas for the two first 
moments of Land Q • Using these formulas, the formulas 
for the meancand va~iance of the number of calls in a non 
busy period and the formulas for the mean and variance of 
a cumulative process in [8J we get 

and 

M · Va r{q} ~ 

::::- E . p. f(1 + p) (4p + l-p·E 2.c(4 - E 2.c)) 
2.c l (1 _ p) 4 

+ ~. VorJR '1. E2 ] 
1 - p L. c-1J 

+ 

The usefulness of this formula has been confirmed by 
simulations. 
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(93) 

(94) 
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