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ABSTRACT 

This paper is concerned with the classical 
dimensioning problem for alternative routing 
telephone networks. The problem may be described 
as follows; given the network structure, numbers 
of circuits on each link, routing principles and 
offered traffic dispersions, what are the carried 
traffics on the routes of the network? Of 
particular interest is the origin-destination 
congestion for each pair of exchanges. 

Only a few simple full availability networks have 
been solved analytically. This is not surprising 
in view of the complexity of the queueing 
problems. A number of approximations have been 
considered by Wilkinson, Olsson, Wallstr~m, 
Wilson and others (see [1]). 

By ~ncorporating both an extension to Erlang's 
loss formula and some new equivalence ideas the 
author has developed a performance model which 
may be used to study the effects of overload and 
breakdown in telephone networks. The accuracy of 
the model has been investigated by comparison 
with established methods and simulation results. 

1. INTRODUCTION 

The aim of this paper is to describe, and report 
on the accuracy of, a simple model of a full 
availability alternative routing network. For 
each origin~destination pair in the network, the 
model determines the mean carried traffic on 
each of its routes and the fraction of traffic 
which is lost. Of particular interest is the 
ability of the model to predict the effects of 
overload and breakdown in telephone networks. 

It is assumed that initially all offered traffic 
is described' by a Poisson distribution, call 
holding times satisfy a negative exponential 
distribution, and the system is in statistical 
equilibrium. Transient effects, resulting from 
either a significant increase in offered traffic 
at some point or a breakdown of junctions on one 
Or more links of the network, are not considered. 

Although the equivalent random model is very 
useful for determining losses in gradings, it is 
not directly applicable to the determination of 
losses in junction networks. There are two 
reasons for this. Firstly, it estimates total 
losses rather than individual ' losses for ----
separate streams sharing a common link. Secondly, 
there seems to be no straightforward way to take 
into account the effect of the number of circuits 
on subsequent links of different routes sharing 
a common link. 

Consider the network illustrated in Fig. 1. 
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Fig. 1. A simple alternative routing network. 

Two simple-streams of calls with means al, a2 
arriving at the origin are offered to d l and 
d 2 direct junctions respectively. These streams 
overflow non-random traffic, with means alEtil (ad 
and a2Eti2 (a2) erlangs, to two second choice 
routes consisting of two links with c and b l 
circuits for stream 1 and two links with c and 
b 2 circuits for stream 2. The link with c 
circuits is shared by the two overflow streams. 
This network is a typical part of all alternative 
routing telephone networks. Fig. 2 shows the 
network represented as a system of service stages. 
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Fig. 2. Representation of Fig. 1 as a system of 
Service Stages. 

The dotted lines surrounding the secondary group 
9f servers depicts "linked-service", that is, an 
overflow call from the d i circuits is lost from 
the system if either all c or all bi circuits 
are busy. 

The first objection to the application of the 
equivalent random method can be overcome by . 
incorporating a "splitting formula" to proport1on 
the losses from the common links. A straight
forward formula, of sufficient accuracy for ' the 
modelling envisaged, has been suggested by 
Wallstrom (see [1] for a report of the . accu~acy1: 

(1) P = B PM , + (I-B) Pv, 
!Ili... ... 

where the estimate of the proportion of the total 
mean belonging to the i'th stream, Pmi , is a 
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convex combination of the proportion of its 
offered mean, PM.' and the proportion of its 
offered variance,~ Pv .• B is the blocking 
probability on the seaondary group for the 
combined streams, that is, 

Although the total overflow from the primary 
group of servers can be replaced by a single 
stream of equivalent random traffic A offered 
to N hypothetical circuits, the total loss 
from the secondary group cannot be obtained by 
the equivalent random method unless both b l 
and b2 are greater than or equal to c. In 
practice this amounts to assuming that loss 
from second choice routes always occurs because 
of congestion on the first links of the 
overflow routes. An assumption of this kind 
does not permit investigation of the effects 
of either excessive loading on second or 
subsequent links of overflow routes, or break
down of these links. To overcome the latter 
difficulty, a new equivalence approach is 
proposed. 

2. RANDOM LOSS-EQUIVALENT TRAFFIC 

The overflow distribution on an infinite group 
from a single group of circuits has been 
determined exactly by Kosten [2]. For practical 
purposes third and higher moments of the 
distribution are usually ignored in dimensioning 
latter routes. In "the following we examine a 
model in which the effects of second and 
higher moments are realized only implicitly. 

Suppose that a single Poissonian stream is 
offered to d circuits and the lOst traffic 
then offered to c circuits (see Fig. 3). 
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Fig. 3. Random loss-equivalent traffic. 

Clearly, the mean lost traffic from the system 
is given by m = a Ed (a). The random 10ss
equivalent traffic, +c a*, which when offered' 
to the second group would produce a mean loss 
of m erlangs is easily determined from 

a* Ec(a*) = a Ed+c(a) (2) 

using midpoint iteration (initially M = Ed(a) 
and 'a' provide lower and upper bounds 
respectively) . 

Now let us generalize to the service system 
described by Fig. 2. In this case the two 
streams on the second group are dependent. The 
assumption now made is that we can find for each 
stream i a group of loss-equivalent circuits, 
Si' which when offered at erlangs produces 
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the loss mi. We can calculate Si from 

a~ Es (a~) = m. 
~ i ~ ~ 

(3) 

by incrementing s. until E" (a~) > m. /a~ 
and interpolating linearly. Si N~a1 [3t has 
suggested such an approach for estimating the 
capacity of partial-access service systems which 
carry overflow traffic. It is apparent that to 
determine a~, we need to know Si' which in 
turn depends~on a~. The following iterative 
process is propose~. 

ALGORITHM 1 

(1) Offer random streams with means 
secondary group and calculate losses 
(4) below). 

X· 
ti't~ 
~ 

(2) Replace the shared secondary group by 
separate groups of Si circuits where 

X . E (X . ) = ti't .• 
~ Si ~ ~ 

to the 
(see 

(3) Calculate the random loss-equivalent traffic 
at from 

(4) Replace 
steps until 

X. 
~ 

by a~ 
~ 

and repeat the above 

I I Xi - at I < 10- 5 • 

i 

It is important to note that convergence of the 
above process is extremely rapid (generally only 
a few iterations are required). Also it is 
fortunate that the limiting values of at and 
Si do not depend upon the starting val~es Xi 
(any positive values, no matter how un11ke1y, 
will do). For convenience the starting values 
may be set at the values of the overflow mea~s 
from the first group, M .. The losses ti't i 1n 
step (1) are easily obtained from a result given 
by Er1ang [4]: 

(4) 
where 

Ar = {(ul' ... ,u ) IU i are integers! 0 < u. < d., 
o < f u i < c} ind p(nl,.~.,nr) 1S the ~ ~ 

joint probability distribution of calls on the r 
secondary routes. 

The question that arises now is: how accurate 
is this model? Examination of the difference 
a*-M, for a single stream, showed that for a 
fixed offered traffic a*-M increases to a 
maximum with increasing M and then approaches 
zero as M increases further. This behaviour 
is reminiscent of curves of variance to mean 
overflow plotted against M. It is easily 
checked that when fixed random traffic A is 
offered to a varying full availability group of 
n circuits, the ratio of variance/mean for the 
overflow stream achieves a maximum when 

n ~ [A + lA + 0.5] 
max. 

(5) 

where [x] denotes the greatest integer less 
than x. (Another expirical observatton is that 
the maximum value is approximately Ao). To a 
close approximation a*-M has a maximum when 
n is also given by (5). Some examples to 
illustrate this point are given in Table 1. 
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NO. OF CIRCUITS MAX. VALUE NO. CCTS. IN MAXIMIZING: OF 
a*-M SECONDARY GRP. 

A V/M a*-M 
5 7 7 0·534 5 

10 13 13 2.029 10 
35 41 42 3.344 10 
60 68 69 4.616 12 

TABLE 1. Comparison of circuit numbers which 
maximize V/M and a*-M. 

3. ACCURACY OF THE ALGORITHM 

Firstly, consider the case when b l ~ c, b 2 ~ c 
(see Fig. 2). The secondary group effectively 
becomes a single group of c circuits. An 
initial comparison of the total loss determined 
by the algorithm with the total loss determined 
by the equivalent random method indicated that 
for small losses (< 1 erlang) excessive losses 
were predicted, whereas for larger losses 
(> 5 erlangs) the agreement was close. Simulation 
results indicated that the proportions of each 
stream in the total loss were "almost 
satisfactory" for practical purposes, however 
the bias in the "splitting" did not sufficiently 
favour the stream with the least V/M ratio. A 
significant improvement to the model was obtained 
by scalin9 a! to take into account the above 
two factors. Thus, a further step was added to 
the algorithm of the previous section. 

ALGORITHM l (Continued) 

(3' ) Replace a~ 
). 

in step (3) by 

where KI = 0.1, K2 = 0.5, K3 = 2.5. 
The values of the three constants were chosen 
to match results with those from a few typical 
simulations giving small. losses. 

Some results are given in Tables 2 and 3 which 
compare the losses computed by the algorithm 
with 

(a) 

(b) 
(c) 

al a2 

1.2 1.2 

3.0 4.0 

1.2 1.6 

3.0 4.0 

1.6 1.8 

3.0 4.0 

exact results for small circuit numbers 
(see Berry [5]) 
simulation results 
the equivalent random method (total 
losses compared only) . 

d l d2 
Algorithm Algorithm Exact c 

MI M2 MI+M2 MI+M2 

1 1 1 0.389 0.389 0.778 0.776 

1 1 1 1.910 2.713 4.624 4.618 

2 1 1 0.185 0.577 0.761 0.759 

2 1 1 1. 331 2.659 3.990 3.980 

1 1 2 0.441 0.516 0.957 0.957 

1 1 2 1.586 2.250 3.836 3.828 

Equiv. 
Random 
MI+M2 

0.789 

4.628 

0.774 

3.989 

0.979 

3.844 

TABLE 2. Comparison of losses (see Fig. 1) 

When the assumption b l ~ c, b2 ~ c is relaxed 
it is no longer possible to estimate the losses 
by the equivalent random method. · The computed 
losses, by means of the above algorithm, are 
compared in Table 3 with simulation results. A 
total of 210,000 calls were generated and 
sampling begun after a 10,000 call "warm-up". 
95% confidence intervals are given. 
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al a2 d 1 d 2 c b l b2 

20.054 25.083 7 9 5 3 4 

15.091 9.955 7 9 5 3 4 

9.996 4.849 7 9 5 3 4 

10.086 14.970 0 8 20 14 10 

16.086 17.974 14 9 9 6 6 

2.974 7.944 4 5 4 3 2 

20.166 10.052 10 12 8 6 4 

14.046 12.029 6 8 10 4 7 

SIMULATION ALGORITHM 
MI M2 MI M2 

11. 492± .152 l3.867±.176 11. 534 13.826 

6.349±.168 1.340±.080 6.331 1. 290 

2.l4.4±'084 O. OlO±. 008 2.047 0.010 

0.969±.075 1. 526±. 096 1. 066 1. 380 

1.634±.144 5.246±.19l 1. 633 5.145 

0.lO4±.018 2.442±.074 0.082 2.374 

6.032±.195 0.407±.057 5.968 0.349 

5.352±.172 1. 230±. 090 5.321 1.110 

TABLE 3. Comparison of losses (see Fig. 1) 

It can be seen that the losses calculated by the 
algorithm are within (or close to) the simulation 
confidence intervals. 

4. EXTENSION OF THE ALGORITHM 

The above procedure for replacing the secondary 
circuit groups of size b l and b 2 by separate 
equivalent-loss circuits for streams 1 and 2 
ignores the possibility that these groups are 
shared by other overflow streams. 

We examine the network given by Fig. 4 and its 
representation as a system of service stages 
given by Fig. 5. 

Fig. 4. Shared final links on second choice 
routes. 
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Fig. 5 Representation of Fig. 4 as a system of 
service stages. 

In order to apply algorithm 1, it is necessary 
to "partition" link T 3 (b2 circuits) 
between streams 2 and 3. That is, separate 
loss-equivalent circuits must be estimated. 

After rejecting a number of possibilities, the 
following approach was found to give losses in 
reasonable agreement with simulation. 

ALGORITHM 2 

(1) To partition links of type T 3 (last 
links on second choice routes) : 

(a) Calculate, by means of algorithm 1, 
the carried traffics h2,h3 on the 
circuits of size Cl,C2 for streams 
2 and 3 assuming loss does not result 
from congestion on the last links 
(~ bl ,b2 ~ min (Cl ,C2)) . 

(b) Calculate, by the equivalent random 
method the congestion, 8, when b 2 
circuits are offered traffic with mean 
h2+h3 and variance 

h (1 + V2/M2) + h3 (1 + V3/M3) (7) 
2 2 2 

(c) Calculate Si (i=2,3) from 

E (h.) = 8 i i=2, 3 . 
Si 1 

(2) Determine ml,m2 from algorithm 1 replacing 
b 2 by S2. 

m3 = a3 Ed3+z(a3), where z = min(c2,s3). 

The algorithm generalizes readily for any number 
of offered streams. Motivation for (7) is 
provided by noti~g that the carried traffics on 
the Cl and C2 circuits are (provided d. ~ 0) 
likely to have variance to mean ratios less 1 

than V i/Mi' but greater than 1. 

~ comparison of computed losses and simulation 
losses is shown in Table 4 for the case dl=7, 
d 2=9, d 3=6, cl=5, c2=3, b l =3, b 2=4. 
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SIMULATION 

15.162 

10.041 

15.179 

15.231 

15.170 

15.222 

20.246 

9.835 

4.990 

9.936 

9.725 

9.703 

9.848 

25.026 

8.121 

8.014 

5.035 

10.123 

20.318 

15.145 

7.971 

6.360 
(±.178) 
'2.131 

(±.139) 
6.410 

(L183) 
6.400 

(±.177) 
6.306 

(L174) 
6.366 

(L162) 
11.370 
(±.18l) 

ALGORITHM 2 
m2 

6.254 1. 501 

2.076 0.060 

6.322 1. 410 

6.316 1. 509 

m2 m3 

1. 530 1. 642 
(±.092) (Ll06) 
0.034 1.433 

(LOll) (±.108) 
1.404 0.289 

(±.lOO) (±.044) 
1.5893.029 

(±.107) (±.130) 
1.75512.094 

(±.106) (L18l) 
1.7857.272 

(±.094) (±.145) 
14.260 2.009 ' 
(±.222) (L094) 

1.662 

1. 393 

0.360 

3.004 

6.262 1. 574 12.011 

6.308 1.634 7.206 

11. 275 14.286 1. 878 

TABLE 4. Comparison of losses (see Fig. 4) 

5. RESULTS FOR A 12 ORIGIN-DESTINATION NETWORK 

Application of the model described above is 
limited to networks with two alternative routes. 
When third choice routes are available the links 
of type T 3 are re-offered overflow from 
the second choice routes. In order to test the 
accuracy of the model for predicting flows on 
the first and second choice routes a fairly 
gross assumption was made to calculate carried 
traffic on third choice routes. In effect, the 
carried traffic on third choice routes was 
determined with the assumption that the number 
of circuits "available" for this traffic on 
last choice links was the equal to the difference 
between the actual number and the ,mean total 
carried second choice traffic on these links. 

The model was programmed for the origin
destination network described in [6]. Tables 5 
and 6 show the final results. Simulation values 
are given in parenthesis. 

ORIGIN-DESTINATION PAIR 
1 2 3 4 5 

Flow on 17.94 20.12 27.86 7.07 14.84 
1st choice (17.96') (20.12) (27.89) (7.10) (14.84) 

Flow on 5.25 3.65 8.32 4.90 8.37 
2nd choice (5.36) (3.66) (8.22) (5.11) (8.30) 

Flow on 0.77 0.57 1. 25 0.77 1.99 
3rd choice (0.69) (0.50) (1. 30) (0.64) (1. 89) 
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6 7 8 9 10 11 12 

6.31 4.11 14.81 0.80 6.03 11.83 2.83 
(6.31) (4.12) (14.80) (0.78) (6.00) (11.82) (2.81) 

5.90 3.08 8.76 2.44 3.67 6.45 1.06 
(6.10) (2.91) (8.14) (2.39) (3.82) (6.44) (1.15) 

1.38 0.19 1.01 0.53 0.89 1. 50 0.27 
(1.l7) (O.33) (1.47) (0.62) (0.75) (1.42) (0.21) 

TABLE 5. Results for 12 O-D network of ref. [6] 

ORIGIN-DESTINATION PAIR 
1 2 3 4 5 6 

MODEL 0.026 0.022 0.030 0.044 0.029 0.036 
SIMULATION 0.025 0.024 0.030 0.036 0.036 0.037 

7 9 la 11 12 

0.025 0.037 0.050 0.029 0.028 0.024 
0.027 0.033 0.044 0.031 0.033 0.022 

TABLE 6. Congestion values for the 12 O-D pairs. 

6. CONCLUSIONS 

A simple model has been described which may be 
used to estimate traffic flows on routes of full 
availability alternative routing networks. The 
model takes into account effects of second 
moments of traffic streams at times explicitly 
and at other times higher moment effects are 
implicit. The model may readily be adapted to 
most alternative routing networks. 

Comparison with simulation results is 
encouraging and suggests that the model gives a 
satisfactory description of the traffic flows. 
Computational time (lO seconds central processor 
time on a CYBER 173 for the 12 O-D network) is 
very small compared to simulation time 
(30 minutes). 

7. COMMENT 

The model has been developed with the view to 
examining the effects resulting from over
loading and breakdown. A report on this 
application will be given in [7]. 
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