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ABSTRACT 

A heuristic method is presented for solving the 
optimum communication spanning ' tree problem,i,e, 
the problem of finding a tree connecting n given 
centers which minimizes the sum of fixed 
(construction) and traffic dependent costs. The 
two phases constituting. the algorithm have been 
carefully designed in order to keep the 
computational complexity as low as possible. 

1. INTRODUCTION 

The planning of telecommunication networks in
volves a tremendous variety of problems, ranging 
in characeer from mathematical, technical to 
social and political. A great deal of effort has 
been spent in studying how to assign switching 
and transmission facilities to the network in an 
economic way, i.e. with the aim of obtaining a 
suitable compromise between costs and required 
performances. Such kind of problems, are 
practically unsolvable in their fuli generality, 
and motivate the importance of various sub -
problems such as those concerning topological 
optimization. Tree-structured networks turn out 
to be practically used in many applications as 
backbone, centralized and ··.local networks. In 
this paper we consider the problem of finding 
a tree-structu~ed network to connect a given set 
of centers with .a minimum total cost of the 
required transmission facilities. 

In Section 2 the problem is precisely formulated 
and the need to resort to a heuristic algorithm 
for its solution is justified by its intrinsic 
complexity. In Section 3 a solution method is 
presented and some related numerical results are 
given in Section 4. 

2. THE PROBLEH 

Let G = (N,A} be an undirected graph, where 
N = {1,2, ••• ,n} is the set of nodes representing 
communication centers, and A = {(i,j)} the set 
of arcs of G, representing the communication 
links that may be utilized for connecting the 
centers. To each arc (i,j) of G, two costs Cij 
and Uij are associated, Cij represents the f i xed 
cost, Le , the cost of link (i,j) which does not 
depend on the traffic carried (layout ~ maintenan 
ce, y~~). Uij is the unit traffic cost of (i,jT. 
The · to'~a 'l cost of (i, j) is given by 
tij = Cij + fij Uij~ where fij is the f'low in 
(i,j), i.e. the global traffic carried by the 
corresponding link. This implies to assume a 
linear cost-capacity function. 

Let R = Crij] be the matrix of the required 
external traffic among all pairs of centers. We 
shall assume that R is a symmetric matrix and 
rij = bi bj. :This latter assumption amounts to 
set th~ req~ired traffic rij proportional to 
the Si3" bi, bj of .centers i and j. 
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Giv.en any spanning tree T of G, each arc (h,k) 
of T identifies two' disjoint subsets Nh, Nk of 
N, such that Nh (Nk) contains all nodes which 
are connected in T to node h (k) by paths not 
containing arc (h ,k) (see fig. 1). 

Fig. 1 

In order to be able to accomodate external 
traffic R, each arc (h,k) of T must carry a flow 

L r ij 
i~Nh 
jfNk 

The tota'l co st of T is then given by 

C(T) 
(i,jt€T c ij + f ij uij 

where f, . is defined as in (1). 
1J 

(1) 

(2) 

The Optimum Communication Spanning Tree (OCST) 
problem can be stated as follows. 

Given: . G = (N,A) , 
• Cij and Uij for each (i,j)EA , 
. R = [rij] 

l1inimize: C(T) over all possible spanning trees 
T of G. 

Having formulated OCST problem in a combinatorial 
optimization form, we may consider its 
computational cQmplexity. It has been shown in 
131 that a simplified version of OCST (where 
Cij = 0 and rij = 1 for all i,j) is "hard". 

There is a strong evidence, supported by the 
complexity theory 141, that any "hard" problem 
requires for its solution a computing time which 
grows exponentially with the size of the input 
data. Since real world problems of this kind often 
involve a large number of centers, exponentially 
growing exact algorithms are not practicable. 
Hence the need for approximate ("easy") algorithms 
whose computing time is bounded from above by a 
polynomial function of the size of the problem. 
If we measure the size of an instance of our 
problem by the number of centers n, and the degree 
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of the above mentioned polynomial is a, we will 
say that the ,time comp'lexity of the algorithm is 
O(na ) 11 I . A method ,of this kind for the OCST 
problem is presented in the next Section. 

3. THE SOLUTION METHOD 

The heuristic method proposed consists of two 
phases: initiaUzing and improving phase. The 
initializing phase provides a spanning tree to 
be improved in the second phase by an iterative 
technique. 
In order to find the initial spanning tree, 
several different approaches may be considered. 

(a) Random tree generation: 

(i) Initial step. The tree T is ' initialized to 
contain a single isolated node. 

(ii) Elementary step. Pick at random a node i of 
T and a node j not in T, Add arc (i,j) to T. 

The elementary step is repeated until T is a 
spanning tree of G. The total time complexity 
is 0 (n). 

(b) Minimum cost star-tree: 

(i) For all i, 1 <i <n, connect node i to all 
remaining nodes, creating a star-tree Ti 
of total cost C(Ti)' 

(ii) Let T be the Ti with C(Ti) minimum. 

T can be obtained on 0(n2 ) time. 
In the particular case where rij = 1, Cij 
and Uij satisfy: 

n-2 
u ij + fb jk ~ u ik ' 0<8 '::' '2'Jl=-2 

o 

for some 8 and every triple i,j,k, it has been 
proved in 121 that the minimum cost star-tree 
provides an exact solution to the OCST problem. 

(c) 'Minimum fixed cost spanning tree: 

(i) Initial step. The tree T is initialized to 
contain a single isolated node. 

(ii) Elementary step. Choose an arc (i,j) of 
minimum fixed cost Cij s.t.iis a node in 
T and j a node not in T, Add arc (i,j) to T. 

The elementary step is repeated until T is a 
spanning tree of G 161 . The overall computing 
time is 0(n2 ). This algorithm is well known to 
provide an exact solution when only fixed costs 
exist. 

(d) Cut-tree. A cut tree is a spanning tree T 
of G satisfying, for all i,j, 

min 
~N 

L 
iEX 
jtx 

r, , 
1.J 

(3) 

where Pij is set of arcs of the unique path 
connecting i and j in T, and fhk is defined as 
in (1). 

In 121 it is shown that T always exists and can 
be found by solving n-1 maximal flow problems. 
Hence T can be computed in 0(n4 ) time. When 
Cij = 0 and ui' = 1 for all i,j, the cut-tree 
is an exact solution to the OCST problem 121. 

(e) Suboptimum tree. This tree is a heuristic 
solution obtained by using the following "greedy~ 

algorithm, whose elementary step is repeated 
until T is a spanning tree of G. 

(i) Initial step. T is initialized to contain 
a single isolated node. 

(ii)Elementary step. Add to T an arc (i,j) s.t. 
i is a node in T and j a node not in T, 
and its arc marginal cost dij is minimum. 

The ape margina'l cost of arc (i, j) with respect 
to a tree T is defined as: 

ITC-9 

d " = C(T : U {(i,j)})-C(T) (4) 
1.J b j 

that is the increment in total cost resulting 
from adding arc (i,j) to T, dividffd by the 
size of center j. This normalization with respect 
to bj is done in order to avoid unbalancing 
effects due to different center sizes. 
In order to minimize the time complexity, we 
propose the following implementation of the 
"greedy" algorithm, which utilizes two book
keeping structures associated with the current 
tree T: the vector tF [0 iJ of the node marflina'l 
costs and the (symmetric) matrix L = [ £. ijJ of 
the path 'lengths . 
The node marginal cost oi of node i with respect 
to T is the increment of the total cost C(T) 
due to a unit increment of the size bi of 
node i. The path length £. ij in T is given by 
(h,kr,pij uhk· Let also B = h~T bh denote 

the size of T. The algorithm follows. 

1i) Initial step. Initialize T to contain a 
single isolated node, say node 1. 01 + 0, 
B + b 1 . 

(ii) Augmenting step. Choose an arc (i,j) s.t. 
i is a node in T and j a node not in T, for 
which dij = 0i+UijB+Cij/bj is minimum. 
Add (i,j) to T. 

(iii)Updating step. OJ + oi+BUiji B + B + bji 
for each node h ~ j in T, £. jh + Uji + t ih, 
Oh + Oh + b j £' jh' 

(iv) Iteration step. Stop if T is a spanning 
tree of G. Else go to (ii). 

Each iteration of steps (ii), (iii) require 
0{n2 ) and O(n) time respectively. Since these 
steps are repeated n-1 times, 0(n3 ) is the 
overall time complexity 9f the algorithm. The 
suboptimum tree attempts to solve the OCST 
problem in its general formulation and it turns 
out to be an appealing initial spanning tree T 
to be improved in the second phase of the 
solution method. 

The second phase iteratively exchanges a link in 
T with a link not in T, whenever this reduces the 
total cost C(T). When all possible exchanges 
have been examined with negative result, the 
method terminates and the local optimality of 
the solution is guaranteed 151. 

Obviously, other termination tests can be utiliz 
ed, in order to trade off the local optimality -
with computi~g time in large scale problems~For 
instance, we may set bounds on the number of 
times an arc not in T is examined, or terminate 
when no relevant improvements are obtained. 

The method can be optimally applied several 
times starting from different initial spanning 
trees in order to acquire a better confidence 
on the goodness of the approximate solution 
obtained. 

At each iteration of the improving phase, one is 
required to test if a specified arc (h,k) in T 
has to be exchanged with any arc not in T. 

In order to minimize the time complexity of this 
central step, we propose the fOllowing. Referrtng 
again to ' fig. 1, let 

Bh = L b r Bk = L b r (5) 
rENh r~Nk 

and denote by Th, Tk the subtree of T induced 

by Nh' Nk respectively. Denote by Or h (ork) the 
node marginal costs of any node r belonging 
to Nh (Nk) with respect to Th (Tk)' 

Consider any arc (i,j) ~ (h,k), with i € Nh, 
j E Nk, and let T' be the tree obtained exchan9: 
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ing in T (h,k) with (i,j). Such an exchange will 
be performed if C (T I) < C (T). It is easy to see 
that 

C(T')=C(T)+Bh(Ojk_Okk)+Bk(Oih_Ohh)+ 

+BhBk (Uij-Uhk) +(Cij-Chk) (6) 

Here the second and third term in the right 
hand side represent the cost variation in sub
trees Tk,Th respectively, and the fourth and 
fifth terms account for the traffic and fixed 
cost variations in the arc connecting Th and Tk' 

It can be shown (by applying a superposition 
principle) that 

~J.k_~kk ~ ~ n 
U U uj-uk - "'jk Bh 

and 

(7) 

h h 
0i -oh = 0i-oh - tih Bk (8) 

In (7), Ojk_Okk represents the effect on OJ-Ok 
due to Bk (Bh=O) and tjk Bh is the effect due 
to Bh (Bk=O). A similar interpretation can be 
given to (8). 

By substituting (7), (8) in (6) we have a way of 
computing C(T') with a number of elementary 
operations which is independent of the size of 
the problem, provided we know matrix L, vector ~ 

(referred to T) and Bh' Bk' L and ~ can be 
updated after any exchange of (h,k) with (i,j) 
in 0(n2 ) time. In fact for any s E Nh, t e Nk, 

tst + tsi + u ij + tjt 

whereas all other path length remain unchanged. 
As for the node marginal costs, since 

Os I tsr b r V s EN, 
r;r!s 

their updating requires at most 0(n2 ) time~ Note 
that at the beginning of the improving phase L 
and ~ are immediately available from the initializ 
ing phase. 

Since at most 0(n2 ) calculations of (6) are 
needed for examining an arc (h,k) of T for 
possible exchanges~ the central step requires 
0(n2 ) time. 

For what concerns the time complexity of the whole 
improving phase, note that the maximum number of 
iterations of the central step depends heavily 
on the termination policy implemented. Such 
number of iterations may grow exponentially with 
the number n of centers in case we require an 
exact local optimality. However, from the 
numerical results .shown in the next Section, it 
appears that this number grows on the average as 
n 2 • Furthermore, no more than 0(n2 ) iterations 
are needed if the termination policy is based on 
limiting the number of times an arc not in T is 
examined. 

4. NUMERICAL RESULTS 

The method described in the previous Section has 
been coded and tested in the particular case of 
zero fixed costs and constant center sizes. This 
is due to the fact that our first approach to the 
OCST problem was limited to this case, which 
appeared to be most different · from that of zero 
unit traffic costs. Checking our method in this 
particular case seemed also to provide a stronger 
test for the suboptimum tree algorithm. 

The examples so far considered refer to networks 
of 10, 20, 30 and 40 nodes, The nodes 
cohordinates have been randomly generated in a 
10x10 square, and each unit traffic cost Uij has 
been taken proportional to the euclidean 
distance of nodes i and j. 

For each network, 10 initial spanning trees have 
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been 'generated according to the method (a) 
described in Section 3, and to each initial 
solution the improving phase has been appli.ed 
with the local optimality termination_test. For 
each network, the average total cost C of the 
current solution has been normalized to the 
minimum cost C* obtained at the end of the ~en 
improving phases. The difference in total cost 
~C of the best and the worst solution has been_ 
normalized to the corresponding average value C. 

Fig. 2 sh2ws*the behaviour during the improving 
phase of C/C as a function of the number E of 
arc exchanges. 

4~---------------------------------' 

t/c* 

150 E 

Fig. 2 

Table 2 shows how ~C/c is reduced using an 
average number of exchanges E. These results 
provide some evidence on the efficiency of the 
improving phase. In fact even starting from quite 
different ~nitial solutions, the method converges 
in a reasonable number of iterations to local 
optimum solutions whose total costs differ of a 
few percent. 

Table 

n C/C(%t E 
Initial Final 

10 56.66 3.30 14 

20 44.15 0.16 55 

30 38,91 11 .52 103 

40 37.62 3.13 155 

Fig ,. 3 describes, for the specific example of the 
20 nodes network, the behaviour of C and ~C as 
function of E. 

For what concerns the testing of the suboptimum 
tree algorithm, method (e) of Section 3 has been 
applied to the four networks above considered. 
The results are reported in Table 2. 

Table 2 

n (Ci-C~)/C* . ( % ) 

10 1 .51 
20 4.33 

30 14. 12 
40 8.43 
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Here Ci represents the total cost of the sub
optimal tree. The values on Table 2 show that 
the subop.timum tree provides a good solution 
to the OCST problem. The corresponding comput
ing t i me has been observed to be one order nf 
magnitude smaller than that o f the improving 
phase, 

The topological differences between the Ci and 
C* for the network of 20 nodes are evidenced 
in fig. 4. 

5 . FINAL REMARKS 

SUBOPTIMAL SOLUTION (Ci) 
BEST SOLUTION (C*) 

F ig. 4 

In this paper a heuristi c method has been 
presented for solving the optimum communicati on 
spanning tree problem. 

The greedy algor ith m provides a good initial 
solution in very limited computing time. The 
improving phase oonverges consistently to a 
local optimum solution, thus giving confidence 
on its goodness. 

The results so f ar obtained refer to the 
par ticular case of zero fixed costs and 
constant center sizes. Computational testing 
is in progress, in order to complete the results 
with larger networks and to e x tend the 
experimentation to the genera l case. r.loreo:ver, 
a more detailed comparison is going to be 
perf ormed to evaluate the different approaches 
to the initial phase. 
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A possible refinement of the improving phase 
consists in applying a two-optimality 
technique 151 once the arcs common to all 
the local (i.e. one) optimal solutions are 
imposed in the final spanning tree. 

Furthermore, the method presented here can be 
generalized for solving the optimum 
communication problem, when the topology is not 
constrained to be a tree . 
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