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ABSTRACT 

In the design of alternative routing systems, 
the equivalent random theory is widely applied 
in practice. 

This paper presents the derivatives of ~ilkin
son formula which gives the mean and variance 
of non-random overflow traffic in the equiva
lent random theory. 

As an application of the derivatives, an op
timum design of alternative routing systems 
is proposed, which minimizes the system cost 
under given service criteria. 

First, the optimum conditions for the basic 
triangular model are studied. Next, the op
timizing method is expanded to the two-stage 
overflow model. The optimizing theory is pre
sented as well as some examples of the optimum 
design for practical application. 

1. INTRODUCTION 

Communication networks can be efficiently uti
lized by introducing the alternative routing 
system, where overflow traffic from direct 
route is carried through alternative routes. 

In dimensioning alternative routing systems, 
the equivalent random theory proposed by R. 
I. Wilkinson gives excellent accuracy and has 
been widely applied [1]. In the equivalent 
random theory, non-random traffic is evaluated 
by using two parameters, the mean and variance. 

In applying the equivalent random theory, the 
optimum design of alternative routing system 
which minimizes the cost of the system is 
rather complicated because of the two para
meters. So far, a number of relevant works on 
such optimum design have been studied, involv
ing methods for determining a range of the op
timum dimensions, and approximation theories 
for computer calculations [2] [3] [4]. 

One of the authors has presented an optimum de
sign of switching systems by introducing the 
derivatives of Erlang B formula [5]. Expanding 
this method, the present paper proposes a new , 
method to facilitate the optimum design of al
ternative routing systems. 

The derivatives of Wilkinson formula, which 
gives the mean and variance of overflow traffic, 
are derived and a table of them has been pre
pared by computer. In the first step applying 
the derivatives, the optimum conditions for the 
basic triangular model are analysed. In the 
next step, based on the fundamental ' analysis the 
optimum design for ~fiEf-two-stage overflow moael 
is developed. 

Applying the theories proposed, some of examples 
of optimum design are.presented. Design charts 
prepared by this theory will provide a ready 
and accurate optimization of the alternative 
routing systems. 
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2. DERIVATIVES OF WILKINSON FORMULA 

The mean b, and variance v of non-random traf
fic overflows from s trunk circuits with random 
traffic of a erlangs offered are given by Wil
kinson formula 

b 

v 

where 

mula 

E s 

aE b(a, s) s 

b(l - b + aft) = v(a, 

t = s + 1 - a + b, and 

which is expanded for a 

s a 
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s 
r 

r=O 

} 
s) 

(1) 

E is Erlang s B for-

continuous s as 

(2) 

where r(s+l, a) = foo xSe-xdx is an incomplete 
a 

Gamma function of the second kind. 

Partial derivatives of Eq. (1), denoted by 
b = ~b/'3a, etc., are derived as a 

b a 

b s 

v a 

v s 

tE } 
s 

bf 
v/t - t(b2 - v)/a 

.T.. 2 2 ab(b~ - l)/t + (b - v)i 

(3) 

where ~ = - 'OlogEs/aS for which evaluation for

mulae and a mathematical table have been pre
sented by the authors [6] [7]. In particular, 
for a non-ne~ative integer s, f is given by 
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sI s 
L 

r(s+l, a) r=O 
r (r, a) 

rl (4) 

The derivatives in Eq. (3) have been prepared in 
~ mathematical table, a sample of which' is shown 
ln Table 1. Examples of ' the derivatives are il
lustrated in Fig.l(a)-(d). 

It can be seen from Fig.l that b
a 

and b
s 

are 

monotone functions against a and s, while 
va and Vs have extremums around a = s. It 

is also noted that all the derivatives tend 
to vanish according when a«s. 

3. BASIC TRIANGULAR MODEL 

In a basic triangular alternative routing mo
del shown in Fig.2, the equivalent random the
ory is applied as follows. 

A C 

Fig.2 Basic trian9ular model 

Let a l and sI be the random traffic and the 

number of trunk circuits, respectively, in the 
direct route A-C. The mean b l and variance 

vI of the overflow traffic from the direct route 

are calculated by Eq. (1) and can be represented 
as 

(5) 

The primary random traffic in the alternative 
route A-B and B-C is denoted by a Oi ' with i = 

2 for A-B and i = 3 for B-C. Thus, the mean 
a. and variance w. of the resultant non-random 

1 1 

traffic offered to the alternative route' is 
given by 

a. = a Oi + b l } 1 (i = 2, , 
w . = a Oi + vI 

1 

The equivalent random traffic 

ber of fictive trunk circuits 

by the equation 

b(a*i' S*i) 

v(a*i' s*i) 

system 

a i } , (i 
w. 

1 

3) • (6) 

a*. and the nurn-
1 

s*. are dtermined 
1 

2, 3). (7) 

Therefore, the mean and variance of the over
flow traffic from the alternative route are 
given by, respectively, 

b. 
1 

V. 
1 

b(a*i' si+S*i) } 

v(a*i' s~+s*i) 

, (i = 2, 3) (8) 
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where s. represents the number of actual trun}! 
~ 

circuits in the alternative route. 

The total cost of the alternative rout±ng sys-
tem shown in Fig.2 is represented as 

(9) 

where c. is the cost of a trunk circuit in the 
l. 

respective route. The cost of the switching 
facility in point B may be included in c 2 or c 3 · 

The optimum value of SI minimizing the system 

cost is determined by differentiating f with 
respect to SI and equating the result to zero. 

Hence we have the optimum condition 

Cl - bsl(c2sa2 + c 3s a3 ) - vsl(c2sw2 

+ c
3

s w3 ) 

where b Sl = bs(al,sl) and vsl = vs(al,sl) 

which can be calculated by Eq. (3) or founq 

(10) 

in the mathematical table. On the other hand, 
sai = 2 s i /a a i and swi = ~si/~i are determined 

by the service criteria applied in the alter
native route, as will be described in the fol
lowing section. 

In the case of a 02 = a 03 = a
O

' which is refer

red to as the symmetric model, Eq. (10) is re
duced to 

k = - l/(bslsa + vslsw) (11) 

where k = (c 2 + c 3 )/c l is the cost ratio of 

alternative to direct route, and sand s are 
a w 

the derivatives corresponding to a
2 

= a
3 

= a, 

and w2 = w3 = w. 

In the general case where a 02 , a
03

' it is re

·quired to solve Eq. (10) by using the iteration 
method in order to get an exact solution. It 
seems reasonable in practical applications, 
however, that by introducing a weighted average 

(l2) 

the general case is reduced approximately to 
the symmetric model by substituing aO for aO. 

Thus, Eq. (11) can be also applied to the gen
eral case. 

4. OPTIMIZATION UNDER CONSTRAINT 

The following two service criteria for the alter
native route are considered: 

- Criterion 1 : The mean of overflow traffic 
from the alternative route is maintained at 
a predetermined value boo That is 

b i = b(a*i' si+s*i) = b O ' (i = 2,3). (l3) 

Criterion 2 : The call loss of the alternative 
route, or the ratio of b i to ai' is maintained 

at a predetermined value BO. That is 

According to the equivalent random theory as 
described in the previous section, we have the 
constranits of Eq. (7). Therefore, for Criterion 
I, there are the following constraints, with 
the suffix i = 2, 3 omitted: 
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b(a*, s*) 0 

J 
gl - a = 

g2 v(a*, s*) - w 0 (15) 

g3 b(a*, s+s*) b = 0 

Differentiating gl' ~?_ and. g3 by a, respectively, 

yields simultaneous equations 

b* a* + b* s* 1 

} a a 5 a 

v* a* + v* 5* 0 C16 ) a a 5 a 

b a* + b s* + b 5 = 0 a a s a s a 

where a* a = 'Oa* /(3a, s* a = (js*/()a. And the . 

derivatives defined by 

b*a = ba(a*,s*), v*a = vs(a*,s*) 

b a = ba(a*,s+s*), etc. 

can be calculated by Eq. (3), or found in 
the mathematical table. 

Solving Eq. (16) simultaneously, we get 

where 

J(b, v*) = bav*s - bsv*a 

J(b*, v*) = b*av*s .- b*sv*a. 

(17) 

Similarly, differentiating Eq. (15) by w, and 
solving the resultant simultaneous equations~ 
we obtain 

Sw = J(b, b*)/bsJ(b*, v*) 

where J(b, b*) = bab*s - bsb*a 

(l8) 

NOW, using Eqs. (17) and (18), we can calculate 
Eq~ (10) for Criterion 1. In particular, for 
the symmetric model, we have from Eq. (11) 

k = bsJ(b*,v*)/[bslJ(b,v*) - vslJ(b,b*)]. 

(19) 

In the case of Criterion 2, we have the const
raints, omitting suffix i 2, and 3, 

gl b Ca*, 5*) a = 0 

J g2 v(a*, 5*) w 0 (20) 

g4 b(a*, 5+5*) BOb(a*, 5*) 

In the similar process as Criterion 1, we can 
derive the derivatives subject to Eq. (20) 

5 
W 

I B 0 - J (b, v * ) / J (b *, v *) ] /b s} 

J(b, b*)/bsJ(b*, v*). 
(21) 

It should be noted that Sw in Eq. (21) is the 

same as that in Eq. (18) for Criterion 1. 

Using Eq. (21·), we can calculate the optimum 
condition for Criterion 2 by Eq. (10). For the 
symmetric model, we have 

k . = b s / {[bslJ(b,v*) - vslJ(b,b*»)/J(b*,v*) 

- bSl BO 1 (22) 
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Fig.3 Example of optimum design chart 

By using the derivatives in Eq. (3) which are 
tabulated, we can calculate the numerical re
lation between the cost ratio k and the optimal 
SI from Eq. (19) or (22) in a straight-forward 

method for the symmetric model. 

An example of calculated results for Criterion 2, 
with BO = 0.01, a l = 5 erlangs, and a 02 = a 03 = 
a

O 
being a parameter, is shown in Fig.3. It will 

be seen from the figure that the optimal SI = 5 

for a
O 

= 15 erlangs and k = 1.5, for example. It 

is also shown that the direct route should not be 
provided when k..( 1. 2. '. 

In the coventional practice, an approximate 
method is being used for determining the opti
mum number of direct route trunk circuits, from 
the following relation: 

k 
Aditional Trunk Capacit1 (ATC) of A.R. 

Last Trunk Capac~ty LTC) of D.R. ' 

A culculated example by Eq. (23) with ATC = 
0.83 erlang is also drawn as a dashed line 

(23) 

in Fig.3. It will be recognized that the 
approximate method by Eq. (23) presents a good 
agreement with the exact values for the range 
of k>1.4 and a O ~ 20 erlangs, but the error 

becomes significant for k < 1. 3. 

If the disign charts such as Fig.3 are provided 
for various values of aI' the optimum number of 

the direct route trunk circuits can be readily 
and exactly determined for a given cost ratio k. 

5. TWO-STAGE OVERFLOW MODEL 

Let us proceed to a more complex model based 
upon!. the opti~ization method developed in the' 
preVlOUS sectlon. Assume a two-stage over
flow model shown in Fig.4. The alternative 
route~ are assumed to be symmetrical, and 
notat~ons are denoted as illustrated. 
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A C 

Fig.4 Two-stage overflow model 

Overflow traffic from the direct route is of
fered to the intermediate route A-B-C, like 
as the basic model. On the other hand, from 
the intermediate route, the traffic with mean 
b 2 and variance v 2 overflows to the final route 

A-D-C. For the final route, Criterion 2 is 
applied with a constant BO = b 3/a 3 . The equiv-

alent random theory is applied to the overflow 
traffic as described in the basic model. 

The system cost is represented by 

(24) 

The optimum values of SI and b 2 which minimize 

the cost f are determined by the following re
lation s: 

constant) 

constant). 

(25) 

(26) 

Putting the cost ratios kl = 2c 2/c l and k2 = 
c 3/c2 ' and solving Eqs. (25) and (26) simulta-

neously as shown in APPENDIX, we get 
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Fig.5 Optimum design of two-stage overflow model 

} (27) 

where 

bs2J2(b*,v*)/[bslJ2(b,v*)-vslJ2(b,b*») 

bS3/{[bs2J3(b,v*)-vS2J3(b,b*»)/J3(b*,v*) 

- b s2Bol 
r = - [(a*2 + t2)bs2/ba2 

+ a*2)b2J3(b,b*)/bs3t22J3(b*,v*) 

t2 = s2 + s*2 + 1 - a*2 + b 2 , 

and notations such as Ji(b,v*) 

bsiv*ai are introduced. 

b .v* . -
a1 S1 

kB is equivalent to Eq. (22) because the routes 

A-B-C and A-D-C are regarded to form a trian
gular model with Criterion 2. kb is equivalent 

to Eq. (19) for Criterion 1, and r ~s interpreted 
as ' a factor of reflecting the effect of v 2 which 

is varying when b 2 remains constant. 

Fig.5 shows a calculated example, where a 02 and 

a
03 

are the primary random traffic in routes A

B-C and A-D-C, respectively. The optimal sI = 
6 and s2 = 15 are readily found for kl = 1.6, 

k2 = 2.5 and parameters indicated, for instance. 

6. CONCLUSION 

This paper has proposed a simple and precise me
thod for optimum design of alternative routing 
systems. Although only limited models have been 
dealt with, this method can be expanded to more 
complex models. It is expected that the method 
will provide a useful tool for constructing eco
nomical communication networks. 
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APPENDIX 

Derivation of Eq. (27) 

From Eq. (26), it follows for a constant sI 

that 

c2(?S2/~b2) + C3(dS3/~b2) 

Noting that 

O. 

~. S3/db2 = (sa3b s2 + sw3Vs2)/bs2 ' 

we get from Eq. (AI) 

(AI) 

(A2) 
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where s~3 and sw3 are given by Eq. (21), since 

Criterion 2 is applied for the final route. 
Thus, we get k2 in Eq. (27) from Eq. (A2). 

Next, from Eq. (2S) we get for a constant b
2 

cl + 2c2(ds2ldsl) + 2c3(os3/~sl) = O. (A3) 

Noting that 

sa2b sl + sw2v sl 

[sa3(bs2 )b + sw3(vs2 )b] (ds2Ios1)' 

we get from Eq. (A3) 

kl = - 1/(sa2b sl + sw2v sl) (1 + rk 2 ) (A4) 

where 

r = (AS) 

In Eq. (AS), (bs2 )b represents b
s2 

under a con

stant b 2 and of course vanishes in this case. 

On the other hand, (v 2)b represents v under 
s s2 

a constant b 2 , and can be derived by diffe-

rentiating v with respect to s subject to a 
constant b in Eq. (1), thus we have 

(vs)b = - [(a + t)bs/ba + a]b/t 2 . 

sw3 is given by Eq. (21) for Criterion 2, ar.d 

finally we have kl in Eq. (27) from Eq. (A4). 

Table 1 Sample of Derivatives of Wilkinson Formula 

S . 5 

a b v b v - b - v J(b,v) a a a s s 

1 .00307 .0031'17 .01535 .()1905 .00524 .006~7 .oOOOa 1 
2 .07339 .101.04 .14948 .2?648 .O75l'l .11015 .01)072 2 
3 .33016 .51~'i? ~36fl50 .610310\ .22646 .35')01 .0 '1994 3 
4 .79fl27 1.30127 .55664 .931XO .38f1BO .~7390 .0 1.096 4 
5 1.42434 ?33318 .69062 1.110U1 .5179</ .69477 ~O?515 5 
6 2.16240 3.4R642 .77933 1.1R357 .61611 • "12624 .1f>323 6 
7 2.97304 4.681?2 .83799 1.20174 .68ROS .70560 ~23524 7 
8 3.83207 5.8R'104 .87758 1.19363 .74120 • 6(,(J9 0 .30473 8 
9 4.72417 7.0MJ06 .90503 1.176:59 .78115 .60815 .3fl855 9 

10 5.63952 8.23207 .921.61 1.15678 .81180 .55533 .42~62 10 

11 fI.57166 9.37990 .93894 1.13791 .83579 .50~';7 .47598 11 
12 7.51622 10.50?14 .94969 1.12093 .85492 .4(,1'6 .S7.017 12 
13 R.4707n 11.1,27.'.8 .95791 1.10611 .XlO44 .421f17 .5~887 13 
14 9.43144 12.72204 .96433 '.09335 .8832? .3R664 .59282 14 
1 5 10.3Y841 13.80979 .<16942 1.08244 .X9~X? .35578 .627.6R 15 
16 11.36994 14.88745 .97351 1.0731' .90£,?(1 .37.858 • fII. 90 3 16 
17 17..34518 15.95647 .97685 1.06513 .91()oO .30457 .67239 17 
Us 13.32346 1-7.01809 .91961 1.05828 .9177.3 .?RB1 .61316 18 
19 14.30425 18.073S5 .98191 1.05238 .923Ul .26441 .71173 19 
20 15.2H716 19~12312 .98385 1.04728 .92807 .24755 .72839 20 

;>1 16.l7186 20.16813 .9R550 1.042~4 .93254 .237.46 .7434(1 21 
22 17.251::108 21.l0?f)0 .98()O1 1.03897 .93(,51 .21890 .7569H 22 
2' 18.24561 22.24624 .98813 1.03558 .94(l06 .20666 .71}93Q 23 
24 19.23427 23.28029 .98918 1.032~9 .94325 .19558 .7x052 24· 
25 20.223?3 24~311S:S .99010 1.02995 .94613 .18552 .7~O78 25 
26 21.£'1445 7.5.34~7.8 .99092 1.02760 .948"4 .17634, .Rfl018 26 
27 22.205 "13 26.36681 .99163 1.02551 .95117. .16796 .knR8~ 27 
2~ 23.19768 27.39137 .9927.7 1.0?364 .95329 .16027 .81681 28 
29 24.19024 28.41416 .99283 1.02196 .95529" .1';319 .82418 29 
30 25.18333 29.43S~6 .99334 1.02045 .95713 .14667 .83101 30 

~~ 1 26.1U;,90 30.45512 .99380 1.019rJ9 .95882 .14064 .8'736 31 
12 :>'7.17091 31~47V58 .9<)421 1.01786 .960'9 .13505 .~432R 32 
33 28.16530 32.49087 .99458 1.01673 .961R5 .12986 .84R80 33 
34 29.16005 3~!507n8 ~99/.91 1.01H1 .?6321 .12502 .8S396 34 
35 30.1')512 34.52232 .99522 1.01478 .96448 .12051 .85879 35 
36 31.15048 35.53667 .99550 1.01393 .Y6566 .11630 .R6333 36 
37 :S2.14611 36.55(')20 .99576 1.01314 .91'1677 .11235 .86760 37 
38 33.14199 37.562 Q R .99599 1.01242 .96781 .10865 .8'162 38 
39 34.13809 38.57506 .99621 1.01176 .96879 .10517 .87541 39 
40 35.13439 39.58651 .99641 1.01115 .96971 .10189 .87899 40 

41 36.13089 40.59737 .99659 1.01058 .97058 .09880 .88238 41 
1.2 37.12757 41.60769 .99676 1.01005 .971 /.0 .09589 .8R559 42 
43 38.12441 42.61749 .99692 1.00957 .97218 .09313 .8X8f)4 43 
44 39.12140 43.62"'83 .99706 1.00911 .97292 .09052 .8 Q153 44 
45 40.11854 44.63573 .Q?720 1.00869 .97362 .08R05 .~9428 45 
46 41." 580" 45.6442·2 • 99733 1.00B~O .97429 .OR570 .8')690 46 
47 42.11 ·319 46~6S233 .99745 1.00793 .91492 .08346 .89940 47 
48 43.11069 47.66008 .99756 1.00758 .'}7552 .08134 .9(1178 48 
49 44.10R30 43.66750 .Q~/66 1.00726 .97610 .07932 ~ 904 0 5_ 49 
50 45.10602 49.6741,0 .99776 1.00696 .97665 .07739 .90622 50 
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