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ABSTRACT 

It is demonstrated that for a three-stage symmetrical 
network, with one link between switches in successive 
stages (i.e. v(m,n,r», the number of middle switches 
required for non-blocking cannot be less than 2n - F 
In addition, results showing the effect of a number of 
packing rules on the internal congestion of a particular 
network are presented. 

1. INTRODUCTION 

The use of packing rules to increase the efficiency of 
switching networks has received some attention. The 
interest lies in two areas (i) wide sense non-blocking 
networks (1) and (ii) reduction in link congestion in 
'normal' networks. 

The first area has not been studied deeply. It has been 
known for some time (3,4) that for strict-sense non
blocking in which calls take paths selected at random, a 
three-stage network of the type shown in Figure 1 requires 
2n-1 second stage switches . 

Fig. 1 Three stage symmetrical network, v(m,n,r) 

Bene~ (2) discussed the number of second stage switches 
required in a network having 2x2 second stage switches 
and showed that if the rule 'only use a new second sta,e 
switch when necessary' is applied the number is m '[~J ' 
where [x] means the largest integer not greater than x, 
and n is the number of inlets (outlets) per first (~hird) 

stage switch. In the following section a proof is given 
for the minimum number of middle stage switches required 
under any packing rule, for any nand r, in a symmetrical 
three-stage network. It is not known what packing rule 
can be used to achieve that bound and note is taken of 
other work which demonstrates that specific well known 
rules do not allow it to be reached i.e. more than that 
number of switches are required. 

General ideas on (ii) have been formalised by Bene~ 
(e.g. Ref. 5), and other writers have studied specific 
packing rules, particularly sequential hunting from a 
fixed starting point (6,7). 
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However, little is known of the effect of other rules on 
network performance. In section 3 several specific 
packing algorithms are considered with reference to a 
particular network, and simulation results are presented. 

2. A LOWER BOUND ON THE NUMBER OF SECOND-STAGE SWITCHES 
REQUIRED IN A WIDE-SENSE NON-BLOCKING NETWORK UNDER 
ANY PACKING RULE 

Bene~ considered this bound for the case r=2 and proved 
that for non-blocking 

>- [3n] m '" 2 (1) 

if the packing rule, 'only use a new middle switch when 
necessary' is applied. This result suggested that for 
r>2 it might be possible to have a wide sense non-blocking 
network with m<2n-1 and so use packing to effect a 
reduction in network size. In the following the general 
v(m,n,r) network (Figure 1) is considered. A worst case 
is not given, but a sequence of calls is produced which 
requires a value for m which cannot be reduced by any 
packing rule, therefore giving a lower bound on the 
number of second-stage switches required . 

Paull's (8) representation is used. 

Calls may be set up and released, so the situation shown 
in Figure 2 could occur. 
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The numbers 1,2, .. , n in cells (i,j)(i=j) indicate 
the p a r ticular second stage switches being used to set-up 
calls from first stage switch i to third stage switch j. 

Let b calls be released in cells i=j~l, leaving the re
maining calls in those cells connected through second 
stage swi t ches b+1, b+2, .. , n. Also, let n-b calls be 
released in cell, (1,1) with the remaining b calls 
connected through second stage switches 1,2, .. , b. 

Up to b calls can now be connected through cell (1,2) and 
these new calls must pass through additional second stage 
switches, n+1, n+2, .. , n+b. Similarly b new calls can 
be set up through cell (1,3) and more new second stage 
switches, n+b+1, n+b+2, .. , n+2b must be used. 

This process continues in the remaining (l,j) cells until 
either: 

(i) there are n calls connected in row 1 

or (ii) all (l,j) cells, except (1,1) are full . 

The maximum number of second stage switches will be nec
essary only if condition (i) is satisfied. This cannot 
happen if 

where ~J is the nearest integer less than x. If 

the number of second stage switches will be 

If, however, 

where c is a positive integer, the number of switches 
required will be 

m
2 

2 n - (l;J + c) 

Now m1 ' m2 (i.e. r ~J 'n - c) only if c = 1 

in which case the number of second stage switches required 
for wide-sense non-blocking is 

m = 2 n - + 1) 

which, in the notation of Bene~, is 

(2) 

When r=2 this relation agrees with equation 1. 

This result, which takes no account of a packing rule, is 
a lower bound on the number of second stage switches 
required for wide-sense non-blocking. 

It seems then that there is virtually no saving in cross
pOints to be gained by using a wide-sense non-blocking 
network. Several attempts have been made to devise a ' 
packing rule which will allow the lower bound derived 
above to be obtained. Songhurst (9) showed that in 
general the rule 'use the most heavily loaded second-stage 
switch' gives no saving whatever on 2n-1. and Mackenzie 
(1'0), in considering the rule 'use a new second stage 
switch only when it is unavoidable' proved that the lower 
bound on the number of switches, ma' is given by 

ma [2n - r(r-~~ + 4] (3) 

In figure 3 a comparison is shown between the values of m 
from equation 2, m from equation 3, and 2n-1, for the 
case r=5. a 
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Fig. 3 Comparison between m, ma and 2n-1 

For larger r and the same range of n, m and m would 
approach 2n-1 even more closely. a 

3. THE EFFECT OF PACKING AND BLOCKING NETWORKS 

Although packing rules cannot avoid the effect of a 
particularly 'bad' call sequence, they can reduce sig
nificantly the internal congestion in a network. 

Simulation results have been obtained for the network 
v(18,18,20) (Figure 1) in which corresponding outlets 
from each third stage switch form a route. The packing 
rules used are listed in Table 1, and the results are 
given graphically in Figures 4,5,6 and in tabular form in 
Table 2. 
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Fig. 6 Simulation results for packing rules 5-9 

Rule 1, which allows random selection of links and route 
Circuits, gives congestion figures against which the 
others are measured. Only Rules 2 and 3 do not have 'use 
the heaviest loaded switch' as a component, and except at 
low traffic loads, Rule 2 which places the call through 
the lightest loaded middle switch, has no real improvement 
over Rule 1. On the other hand, Rule 3, which chooses 
both second and third stage switches sequentia1ly, 
starting at the first switch, gives a much reduced con
gestion, almost approaching that of Rule 6 which routes 
the call through the heaviest loaded switch in both the 
second and third stages. 

Rule 4, which packs in the second stage only, delllonst.1-aHtt 
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the way in which the random element degrades the effect
iveness of packing compared with Rule 6. The packing 
in the second stage does produce some improvement, but it 
is much smaller than that produced by packing in both 
stages. 

Rules 7,8 and 9 are variations on Rule 6. They attempt 
to make some sort of state dependent decision to either 
(i) choose between equally loaded switches (Rule 7), or 
(ii) take account of future calls (Rules 8 and 9). 

Rule 7, which, if two middle switches are equally heavily 
loaded, chooses that connected to the busiest inlet 
switch, gives the best performance of all, although its 
improvement over Rule 6 may not be significant. 

The results do show some apparent anomalies which have 
not been explained satisfactory, but there is no doubt 
about the basic conclusion that 

a) of the rules tested, packing the heaviest loaded 
switch in the second and third stages, with a 
deterministic choice between equally loaded 
swi~ches, gives the best results. 

b) the attempts at taking account ' of the effect of 
a choice of path on potential future calls have 
not been successful. This does not mean that 
such a notion may not be useful if a better rule 
could be devised. There is a feeling that at 
high traffic values an awareness of possible 
future calls could reduce the congesti@n, but to 
achieve that improvement a more sophisticated 
analysis of the network at the time a call was 
set up would need to be made. 

There is no simple method for devising a packing rule 
which will ensure the best possible performance for a 
network (5). None of the analysis done so far makes any 
contribution to this problem, so that a 'cut and try' 
approach has been necessary, and that has provoked the 
feeling that a much better algorithm than those which 
have been used might be available . 

Rule 

1 

2 

3 

4 

5 

6 

7,8,9 

7 

8 

9 

Choice of Switches 

2nd Stage 3rd Stage 

Random Random 

Lightest to heaviest Random 

Sequential from first Sequential from first 

Heaviest to lightest Random 

Heaviest to lightest Sequential from first 

Heaviest to lightest Heaviest to lightest 

Heaviest to lightest Heaviest to lightest 

If two second stage switches are equally loaded 
choose that with access to busiest inlet switch. 

If a future call to busiest route cannot be 
routed through busiest second stage switch, route 
present call through next busiest second stage 
switch. 

If the present call reduces the number of routes 
accessible to future call through the busiest 
second stage switch, use the next busiest. 

Table 1 The packing rules used 
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Traffic Offered (Erlangs) 

Rule 263.7 284.2 285.2 299.2 300.1 319.4 321.3 

0.0077 0.0162 0.0271 0.0451 
1 

0.0016 0.0025 0.0039 0.0050 

0.0055 0.0160 0.0270 0.0448 
2 

0 . 0015 0.0036 0.0042 0.0061 

0.0018 0.0075 0.0153 0.0340 
3 

0.0007 0.0019 0.0036 0.0057 

0.0056 0.0146 0.0234 0.0446 
4 

0.0013 0.0025 0.0040 0.0055 

0.0016 0.0074 0.0129 0.0282 
5 

0.0006 0.0022 0.0026 0.0056 

0.0015 0.0058 0.0143 0.0290 
6 

0.0005 0.0018 0.0030 0.0048 

0.0013 0.0054 0.0126 0.0296 
7 

0.0006 0.0015 0.0025 0.0048 

0.0013 0.0062 0.0132 0.0265 
8 

0.0009 0.0016 0.0029 0.0051 

0.0013 0.0072 0.0154 0.0300 
9 

0.0007 0.0019 0.0030 0.0051 

Note that the upper number of each pair is the mean and 
the lower number is the half-range of the 95% confidence 
interval. 

These results are the means of 50 samples, each of 500 
offered calls, except for the lowest traffic level in 
which there are 700 calls per sample. 

Table 2 Link Congestion under various Packing Rules 

4. CONCLUSIONS 

This paper has demonstrated that for a given class of 
networks there is an insignificant (and perhaps no) 
reduction in network size to be obtained by attempting 
wide sense rather than strict sense non-blocking. 

It has also examined a few packing rules applied to a 
simple three-stage blocking network and the results 
presented show that packing can increase the traffic 
capacity of the network for a given link congestion. 

No attempt has yet been made to assess the processor load 
(6) which each packing rule d~mands, so no comparison is 
available on that basis. Any value which packing might 
have could only be judged when the improvement in per
formance can be weighed against the additional cost of 
increased complexity in exchange control and the practical 
problems such as wear, security and load distribution. 
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