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ABSTRACT 

This paper deals with the optunal planning of 
the trunk or junction network with alternative 
routing, when the number of channels of each . 
trunk group or junction group is just multiple 
of a number z, i.e. the number of channels is 
divisible by z. As a rule z is dependent on 
used carrier system. This is a problem of 
significant interest to the integrated swithing 
and transmission (1ST) network. Ii the paper is 
demonstrated the advisability of the organization 
of alternative routing in such networks. An 
analysis of the optimizing problem is presented. 
Calculation procedures suitable for the 
economical planning on a computer are achieved 
by means of the methods of the integer 
programming. Examples of the numerical results 
are presented. 

I. INTRODUCTION 

The preparation of an economic plan for a 
telephone network involves a great number of 
decisions, that are more or less interdependent • 
At one stage of the planning of the network an 
important problem arises; on the basis of a 
given traffic between the exchanges, a given 
cost per trunk and a given trunk diagram to 
calculate the number of channels of direct and 
tandem routes, so that the total costs are as 
small as possible. There are well known methods 
for solving this problem /1,2/, but they are 
impracticable, when the numbers of channels of 
each route is divisible by an intiger number z. 
For toll network with multyplex system with 
frequency division z is most probably equal to 
12. For trunk network of the 1ST system with 
time division and pulse-code modulation z will 
be 30. 

For brevity we name "multiple" a trunk or a 
route in which the number of channels is 
divisible by z, and - "non-multiple" a trunk 
group with arbitrary number of channels. 

The dependence of the number of channels, 
required on a availabie route on the traffic 
offered, is a step function with step z. 
Therefore, the greatest part of trunks will be 
provided with some surplus channels. Especially 
for 1ST network, in consequence of the 
integration of switching and transmission 
functions, this is valid for a part of 
switching equipments too. As it is shown in 
/)/, the use of alternative routing can 
decrease this surplus of switching and 
transmission eqUipment in the network. However 
the impossibility to arrange arbitrarily 
required number of channels on the routes 
makes inapplicable also the known methods used 
for planning of networks with alternative 
routing. Onthe other hand, the principles of 
transmission, switching and control in the ISJ 
syetem remove some of the constraints on the 
network organization associated with the use 
of conventional systems and lead to the 
possibility of the widespread use of alternative 
routing /4/. 

l:res 

~e aims of the presented paper are two: first 
- - to evaluate the economic effect of introducing 
off alternative routing in networks with 
multiple trunk groups and second - to give a 
method for optimal planning of that sort of 
networks. The analysis of the optimizing 
problem is made for hierarchical network. 

The researchs on network with multiple trunk 
groups, which has been made on the basic 
elements (Fig. I) of the networks with 
alternative routing, has shown /)/, that the 
effect of introducing alternative routing in 
case of multiple trunks may surpass the 
corresponding effect in case of arbitrary 
number of the trunk channels. For the network 
with non-multiple trunk groups, demonstrative 
idea for the usefulness of the alternative 
routing, also the basic conclusions as to the 
calculation methods, can be received from the 
consideration of the basic elements (Fig. I). 
Practical and useful results for the networks 
with multiple trunks can be obtained only by 
the solving of the discrete problem for 
optimization of the whole network. 

Fig. I The basic elements of the 
networks with alternative routing 

2. FORMAL REPRESENTATION OF THE PROBLEM 

In accordance with the above given optimizing 
problem, the input data can be described as 
follows: If the branches of the ~raph 
representing the network (Fig. 2) are numbered 
consecutively, all the branches of the network 
are given by the set r ~ {r,2, ••• ,ml, where m 
is the number of the branches of the network o 

The traffic set Y = {YI' ,Y2' ••• 'Y, }, the cost 
set C = {cI,c2, ••• ,cmt and the de'ined service 
quality are g1ven. Ir the service quality in 
different routes is not the same, the 
corresponding set P = {pp p:;>, ••• , p 1 is given 
too. The routing laws (or overfloiing laws) 
are given also. The problem is as follows: the 
optimal set S = {Sy,S2' ••• 's I of the numbers 
of the mUltip!ex un~ts of trJWk groups of the 
network is to be found. The optimal set 
corre,sponds to the most economical network 
configuration, that is the case of the minimum 
of the sum 
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Fig. 2 The graph representing the network 

on condition that the given traffics are 
served with losses less than the defihed 
losses. It is practical the numbers of the 
branches in the sets I,Y,C,S to be arranged 
thus, that the first h numbers are to be 
referred to the direct routes and the rest t 
(t = m - h), numbers - to the branches includ~d 
in the alternative routes. For instance the 
elements of the set S will be arranged as 
follows: m 

Srn = {sI,s2,···,sh,sh+I,···,sh+t=smJ 

Routing laws can b~en by means of the 
subsets Sh" (j = ~m). The elements of S . 
represen~ Jthe number of the multiplex unitshJ 
of th~ d1rect routes, whose overflowing 
traff1cs are served by alternative route j. 
The optimizing problem may be formulated like 
this: To seek the minimum of the objective 
function (1) by the following two constraints 

bj(sj; SitShj) ~ Pj' (j=h+I,m) (a') 

o ~ si' (i=!,i) () 

where s. is an inteser. 
The restrictions (2) follow from the natural 
demand, the traffic flows Y - iy ,y , ••• ,y } 
with the defined service qualityl t02be se~ed. 
b;(s;, siE ShJ') is a function expressing the 
prob&bilIty of traffic losses on the 
alternative route j in terms of the number of 
channels (the number Sj of the multiplex units) 
of this route, further in terms of the number 
of channels of the direct routes rejecting 
some traffics to the route j, ( the traffics 
overflowing from groups i ~ h; are routed on 
the corresponding alternative group j). 

3. ON THE SOLUTION METHODS FOR THE PROBLEM 

It is evident from the expressions (I) - (3) 
the formulated problem is a discrete nonlinear 
one. The methods of the discrete (integer) 
programming are less developed than the methods 
of solving noninteger optimization problems, 
while the linear programming is more developed 
both in theoretical and applicable aspects 
in comparison with the nonlinear programming 
15/.0ne specific feature of the integer 
programming is the fact that a unique approach 
for all the discrete optimization problems is 
not existant. It is not possible to choose 
only one method and to insist that it is 
effective for discrete problems, as for 
instance is the simplex method for the linear 
programming. Thus on solving a given discrete 
problem one must pay attention to its specific 
characters, so that the one or the other 
method should be chosen. 
The aspect of the problem (I) - () shows that 
besides discretion and nonlinearity, it 
possesses other properties, which complicate 
its solving. In the general case each 
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oonstraint (2) is a nonseparable function. 
Moreover the expressions (2) are implicit 
functions. Finally the form of the functions 
is suplementary complicated (they can not be 
analytically represented) because of the using 
the equivalent random theory for the calculation 
of the number of multiplex units of the 
alternative routes. The primary formulation of 
the problem allows a preliminary evaluation of 
the possibility of using the different methods 
of the integer programming. 

T~e methods of the integer programming can be 
d1vided into four basic groups: "~imple" methods, 
methods of cutting planes, combinatorial methods 
and approximate methods. To the "simple" methods 
are applicated the method of enumeration and the 
method of rounding. In spite of their universa
lity, these most simplified approaches for 
discrete problems solution can be used only under 
certain conditions. The method of rounding leads 
to the solution of the problem, without having 
in mind the integer nature of the variables 
after which the obtained noninteger solutio~ 
must be rounded off to the nearest integer one. 
The method of rounding is used largely by the 
calculations in conventional case, where z = ~. 
In case of network with multiple trunks the 
round-off error increases unallowably. The total 
en~~r!Ltllon of all possible solutions for 
lind1ng the optimal is profitable if their 
number is not great. The number of the possible 
solutions is found by the expression 

m 
J = IT fi 

i.I 

where Pi is the number of the possible values 
of the variable Si. It is evident that the 
smaller Pi and m are, the more expedient is the 
use of the enumeration • The enumeration is more 
often used for problems with Boolean variables. 
As this will get evident further, the number of 
the values which each variable can receive in the 
discussed problem will be two to three. 
Consequently about the application of this 
technique could be spoken. 

The method of the cutting planes is the only 
technique making pretence to be a unified exact ' 
approach to the problems of integer programming. 
The universality and the accuracy of the method 

are very attractive, but its application runs 
into calculation difficulties. These difficulties 
are surmounted only about linear discrete 
problems (Gomory's algorithms and their 
modifications) 15,6/. The compexity of the 
expressions (2) hamper the use of the cutting 
planes method for the discussed problem. 

The next group of methods are the so called 
combinatorial methods, which, as opposite to the 
cutting planes method, make maximal use of the 
discrete character of the problem. The methods 
of this group vary greatly, but all of them use 
the idea of the enumeration of possible 
solutions. The essence of the combinatorial 
methods is in the substitution of the total 
enumeration with a partial enumeration. 
The central place among the combinatorial 
methods is occupied by the branch-and-bound 
method. The method realizatIon Is-relevan~to a 
step-by-step branching. The set G of the 
possible solution splits into a tree of Oubset. 
If it is possible for each subset G,. to determine 
the bounds of the variation of the 10bjective 
function Q(S), when S E G is varied, one could 
discard by a rule some o~ the subsets that are 
not comprising the optimal point .S • The 
application of the branch-and-bounaPtmethod to 
the problem considered is given in detail in 
Section 5. To the group of the combinatorial 
methods one could add different algorithms 
based on the ~inamJ£ programming. As by the 
dinamic programming, the system behaviour for a 
few discrete values of the variables is 
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considered, it is natural to anticipate that 
this method must be convenient for solving 
discrete stat~ problems. Other more specific 
combinatorial methods are existent, which are 
not mentioned here, because the attempts made 
to use them for optimization of network with 
m~ltiple routes was not succesful. 

~he last group includes different ~~r~ximata 
methods. These methods of the solution of the 
problem , o~ the network optimization are 
interesting for two reasons. The first one lies 
in the complication of the existent exact 
methods and in the difficulty of their 
realisation for large networks. In the above 
formulated task (I) - () the difficulties 
augment by the nonlinearity, nonseperability 
and complexity of the functions, which it 
includes. The second reason is that in the 
discussed problem the same as in many othe~ 
applicable problems, the exact soluti~n is 
substancially devaluated by the unsuf1cient 
authentity of the input data. 

4. REDUCTION OF THE PERMISSIBLE PLANS AREA 

According to the theory of operations research, 
a set S = {s ,s , ••• , srn} satisfaYing the 
conditi~ns (2t _2() is a plan of the problem, 
i.e. S is a point of the m-dimentional area 
G of mthe proble. plans •. The plan. (or the 
plans), in which the object1ve funct10n val~e 
is an extreme one, is an optimal plan. As 1t 
is shown in /4/ and /7/ amo~g all pos~ible Sj' 
which satisfy the j-th COnA.1 tion (2) 1f Si 
(i = ~) are constants, only the smalles~ 
can come in and participate into the op.timal 
plan. Then from the j-th condition (2) Sj can 
be determined: 

s (s E S) ( i = I , h; ,j =h + I ,m ) ( 4 ) 
Sj = j i hj' 

Substituting s., (j=h+I,m) in (I) with (4) one 
receives the f~llowing expression for the 
function 

h m 
Q =z= cis i + r:::. CjS j (Si (: Shj) 

i=1 j:h+I 
(5) 

or generally 

Q = Q(S) (6) 

where S = {s ,s , ••• , fib t. Therefore, the 
problem is t~ fin~ the minimum of (6) under 
following constra1nts: 

where s is aninteger.The above given 
comstralnts (2) and the constr~ints that Sj 
in the alternative routes are 1nteger and 
nonnegative variables (from ()) are inclu~ed 
in the objective function. More important 1S 
that the dimensions of the problem have 
appeared less than m and they are equalto the 

tn numbe~ h of th~ direct routes of the 
neiwork. The area u of the permissible plans 
is h-dimensional, but according to (7) it 1-s 
too large and it consist of all points with 
nonnegative integer co-ordinates in the 
h-dimentional space H. 

One can restrict the "above" the area G 
proceeding from the nature of the problem in 
the following way: 

(i-I,h) (8) 

where SO is the smallest number of the 
multipl~x units of the i-th direct route 
serving all the traffic Yi offered to this 
route. 

The restriction "below" is more complex and it 
is fulfilled by means of the methods of 
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nonlinear programming /8/ and the convex analyst. 
/9/. The examination of the objective function 
Q gave its two important properties /4/: 

- the value of the objective function, when 
the alternative routes'are not multiple (i.e., 
Si' (j-h+!;m), are not integer), is always equal 
to or less than the corresponding value of the 
objective function, if the alternative trunks 
are multiple; 

- the value of the objective function, when 
~he variance of the overflow traffi~ is not 
taken into cosideration, is always equal to or 
less than the corresponding value of the 
objective function, when the traffic variance 
has been taken into account. 
ltlurthermore, by means of the basic theorems of 
the convex analysis /9/ a proof of the following 
theorem is given in /4/. 
The 0 rem: The functions Q(S) and Q'(S) are 
defined in the closed convex set G. For each 
point of the set the value of Q'~ Q, and for the 
points Sl'o,.,Sk' (ka:,I), the value Q' • Q. If 
the func~ion Q' is aeonvex one in the set G the 
point S·, for which Q(S~) • minQ(S), would be in 

the following convex set: 

Gt a tS/Q'(S)~ r E,min Q(Si) ,= 1;ic 
By means of the above-mentioned properties of 
the objective function a convex function Q', 
that is an envelope-below of the objective 
function Q, could be build /4/. If s. : s~, 
(i-r;ID), where s~ is the smallest number 10f the 
multiplex units lof the i-th direct route 
servin~ all the initial incomming traffic Yi' 
(i=T7ffi) , the objective function value wouid be 
equal to the envelope function value, i.e. in 
the point So= ~sT,s;, ••• ,s~tthe value Q'(SO) 
Q(SO). By the th~or~m therefore one could state 
a number g , so that 

sOi - 0 < s.,t < s· 
J i - i 

and thus substitute the constraints (8) with 
the expresions 

s~ 
1 

(9) 

Each variable in' the area G is restricted "above
and "below" by (9), and each variable can take 

values - si, si -I, ••• ,s~ - ~ +1. In the case 
of z = )0, j = 3, and in chse of z 1:& 12, P = 4. 
The number ofhthe permissible plans of the 
problem is J . 

5. SOLUTION BY THE BRANCH-AND-BOUND METHOD 

The difficulties by the using of the branch-and
bound method' consist in the formulating of the 
way for branching, the calculation of the bounds 
and statement of rules for evaluation and 
rejection of the branches.In this Section is 
described how these questions of the discussed 
problem have been solved. The problem is being 
solved by steps and in each step it is nessessary 
three main operation to be fulfilled: 

Branching. The branching process for 5' = ) is 
illustrated by the Fig. 3. On the first step, 
f , . ·1,. the sei G splits into three sub.eta GI,I' 
rGr.2 and GI t 3. 80. that 

Si si - 0 for all points of GI,I; 

, .~ asi - r for all points of Gr ,2; 

SI sI - (f '- I) for all points of GI,f. 

Let us suppose that on the step f-I after 
branching and rejection '" sets remained. On the 
f-th step each one subset splits into p new 
SUbsets. These 9 subsets are distinguishable 
among themselves only by the different value of 
Sf' namely Sf = s. - 0 for the first subset, 

511·3 



Fig. .3 The branching process 

s SO I for the second subse~ etc. After the 
b~a~chfn; has been made for all G~_l (1 • ~ ), 
the newly acquired subsets are ren~erated: 

G f , I ' G f , 2 ' • • • , G f ,A 
where A = 91\. If at the firs t step of the 
process the branching is done through the first 
co-ordinate sT of the h-dimensional space in 
which is the area G, at the second step -
through the second co-ordinate s2 etc., after 
the branching at the step f each of the 
variables sI,s2, ••• ,sf will have one and the 
same !&ue ·for all the points of the set G~ 1 
(1 = I,A). For the branching process shown' 
on Fig • .3 the dimension h • 4. 

Comparison. On step f is necessary to compare 
1\ sets received by the branching. 1et us 

suppose the lower bound 11 and upper bound Ul of the objective function in each subset Gf 1 
can be determined: ' 

11 ~ min Q(S) 
~~(;I,t, 

Ul ~ max Q(S) 
~EGJ,t 

The smallest Ul is 

1U = min U1 t= r;A 
The subset G can be excluded from the 
further braht~ing process as noncontaining the 
optimal plan if 1f > LU. The objective function 
is represented 

Q ( S) = Qp + 4 Q ( sI' s 2' • • • , sf) 

where ~ denotes the part of the objective 
functio~, which remains constant at the varying 
of sI,s2, ••• ,sf. 

Il Q = ~'Q + A "Q (10) 

where A'Q depends only from sI,s2, ••• ,sf; 
A"Q depends from sT' ••• ,sf' •••• ,sb. AQ is 

called "contribution" of the varrables sT'~?' 
••• ,s to the value of the objective fun~t10n 
Q. li~. 4 shows Q , ~'Q and ~ "Q for a Simplest 
network example fBr step f.2. s05 and s07 
denote the number of multiplex units of 
trunks 5 and 7 on the condition that SI = SI 
and s • s ; 11. s and A s denote the increase of 
s a~d s 2 due 5to traffic overflowing from 
ttunks I 7and 2. It is evident that for 
comperison of the A subsets it is sufficient 
to compare the limits of variation ofAQ instead 
of Q. The lower bound of variation of A Q for 
the different points of subset G~ 1 is ALl· 
By analogy A U is the upper bouna' and 
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Fig. 4 The objective function components 

Bounds. A'Q depends only from sT, ••• sf which 
are known for the subset Gf 1 and , 

06 11 • A'Ql + minA"Q 
(~/'f ,--,5,.) 

AUl 'Ql + maxA"Q 
(~'h·--,j4) 

On step f one can devide the alternative trunks 
of the network into three groups. In the first 

group are alternative trunks which can serve 
traffics overflowingonl~ from direct trunks 

I,2, ••• ,f. In the second group are alternative 
trunks, which can serve traffics overflowing only 
from direct trunks f+I, ••• ,h. The rest trunks, 
called engaging trunks, are in the third group. 
In the example shown in Fig. 4 we have: 

group 

numbers of 
the trunks 

I 

6 

11 III 

8 5 and 7 

The increase of the number of multiplex units 
of third group trunkS, for the traffics 
overflowing from the direct trunks I,2, ••• ,f 
to be served, defines the value of A"Q. For the 
I-th subset the variables sT, ••• ,sf and the 
traffics overflowing from trunks I, ••• ,f are 
known. The variables Sf T, ••• ,sh are not known 
but their impac t onA"Q tne can evaluate by 
means of the "initial filling" of the engaging 
alternative routes (see /4/). For instance if 
the necessary channels number for serving of the 
traffic offered is x.z + I channels, where x is 
an integer, the "1ni tial filling" will be minimum. 
Therefore A"Q will be minimum when the initial 
'filling of the engaging trunks is minimum. So 
one can determine the bounds A Land 6Ul of AQ 
variation for the different points of G~_l from 
the known traffics overflowing from trnnks 
I,2, •• o,f and the assumptions for minimum and 
maximum initial filling of the engaging tnunks. 
Then one can exclude from the branching process 
all the subsets for which is fulfilled 

6 Ll > A LU = min A Ul t 

6 0 COMPUTATION . RESULTS .. · Computer programs 
have been made for the following algorithms: 

- enumeration; 
- branch-and-bound method. 
- dinamic programming; 
- approximate solution. 

The possibilities of the optimizing programs 
have been evaluated through the solving of a 
large number of given examples of networks with 
alternative routing for z - 12 and z = 30. 
A comparison between the full enumeration 
method and the branch-and-bound method could be 
made from Fig. 5, where the necessary computer 
time for the solving of the problem in 
accordanc·e of the number h of the direct trunks 

i 's given. The curves have been ploted for zc::)O. 
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Fig. 5 The computing 'time as a fUnction 
of the direct routes of the network 

The method of the dinamic programming turned 
out to be very sensitive toward the speciment 
of the network. Theamount of the calculations 
dep ends much on the network linking. The method 
gives good results for large but weekly linked 
networks. From among the three exact methods 
the branch-and-bound method is preferable as a 
most universal one. The amount of calculation 
by branch-and-bound method considerably augments 
in case of z = 12, where the exact result is 
received by f • 4. If for z = 12 is accepted 
that ~ = 3 not always the total minimum will be 
received, but the experiment has shown the 
average error is smaller than 0,1%. On the 
basis of the algorithm of enumeration by the 
assump tion of P = 2 programms for approximate 
solution have been tested. Interesting result 
is the fact that the error here also is not 
great by the considerable saving of computing 
time. The error is less than 0,4% in case of 
z _ 30 and less than 0,6% in the case of z = 12 • 

A very important result at the carried out 
calculations is the evaluation of the 
effectiveness from the introducing of alternative 
routing innetwork with multiple routes. For the 
solved examples the economic effect from the 
introducing of the alternative routing had 
varied from 4,1% to 14,9% and mean value - 8,1%. 
These results confirm the deductions made in 
/3/ that the economic effect of the alternative 
routing in network with multiple routes (for 
example in the 1ST network) may be larger than 
the analogous effect of the alternative routing 
in the conventional cases. All trunks are 
assumed to be bothway in the networks considered; 
in modern switching system with separate 
signalling channels, it is doubtful whether 
directional division of speech channels would 
produce a significant saving. In the case of 
oneway trunks the effect of alternative routing 
in the network will increase additionaly. 

70 APPENDIX 

In the optimizing process due attention is paid 
to the degeneration of the overflow traffic. 
Bearing in mind that the number of channels 
must be divisible by z, the application of the 
equivalent random theory can be facilitated by 
means of the charts shown in Fig. 6. For 
computer calculations corresponding tables have _I 
been prepared. Two subroutires fer the calculatioI~ 
of the number of the alternative channels have 
been made. The first one is based on the 
conventional computing process /1/ and the 
second uses the tables prepared. The computing 
time for determination of s - s(R,D) by the 
first subroutine is about: tI = 1,6 + 0,07.s/ms/; 
and by the second - t2 = I,) + O,)O(ne+na)/ms/, 
where R is the mean of the traffic; D = ~1_ R 
is the variance coefficient of the traffiC, 
s is the number of multiplex units, ne is the 
number of channels of the equivalent group, 
na is number of channels of overflow group. 

ITea 

u 

/~O 
n-=fJO n.f20 ISo {~O , , \ ! 

, , \ , ! 
, 

• , , , \ 
, , , , 

\ \ , , 
\ ! , , , 
\ ~ 

, , , , 
\ , 

~ \ , 
\ . , 

\ \ , , , , , 
\ 

, , , , , 
t 

, , . , , 
\ \ , , , 

so , , 
\ 

,., 
\ \ 6 . , , 
\ \ \ S , , ,$::4 

\ , , , , \ , , , \ 
, , 

0 

60 

" p= 0001. 

1$ 

75 

Fig. 6 Charts for determination of the 
number of multiplex units of the overflow 
trunks group; a - z = 30; b - z = 12 

The optimizing programs and the test subroutine 
fo: determination of the overflow multiplex 
unlts have been written in FORTRAN and the 
computations have been made on the ESI020 
computer system. 
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