
• • 

• 

• 

• 

• • 

Dimensioning of Alternative Routing Networks 
Offered Smooth Traffic 
J. Rubas 
Telecom Australia, Melbourne, Australia 

ABSTRACT 

This paper reviews the methods of dimensioning networks 
employing alternative routing and discusses the use of 
Binomial distribution model when the offered traffic is 
smoother than pure chance. Instead of the Poisson-based 
"equivalent random" method the more accurate direct 
computation of overflow traffic moments is proposed. A 
comparison is made between this and two other methods for 
accuracy and convenience of computation. Sample 
dimensioning graphs for full and limited availability 
trunk groups are appended • 

1. INTROOlJCTION 

During the last twenty years the technique of alternative 
routing has become firmly established in most large 
communication networks. A number of different methods 
have been developed to dimension these networks. Virtually 
all of these methods are based on the assumption of 
Poisson-distributed traffic being offered to first choice 
routes. 

Alternative routing can be profitably used also in 
situations where traffic is generated by a limited number 
of sources and is, therefore, smoother than pure chance. 
These situations arise in private automatic branch 
eA changes , small rural automatic exchanges, and subscriber 
switching stages of public exchanges. Classical, Poisson
based methods are unsuitable for dimensioning such 
systems, as they tend to overestimate circuit requirements. 
It has been shown that the Binomial distribution model 
gives a better representation of the traffic offered in 
the above cases, particularly when all traffic sources 
have similar calling intensities. The manipulation of 
this model, however, presented considerable mathematical 
difficulties and so far its application has been largely 
confined to the dimensioning of constant grade of service 
routes without overflow, using tables or graphs based on 
the Engset Loss Formula (e.g. Ref. 1). 

In order to use this model for dimensioning alternative 
routing systems offered traffic from a limited number of 
sources a method is required to compute or estimate at 
least the first two cumulants of the overflow traffic. 
The first viable method, based on charts produced from 
simulation results, was published in a little-known paper 
by Wormald in 1968 (Ref. 2). In 1973 Bretschneider 
published an iterative numerical method (Ref. 3), which 
permitted extension of Wilkinson's equivalent random 
technique to smoother than pure chance traffics. In the 
same year Schehrer (Ref. 4) and Henderson (Ref. 5) 
independently ohtained an exact analytical solution to the 
problem of computing the first two cumulants of traffic 
overflowing a full availability group of trunks offered 
Binomially-distributed traffic. Finally, the following 
year Harris and Ruhas (Ref. 6) described an accurate 
general method for calculating the overflow moments in 
full and limited availability trunk groups. This opened 
the way to accurate dimensioning of all types of trunking 
schemes offered smoother than Poisson-distributed traffic • 

2. REVIEI'I OF ALTERNATIVE ROtrrING 

The objective of alternative routing is to carry traffic 
at minimum cost for a given grade of service. In the 
simplest case of one direct and one alternative route the 
optimising equation has the following form: 

ITea 

Co/q •••••••• (1) 

Here Cd and Co are costs per circuit of the direct and the 
alternative route. H is the marginal occupancy of the 
direct route, defined by 

H •••••••• (2) 

where Al is the traffic offered and Yl the traffic carried 
by NI d1rect route circuits. q is the marginal capacity 
of the alternative (overflow) route, defined by 

q •••••••• (3) 

where A2 is the traffic offered to the overflow route of 
N2 circuits, which is to be dimensioned for a congestion 
probability B. 

If several alternative routes are possible, it is 
necessary to set up an optimising equation for each pair 
of alternatives. In such cases the accuracy of optimis
ation calculation is improved by employing another 
derivative, g, which is the marginal increase in overflOW, 
a, per unit increase in the traffic offered, A, while the 
number of circuits, N, in the route under consideration is 
kept constant. Expressed mathematically, 

g •••••••• (4) 

The first step in the dimensioning process is to obtain 
the economical marginal occupancies, H, for the first 
choice routes from appropriate optimising equations and 
then compute the number of circuits in each first choice 
route that will give the required marginal occupancy. 
The next step is to compute mean and variance of all 
traffics overflowing from first choice routes and to 
determine the economic marginal occupancies of the second 
choice routes. Mean and variance of traffics offered to 
second choice routes are obtained by adding the respective 
moments of all traffic parcels offered to particular~ 
choice routes, which are then dimensioned to give the 
previously computed marginal occupancies. 

The above process is repeated until all choices for high 
usage routing have been exhausted and we are left with 
only one choice - the final route. This route is normally 
dimensioned for ~ specified loss probability, which is 
chosen to ensure that a satisfactory overall grade of 
service is provided. 

The dimensioning work can be done aanually, with the aid 
of graphs or tables, or by means of suitable computer 
programs. Although manual calculations have been largely 
replaced by computers, there still is a place for 
graphical aids in spot checks of individual routes and 
simple networks. In cases where the dimensioning 
algorithm involves very complex mathematical models, 
graphical methods may even be more efficient than 
numerical ones. 
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3. APPLICATION OF BINOMIAL MODEL 

The natural application of the Binomial model is in 
situations where the traffic is generated by a limited 
number of sources, each having the same calling intensity. 
If there is no congestion, the probability of finding x 
out of S sources busy is 

P(x) = (~J . aX • (1 - a)S-x •••••••• (5) 

where a = A/S is the average traffic offered per source. 

The mean of the above distribution, A, is, therefore, 

A = S.a •••••••• (6) 

and its variance, V, is 

V = A(l - a) •••••••• (7) 

Replacing a by A/S and solving for S gives the convenient 
relationship between A, S, and V :-

•••••••• (8) 

To use this model for the dimensioning of high usage and 
final choice routes we must be able to compute mean and 
variance of overflow traffics and also the marginal 
occupancy, marginal capacity, and, possibly, marginal 
overflow for any number of circuits offered Binomially 
distrihuted traffic. As an approximation, the Binomial 
model can also be used to represent other types of smooth 
traffic (A > V). e. g. truncated Poisson (Erlang). It must 
be realised, however, that with the Binomial model the 
magnitudes of overflow moments depend on whether the 
overflow traffic is lost, or carried on another rocte. 
For example, traffic lost from a fully available group of 
~ trunks offered A erlangs by S independent traffic 
sources will be given by A.B(A, N, S), where B(A, N, S) 
is the Engset Loss probability; if the overflow traffic 
is carried on another route, however, its magnitude will 
be less than A.B(A, N, S). 

It has heen shown (Refs. 4, 5) that for full availability 
trunk groups offered Binomial traffic the cumulants of the 
overflow can be computed using Wallstrom's method (Ref. 9) 
for state-dependent call intensity functions. The 
Binomial call intensity function has the form 

A(x) = a. (S - x) •••••••• (9) 

where a is the traffic offered per free source. The 
Binomial distribution admits only S+l states, hence 
Wallstrom's infinite sums have to be replaced by finite 
ones. 

Where access to direct and alternative routes is limited 
by switch ontlet availability or link congestion, other 
methods have to be used to compute mean and variance of 
the overflow traffic. Since there is a finite number of 
state$, the problem can be tackled hy setting up a system 
of linear equilibrium state equations, which can be solved 
for state probabilities Pen, m) by matrix methods 
(Ref. 6). Having computed state probabilities, the 
required moments of overflow traffic are obtained from 
standard statistical formulae:-

mean 
N S-n 
E Em. P(n,m) 

n=O m=O 

N S-n 
variance L L m2 • P(n,m) - (mean)2 

n=O m=O 
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••••• (11) 

T~e restricted access to route can be defined by the 
d1stribution of conditional blocking probabilities, which 
are ?etermined from the configuration and average traffic 
load1ng of the switching stage from which the route is 
trunked. 

For manual dimensioning, graphs of mean and variance of 
overflow have been constructed on the assumption that 
access to direct routes can be defined by a Geometric 
distribution of blocking probabilities, which can be 
defined by a single parameter, p. This "geometric group" 
model has been found very useful in dimensioning routes 
aec7s~e~ throu?h link-trunked switching stages. By 
def1n1t10n, p 1S the probability of the next call being 
blocked when there is only one free circuit in the traffic 
route,unde: consideration. Then thetprobability of 
b~ock~ng ~lt~ tw~ free circuits is p , with three free 
C1rcu1ts 1t 1S P , and so on. The geometric group model 
was first proposed by Smith in 1961 (Ref. 10) and is 
still in use. 

To dimension the final choice route we must know at least 
the first two cumulants (mean and variance) of the traffic 
offered to it and the specified grade of service. The 
cumulants are computed by adding the means and the 
variances of all traffics overflowing to the route in 
question. If the mean, A, of the aggregate traffic is 
greater than its variance, V, the Binomial distribution 
can ,be used to approximate it. After computing the 
equ1~alent number of sources from equation (8), the 
requ1red number of trunks can be estimated from an 
appropriate traffic capacity table or graph based on the 
Engset Loss formula (Refs. I, 11, 12) if full availability 
access to the final route is provided. No traffic 
capacity graphs or tables have been published for 
dimensioning limited availability trunk groups offered 
Binomially distributed traffic. If the restricted access 
c~n b: de~ined by a conditional blocking probability 
d1st:1but10n (e.g. the Geometric distribution), the 
requ1red number of trunks, N can be computed iteratively 
from the following equation for call congestion: 

B 
N 

~ L (S-x).b(x).P(x) 
A x=o 

•••••••• (12) 

where A i~ the mean offered traffic in erlangs, b(x) is 
the block1ng probability in state x, S is the equivalent 
number of sources, P(x) is the probability that x circuits 
a:e occupied and a is the traffic per free source, 
glven by 

a=A/(S - A.(1 - 8)) •••••••• (13) 

The state probabilities can be computed recursively from 
the following equations 

P(x+l) a.(S-x).(I-b(x)) • P(x) ( x+l ••••• 14) 

N 
E P(x) •••••••• (IS) 

x=o 

Time congestion for the limited availability route is 
given by the sum 

N 
E L b(x).P(x) •••••••• (16) 

x=o 
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Equation (16) can be shown to be equivalent to 

() N-1 \~ aN IT (1 - b(i)) 
i=O 

E •••••••• (17) N (S) x-I 
+ L {N. ax •. IT (l-b(i))} 
x=l . , 1=0 

Since A and V of the traffic offered to the route are 
known, S can be computed from equation (8). 

The blocking coefficients b(x) depend on the configuration 
and loading of the switching stage giving access to the 
route. As stated before, the access system blocking can be 
represented by a geometric series or another suitable 
mathematical model. 

If the mean of the aggregate overflow traffic is less than 
its variance, the traffic can be represented by the 
Negative Binomial distribution, or the dimensioning can 
be completed using Wilkinson's "equivalent random" 
technique. The latter method is very well known and 
requires no elaboration; the use of Negative Binomial 
model will be briefly reviewed here. 

The probability density function of the Negative Binomial 
distribution is defined by 

P(x) •••••••• (18) 

o ~ a ~ S ~ 0 

The parameters a and S can be determined from the mean 
(A) and variance (V) of the offered traffic distribution: 

a 

S 

1 - A/V 

A 2/ (V-A) 

••••••••• (19) 

••••••••• (20) 

Call congestion for a fullY .available group of N trunks 
offered Negative Binomial traffic is given by 

B 

where 

a 

a 

N 
E 

i=O 

N 

A/(S + A • (1 - B)) 

........ (21) 

•••••••• (22) 

Por a limited availability group, where access is defined 
by blocking coefficients b(x), call congestion can be 
computed from the following sum : 

N 
B (a/A) E (S+x).b(x).P(x) •••••••• (23) 

x=o 

The parameter a is again defined by (22) and the state 
probabilities P(x) can be computed from equations (14) 
and (15), with (S-x) in eqn. (14) replaced by (S+x). 
Time congestion can be computed from the same general 
equation (16), which applies to all traffic distributions. 

Where full availability conditions exist, call congestion 
for both Negative and Positive Binomial distributions 
(truncated.at N trunks) can be more easily computed from 
the follOWIng recurrence, starting with B(O)-l: 

R (N) 
a.es ! N).R(N-l) 
N + a.(S ± N).B(N-1) 

•••••••• (24) 
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In the above equation + sign between Sand N applied to 
Negative and - sign to Positive Binomial. Parameters a 
and S are as defined previously for the two distributions. 
Note that S, the equivalent number of sources does not 
have to be an integer, which facilitates the fitting of 
Binomial models to other traffic distributions; it will 
be appreciated that for non-Binomial distributions 
equations (8) and (20) will not, generally, give integral 
values for S. 

The above recurrence and associated equations (13) and 
(22) have been programmed for the HP65 pocket calculator 
and provide a convenient means of computing congestion 
for either distribution. 

4. COMPARISON WITH OTHER METHODS 

Binomial distribution is the best model for traffic 
generated by a limited number of sources with similar 
calling intensities. However, a fair amount of 
calculation effort is required to compute the marginal 
occupancy and the moments of overflow traffiC, particul
arly for limited availability routes. In the latter case 
accurate calculation of overflow moments each time they 
are required is impracticable. For this reason a set of 
accurately plotted graphs have been produced for the mean 
and variance of overflow traffic and the marginal 
occupancy ("improvement factor"). Samples of these graphs 
are . given in the Appendix. 

Obviously, it would be an advantage to have simpler 
calculation routines, which could be incorporated in 
computer programs for dimensioning of direct and 
alternative routes. In the following tables two 
approximate methods are compared with the Binomial model 
in the computation of overflow traffic mean and variance 
when small trunk groups are offered traffic from a limited 
number of sources. The first approximation assumes 
infinite number of traffic sources (Poisson input) while 
the second employs extended equivalent random technique 
described in Ref. 3. Tables la and lb give moments of 
traffic overflowing from a full availability group of 
trunks, while Tables 2a and 2b compare overflows from a 
limited availability group, access to which is defined by 
geometrically distributed conditional blocking probabilit
ies; the parameter p is numerically equal to the 
probability of blocking when only one free circuit remains 
in the trunk group. 

5 Sources, Full Availability 

Traffic 
(erl.) 

3.0 

" 

" 

" 

" 

---
No. of Mean and Variance of Overflow 
Trunks Binomial Poisson ERM (Ref. 3) 

1 m 2.166 2.250 2.118 

v 1.101 2.587 1.167 

2 m 1.431 1.588 1.324 

v 0.772 2.066 1.015 

3 m 0.767 1.038 0.692 

v 0.487 1.488 0.679 
--

4 m 0.254 0.618 0.278 

v 0.189 0.945 0.317 

5 m 0.000 0.330 0.082 

v 0.000 0.519 0.098 

Table la 

Comparison of Overflow Traffic Moments, 
Full AvaIlabilIty Access to Route 
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t rces, Full ~vai.1ability 

rrraffic 
(erl. ) 

1.0 

6.0 

" 

" 

" 

No. of Mean and Variance of Overflow 
Trunks 

Binomial Poisson ER~{ (Ref. 

5 m 0.001 0.003 0.002 
v 0.001 0.004 0.002 

6 m 1.226 1.590 1.097 
v 0.946 2.746 1. 293 

7 m 0.665 1.110 0.615 
v 0.575 2.019 0.808 

B m 0.257 0.731 0.296 
v 0.242 1.372 0.411 

9 m 0.048 0.451 0.120 
v 0.046 0.855 0.168 

Tahle 1b 

Comparison of Overflow Traffic Moments, 
Full Availability Access to Route 

3) 

5 Sources, Limited Availahility, p 0.3 

Traffic No. of Mean & Variance of Overflow 
(erl. ) Trunks 

Binomial Poisson ERM (Ref. 3) 
- - -. 

3.0 1 m 2.260 2.323 2.118 
v 1.020 2.55B 1.167 

" 2 m 1.579 1. 717 1.324 
v 0.816 2.060 1. 015 

" 3 rn 0.984 1.199 0.692 
v 0.592 1.542 0.679 

" 4 m 0.511 0.782 0.278 
v 0.367 1.053 0.317 

Table 2a 

1 () Sources, J.il"li tell Availabi 1i ty, P 0.4 

Traffic 
(erl.) 

3.0 

" 

" 

" 

" . 
It 
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No. of Mean & Variance of Overflow 
Trunks f 

Binomial Poisson ERM (Ref. 

1 m 2.333 2.357 2.190 
v 1.786 2.553 1.866 

2 

I 
m 1. 729 1. 781 1.469 
v 1.442 2.069 1. 519 

3 m 1.206 1. 284 0.882 
v 1.083 1.577 1.058 

4 m 0.778 0.875 0.458 
v 0.741 1.116 0.604 

5 m 0.456 0.560 0.200 
v 0.452 0.725 0.275 

6 m 0.242 0.334 0.073 
v 0.243 0.430 0.099 

Table 2b 

Comparison of Overflow Traffic Moments, 
Limited Availability Access to Route 

3) 

As can be seen from the above tables, the Poisson model 
consistently overestimates both the mean and the variance 
of overflow traffic. The "equivalent random" method gives 
a fairly good estimate of both overflow moments under full 
availability conditions (except when N approaches S); the 
error, naturally, increases when availability is 
restricted. Both approximate models show significant 
overflows at N=S, when there should be no overflow. 

The calculation time is shortest for the Poisson model and 
longest for the Binomial; the equivalent random method is 
intermediate between the other two, but would, probably, 
be still too slow for large scale computations involving 
larger trunk groups. It appears likely that curve fitting 
o~ acc~rately computed overflow mean and variance graphs 
Will Yield more efficient computation routines, but this 
has not yet been investigated. In the interim, manual 
calculation with the help of graphs (Ref. 14) may prove to 
be m?r~ economical, particularly where full availability 
conditions are not provided. 

5. CONCLUSIONS 

This paper has shown how the Binomial distribution model 
can be used to improve the accuracy of dimensioning 
alternati{e routing networks offered traffic from a 
limited number of sources. The model is suitable for 
dimensioning both high usage and final choice routes, 
:eached with full or restricted availability. The 
improvement in accuracy is obtained through increased 
computing effort. 
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This appendix contains samples of graphs prepared for 
manual dimensioning of alternative routing systems 
offered smol)th traffic. Figures 1, 2, and 3 apply to 
fully avail~ble trunk groups, while Figs. 4, 5 and 6 are 
drawn for trunk groups reached through a grading or a 
link-trunked switching stage. In the latter case the 
blocking coefficients are assumed to be geometrically 
distributed with parameter p, which represents the 
blocking prohability with only one free trunk in the route. 
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