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SUMMARY 

A review is given of the teletraffic results for 

a multiple phase service facility of which 

teletraffic rtetworks are special models for the 

case of "generalized processor" service 

discipline . Under fu~ discipline requests are 

served simultaneously with a rate depending on 

the phase and the number of requests present at 

a phase. Results about stationary dist ; ibutions 

and average sojourn time of a request in the 

system are presented . The routing of the requests 

through the system is described by a routing 

matrix . Open and closed networks are con

sidered . Specialisation of the general results 

leads to a new and surprising prbperty of the 

Erlang and Engset loss formulas . 
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1. INTRODUCTION 

Recent developments of processor controlled 

communication networks has renewed the interest 

in teletraffic models for such networks. Several 

review papers about such traffic models have 

recently been published, we mention here 

Disney [1 ] and Gelenbe and Muntz [2], for an 

excellent introduction to the field we refer to 

Kleinrock's [3 ] second volume. 

The traffic model for a network may be roughly 

sketched as follows . The system consists of a 

number of nodes, say P, and messages flow from 

node to node according to a deterministic or 

stochastic routing scheme; at every node the 

messages are processed and queueing may occur 

here. In a closed network the number of messages 

in the system is a constant. A network is called 

an open network if the messages, originated by 

one or more outside sources, enter the system, 

usually according to a specified stochastic 

arrival process and leave the system aacording 

to a specified destination scheme. At · each node 
of the network a message requires a certain 
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processing(service) time, which is generally a 

stochastic variable, its distribution being 

dependent on the node and the type of message. 

For the processing of a message at a node a 

large variety of service disciplines exist and 

are used . 

The main interest in present-day litterature 

concerns the analysis of the stationary ~is 

tribution of the number of messages present at 

the various nodes, the attained service times 

and the sojourn times . at the nodes and in the 

network . A· rather remarkable fact is that the 

stationary distributions of the number of 

messages of the variou~ nodes are of a rather 

special type, i.e. they have the so called 

product form and are independent of the various 

required service time distributions apart from 

their first moments, the so-called insensitivity 

property. In telephone traffic theory these 

phenomena have been discussed by Palm [6], 

Kosten [7] , Cohen [8], Fortet and Grandjean [91. 

For more recent basic sudies we refer to the 

work of Konig [10] , Konig and Jansen [11] , 

Schassberger [12] , Kelly [13], Barb.our [14] 

In [4] the present author has given a r.ather 

fundamental analysis of networks with the so 

called "generalized processor sharing" disci

pline. In the .present study we sh~ll give a 

review of the main results obtained in [ 4] , and 

derive a new and rather surprising property of 

the classical Erlang and Engset models . 

In [4] it has been shown that a basic model 

exists from which by specialization of its 

parameters many types of networks can be ob7 

tained. Section 2 of the present study describe~ 

this model; in section 3 the stationary dis 

tribution is discussed. Section 4 give results 

for a number of specialised models . In section 

5 the average sojourn time of a message in a 

network is discussed. Finally in section 6 new 

properties of the Erlang and Engset formulas are 

derived, they are surprising and useful . 
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2.THE BASIC MODEL FOR GENERALIZED PROCESSOR 
SHARING (NONBLOCKING). 

In this section we shall describe the basic 

model for generalized processor sharing. It will 

be shown that this model is of a very general 

type and that by specification of its charac

teristics a large variety of traffic models for 

actual situations can be obtained. 

The model shall stand for a closed multiple 

phase service facility consisting of P phases 

(or nodes) and which handles M different 

requests (or messages). A request, say i, 

i £ {l, ... ,M} is always in some phase, say 

j, j £ {l, ... ,P} of the service facility; when 

the request i enters phase j it req~ires at this 

phase a service time ~~j), which is in general a 

stochastic variable. The number of requests sim

ultaneously present at phase j at time t will be 

indicated by ~t(j), so that 

( 2 • 1 ) ~t (1) + .•. + ~t ( P) . = M • 

The service discipline at every phase of the 

service facility is generalized processor 

sharing, i.e. if x requests are at ·phase j at 

time t, so that ~t(j) = x, then everyone of 

these requests obtains during t .~ t + ~t an 
(") . 

amount of service equal to f ] (x)~t. Hence the 

attained service time of request i present at 
( . ) 

phase j at time t increases with a rate f ] (x). 
( . ) 

It will always be assumed that f ] (.) is inde-

pendent of time t and of type i of the request 

and that 

(2.2) 0 < f~~~, xf(j)(x) < K(j), x = 1, ... ,M, 

here K(j) denotes the total service rate capacity 

of phase j. 

When a request, say i, has attained its full 
. . . . . ( h ) t h h th . t requlred serVlce tlme ~i a p ase en l 

enters with probability p~hj) phase to obtain 
( . ) l 

here a service u.] . It is assumed that for 
-l 

every i £ {1, ... ,M} 

(2.3) p~hj) > 0, ' ~ p~hj) = 1, h £ {l, ... ,P}. 
l . 1 l 

]=. (hj) . 
The stochastic matrlx Pi ,h,] £ {1, ... ,P} will 

be denoted as the rouring matrix for request i. 

Note that we have assumed here that the routing 

matrices are independent of ~t(j), j £ {1, ... ,P} 

i.e. of the state of the service facility at 

time t. 

To describe the J!l,o.del completely we next intro-

duce a number of assumptions concerning the 

stochastic variables involved. All required 

service times u~j) will be assumed to be ~nde-
-l 

pendent variables with 
(2.4) B~j)(,) d~f Pr{u~j) < ,},i=l, ... ,M;j=l, ... P. 

l -l 

B~j)(O+) = 0 
l 

e~j) d~f E{u~j)} <~. 
l -l 

A route of a request (or message) i is the 

succcession of phases through which the request 
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passes. It will be assumed that this route is a 

sample function of a discrete time parameter, 

aperiodic, Markov chain Ci with state space 

{1, ... ,P} and with stationary transition prob

abilities, (p~hj)) being the one step transition 
l 

matrix of Ci . Concerning the state space of C
i 

it is assumed that it contains exactly one mini

mal class S. and that it consists of at least 
l 

two states. Obviously for fixed i the variables 

u~·) and the chain C. define a semi-Markov 
-l l 

process. Finally it is assumed that these M 

semi-Markov processes are independent. 

To describe the state of the service facility at 

time t the following notation and variables are 

introduced. The vector ~t is defined by (cf.(1 .. 1)) 

(2.5) ~t = (~t(l)""'~t(P)), 

If ~t(j) = x(j) then by 

(2.6) A(j,i), ... ,A(j,x(j)) 

will indicate . the ident.i ties of the types 

of requests present at time t at phase j, so 

that A(j,k) ' = i indicates that request i is at 

phase j. The vector A(X) with 

( 2 . 7 ) A (x) d~f { A (j ,1) , •.. , A'( j , x ( j ) ); j = 1, ..• , p} 

shall indicate the distribution of the M requests 

over the P phases; if x(j) = 0 then A(j,.) is 

not defined. 

For the request A(j,k) we shall denote by ~(j,k) 

the attained service time at time t. whereas 

~(j,k) shall denote the service time still to 

be require~ by this request A(j,k) after time t 

at phase j. For short we shall ~se the notation 

(2.8) ,(A(X)) d~f{,(j,k),k=l, ... ,x(j);j=l, ... ,0, 
~ CA (x)) d~f {~ (j , k) , k = 1 , ••• , x ( j ) ; j = 1 , ••• , p}. 

3. THE STATIONARY DISTRIBUTION. 

for fixed i Define 

w~j) = 0 f . iSh (j). S . ·or ] i' w ereas wi ,] £ i lS 
l 

the unique 
( . ) 

(3.1) Yi] 

nonnegat~ve solution of 

~ y(h)p(h j ) ]' £ S" 
i i' ... h£s. 

(j) l 
~ y. 1, 

. S l 
]£ i 

i.e. w ~j), j £ S. is the stationary distribution 
l l 

of the aperiodic Markov chain Ci with state space 

Si' For the sake of simplicity it will be 

assumed in this section that 

(3.2) Si = {1, ... ,P}. 

For ~t = x, cf.(2.5), and A(X) 

shall denote by 

(.3.3) -c(A) < TO) < TO) + dTO) 

the event that at time t 

A, cf. ( 2 • 7 ), we 

(3.4) ,(j,k) < ~(j,k) < ,(j,k) + d,(j,k), 

k = 1, ... ,x(j); 1, ... ,P, 

i.e. the attained service time ~(j,k) of the 

request A(j,k) at phase j has at time t a value 

in the interv.al T(j,k) ~ T(j,k) + dT(j,k). We 

next define the stationary probability 
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e3.5) pex,Aex),TeA))dTeA) d~f 
Pr{~t=x,Ae~t)=lex),TeA) < ~eA) < TeA)+d~~~ 

it is the probability that for the stationary 

situation of the stochastic process ~t,A(~t)' 

~eAe~t))' the number of requests present at 

phase j is xej), j = 1, ... ,P that request 

Aej,k), k = 1, ... ,M is at phase j and that its 

attained service time satisfies e3.4). 

In [4] it has been proved for the case that the 

service time distributions B~j)e.), cf.e2.4), 
1 

are absolutely continuous that the stationary 

distribution defined by e3.5) exist~ and is 

unique. 

With x 
e3.6) ~ej)(x) d~f{ IT f ej )ex)}-1 x=1, ... ,M. 

k=1 
d~f 1 x=O, 

it has been proved e cf. [ 4] , theor. 3 .1) that 

Theorem 3.1. For x(1) + ... + x(P) = M, eO) 
P eO) x J 

(3.7) p(x,k(x),T(A))dT(A) = POoIT ~ J (x(j)) IT 

ej) (j) (j) 0]=1 0 (1$:)1 
wA ( j , k) 8 A e j , k) {1:- B A (j , k) (T ( J , k) ) } d T e J , k) / 8 At j , k) 

(3.8) P
-01 def M P (j) 0 z(j) (j) (j) 

= % oIT ~ (z(J)) IT wA( 0 k)8 A( 0 k)' 
z=O J=1 k=1 J, J, 

with 

M M M 
~ ... d~f ~ ~ 

z=O z(1)=0 z(P)=O 
z(1)+ ... +z(P)=M 

and 

x(1)+ ... +x(P)=M, x(j) ~ 0, T(j,k) ~ 0, 

k=l, ... ,xej), and an empty product being one by 

definition; 

(3.9) p(X,A(X» d~f Pr{~t = x, Ae~t) = x} 

P (j) x(j) (j) (j) 
Po 0 IT ~ (x 0 ) IT wA (0 k) 8 A (0 k)' 

J=1 J k=1 J, J, 

Remark 3.1. It is noted that e3.9) describing 

for the stationary situation the probability 

distribution of the number of requests present 

at the various phases is independent of the 

distributions of the required service times, 

except for their first moment. This insensi~ 

tivityproperty has extensively been discussed in 

literature, cf.[4] and its list of references. 

4. SOME SPECIAL MODELS 

The model discussed in section 2 is of a very 

general type as it may be seen from the follow

ing discussion. 

i. K groups of requests. 

Consider the case that the M requests can be 

divided into K groups with requests belonging to 

a same group having iderrticalcharacteristics, 

i.e. having the same required service time 

distributions and the same routing matrix. 

For this model the stationary distribution of 

the number of requests of the various group at 

the various phases and of their attained service 

times can be easily obtained from the results of 
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the preceding section, for details see [4]. 

ii. The model with K source · groups and P actual 

·service. phases. 

A model often encountered in practice is the 

following. There are K groups of sources, group 

number k consisting of Mk sources, k = 1, ... ,K. 

Each source generates requests (or messages) to 

be served according to some stochastic routing 

scheme successively at the nodes (phases) of a 

network consisting of P nodes. During the time 

that a request of a source is at one of the 

P nodes this source cannot ori.ginate new requests. 

Requests stemming from the same source group 

have identical characteristics. A source can .be 

idle or busy. Let D~P+k)(.) denote the dis

tribution of the idle time of a source of group 
(P+k) 0 

number k, k = 1, ... ,K, and d K ltS first 

moment; all idle times of all sources are inde

pendent, those belonging to the same source 

group have identical distributions. The idle 

time of a source terminates if it makes a 

request. The required service time of a request 

of source group k at phase j, j = 1, ... ,P is 
( 0 ) 0 

denoted by D
k

J (.) with first moment d~J), all 

required service times are assumed to be in

dependent. If x(j) is the number of requests 

present at phase j then fej)ex(j» is t ·he 

service rate for each of these requests. This 

model is a special case of that of section 2 as 

it may be seen from the following. 

Take in that model 

(4.1) M = M1 + ... + MK, 

and replace P by P + K; denote by xk(j) the 

number of requests of source group k in phase 

j, with 

e4.2) xk(j) = 0 for jdP+1, ... ,P+K}\{P+k}, 
k=1, ... ,K. 

The routing matrix for a . request of source group 

k, now being denoted by (IT~hj), k = 1, ... ,K; 

h,j~{1, ... ,P+K},is taken such that 
e hj) _ 0 

(4.3) TIk - 0 for h,J £{P+1, ... ,P+K} and 

for hd1, ... ,P},jdP+1, ... ,P+K}\{P+k}; 

~ 0 for all other hand j, but such that 

there exists with positive probability 

a route from P+k returning to P+k. 

Once a source has made a request this source is 

busy, and it remains busy during the time that 

its request is at one of the actual service 

phases; when this request makes a transition 

from an actual service phase to its source 

group the source becomes idle again. 

Take further 

(4.4) fCj)C.) = 1 for j = FT~ .... P+K. 

Next we identify the phase P+k, with the state 

of the source group k, k = 1, ... ,K. i.e. xkCP+k) 

is the number of idle sources of group k; on 

behalf of (4.2), ... ,C4.4) this identification 

is permissable, the phases 1,2, ... ,P being the 

act~al service phases, the phases P+1, ... ,P+K 
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corresponding to the idle state of the sources . 

We have 

(4.5) (x
k

(l) + . . . +xk (P)} + xk(P+k) = Mk , k~l, ... ,K~ 

an~ xk(P+k) is the number of idle sources of 

source group k . 

To describe the stationary distribution of the 

system we need the quantities v~j),j = 1 , ... ,P: 

k = 1, .. . ,K. They take over the role of the 
( j) f h d"" " wi 0 t e prece lng sectlon and are deflnad 

as the unique solution of the linear set of 

equations P 
(4.6) v~j) = IT~P+k,j) + ~ v(h)TI~hj) j = 1 , ... ,P. 

h=l 
Omitting details ( cf. [ 4]) it now follows that 

the stationary joint distribution of the number 

xk(j) of requests of source group k simul 

taneously present at phase j (cf.(4.2) and 

(4.5)) is given by 

( 4 . 7) P ( x
k 

( j ), j = 1, ... P, P + k; k = 1. ... , K} = 
(") (") x (j) 

P " K {v J P _J } k 
P3 IT cp(J) ( x 1 ( j)-i- ... +xK(j))IT k () ~ (p k )' 

j = 1 k = 1 x k J . x k + _. 

with d(j) 

P
(j) d~_f k 

(4.8) k d(P+k) ' 
k 

X ~_ I"'T_"'P • X lh- ,h~'j) 
" ~ - r T A.,tJJ -rr'" iP I 

J.-:L. .2 --·L ". Y /~Li)#"·~~IJ)},,·l:..1lrijC ~ 
r. ".1 ~aJ:. f.~J:../'1 k:O ~.J)/ ~J"'~)! 

z_ L~) * . .... ~ L~),.z_t'''_)=H .... 

F9r furt~ results concerning this model see 

[4] . 
iii . One source group, one service phase , K=l, 

P=1. 

For this case we write 
(1) 

cp ( .) = cp ( . ), Xl ( 1 ) 

and denote by 
p(M) 

x 

p 

the stationary probability of x busy sources. 

It readily follows from (4.7) that 

(4 . 9) p(M) 
x 

(xM)px (x) 
-,:,~~~.--__ , x = O,l, ... ,M, 
~ (M) pkcp (k) 

k=O k 
it describes the stationary distribution of a 

single source group containing M sources 

served by one processor with service rate f(.), 

cf. (2.2) . 

We consider some special cases 

a . f(x) =~, x = 1, ... ,M, 0 < p~l, K(1) = 1. 

It follows 

cp (x) = 

Hence 

x ! 
x' p 

x = o , ... , M; xf ( x ) 

( / )x 

~ 
M k 
~ i..e{£L 

k=O(M-k) ! 

p ~ 1. 

,x=O, ... ,M. 

This model may be used for processor sharing 

with overhead 1 - x ' f(x) 1 - P per unit of 

time, i . e . per unit time interval 1 - P is 

available for swapping . For p = 1 Kleinrock's 

result " cf. [3] II.p212 , is obtained . 
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b . f(x) = 1, x = 1 , ... , M; K(1) 

It follows 

M. 

~(x) 1, x = 0, ... ,M, 

and 

(4.11)P(M) 
x 

(~) pX 

M 

(M) x 
x P x - 0, ••. , M. 

(1+p)M ~ (M)pk 
k=O k 

which is the wellknown BernouTIi formula for 

the nonblocking case of M sources and M trunks. 

1 
c. f(x) = M+l-x' x = 1, ... ,M, K(1) = M. 

It follows 

cp(x) = (M~~) !, x = 0,1, ... , M, 

and x 
p , 
X! 

Mk 
~ P 

k=Ok ! 

, x O, •• . ,M. 

The latter result is rather remarkable since 

the distribution (4.12) is identical with the 

Erlang distributi~n for the fully accessible 

trunk groups with M trunks , offered traffic p, 

and lost calls. 

Remark 4.1. The models of this and of the 

preceding section are all nonblocking models, 
f 

i.e. a request can always enter any service 

phase of the service facility irrelevant of 

the number of requests already present at the 

service phase. For networks with more than one 

service phase (i.e. P > 1) which are blocking 

no results are at present available. This 

problem seems to be very hard . For the case 

P = 1, however, detatiled results are available, 

see [4] . 

Remark.4 . 2 . An extension of the model sub ii 

above is of course the model where some or all 

of the K source grou~are each replaced by 

Poisson arrival processes ( infinite source 
groups). Such models have been discussed in [4]. 

We mention here only the stationary distribution 

of the number of busy sources ~ for a single 

service phase facility with general processor 

sharing f ( x),x = 1,2, ... ; cf .( 2 . 3), average 

required service time d(l) and Poissonian arriv~ 
of the requests with arrival rate A . With x the 

number of requests present we have for the 

stationary situation which exists if 

(4 :13 ) ~ pX cp ( x) < 00, p = Ad(l) 
x=O XT 

(4.14) Pr{~ 

5. THE AVERAGE 

x} 

x p XT cp(x) 

00 J1 
~ -h,CP(h) 

h=O . 
SOJOURN TIME 

, x 0 , 1 , .... 

An important concept for a service facility with 

generalized processor sharingis the sojourn time 

in particular, the average sojourn time . Con

sider a system with M identiacal sources and P 

actual service phases, i.e. the model sub ii of 

section 4 with K = 1 . The time between the momenL 
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that a request is originated and the first moment 

thereafter, at which the request leaves the 

group of P actual service phases is called the 

sojourn time ; it is the time needed by the 

request- to pass through its (deterministic or 

stochastic) route, i.e. the total time needed 

to obtain its required service times at the 

various phases of its route. 

In [4] the following result has beem derived. 

Theorem S.1.For a multiple service facility 

with M identical sources and P actual service 

phases (model of section 4.ii with K = 1) the 

first moment of the sojourn time ~ of a request 

is for the stationary situation given by 

( S . 1) E {~} 0 ~ ,} j ) d ( j ) EM -1 { [ f ( j ) (x ( j ) + 1 ) ] -1} , 
J=1 

wherev(j) - v~j)Cf. (4.6) with K = 1 M1 = M, 

(:) (0) -1 
and E

M
_

1
{[f J (~ J )+1] the mathematical 

expectation of {f(j)(~(j)+1)}-1 with respect to 

the distribution 

(S. 2) Pr{x(j) = x(j), j = 1, ... ,P+1} = 

P 0 { ej) ej)}exej) 
p 1 ~,/J)exej)) v p 4 x(p+1)! ~ ----x'(~J~)~!.-------

j=1 

x(1) + ... + xep+1) = M, 

with 

pej) ~ de~)/dep+1), j = 1, ... ,P, 

d (j) hOd 0 0 h t e average requlre serVlce tlme at p ase 
, d d ep+1 ) h °dl 0 f J, an t e average l e tlme 0 a source. 

In particular we have for a single phase service 

facility ep=1) loaded by M identical sources cf. 

model of section 4.iii. 

(S.3) E{_v} d(1)E {f-1 ex+1)} 
M-1 -

M-1 
~ e~-1)px<pe x+1) 

x=O x 
M-1 
~ (M~1)ph<j>eh): 

An interesting qu~~~ity is also the average 

soj ourn time of a request given its route and 

given its required service times a~ the various 

phases of its route. This quantity has been 

studied in [4]. For the case of a single phase 

service facility P=1 loaded -by M identical 

sources the average sojourn time conditionally 

that its required service is equal to c is 

given by (cf.(503)) 
M-1 
~ eM- 1 )px<j>ex+1) 

x=O x 
c M- 1 

_ ~ eM~1)phQ>eh) 
h=O ) 

Obviously (S.3) and (S.4) show that the factor 

E{~}/d(1) describes the situation between 

average required service time and average 
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sojourn time . For further results we refer the 

reader to [4] . 

Remark S.1. Similar results about the average 

sojourn time can be obtained if finite source 

groups are replaced by Poissonian arrival 

processes. For the model of a single service 

phase facility with Poissonian arrival process, 

cf. remark 4.2, it is found that 
(X) x 
~ ~ <j>ex+1) 

es".S) E{v}=d (1 ) _x_=_ox_. __ _ 
- (X) x 

~ ~Q>ex) 
x=Ox. 

eS.6) E{~lc} = ~ E{~}. 
d 

6. A NEW PROPERTY OF THE CLASSICAL ERLANG AND 

ENGSET FORMULAS. 

For the classical lost call model with N servers 

cf.[S]) the stationary distribution of the 

number x of busy sources is given by the formula 

of Erlang 

e6.1) Pr{~=x} 

x 
P 
x! 

-:-:N"--~h---' x 
~ p -

h=O ET 

O,1, ... ,N; P Ad e 1~ 

in the case of Poissonian arrival process with 

arrival rate A, and by the formula of Engset 

e~)px dei) 
e6.2) Pr{~=x} - x-o 1 N' p -

~ (M) ph' - , , ... " - 7IT' 
h=O h 

in the case of M identical sources, with d (2 )the 

average idle time of a source, while dei) is for 

both cases the average service time. Both results 

are insensitive for the service time distribillien 

whereas e6.2) is also insensitive for the idle 

time distribution of a source. 

Next we consider the single service phase 

facility with processor sharing fe.) and one 

type of customers for the case of a finite ~ 

source group with M sources, cf. model sub iii, 

section 4, as well as for the case of a 

Poissonian arrival process, cf. remark 4.2. 

For these models we take 

e6.3) fex) 1 for x 1,2, ... ,N, 
o for x N+1, ° > 0, 
1 for x N+2.N+3, .... 

It now follows from e4.14) for the infinite 

source model that the stationary distribution of 

the number ~ of requests present is given by 
e6.4) pX 

XT 

N h h 
~ &+1. ~ L 

h=Oh. °h=N+lh ! 

x = O,1, ... ,N, 

x N+1,N+2, .... 

For ° + (X) the distribution e6.4) converges to 

e 6. S) pr{~ x} 

x - p 
x! 

N h 
~ h 

h=O 

o 

, x 0,1, ... ,N. 

x N+1,N +2 , ... , 
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which is obviously the Erlang distribution 

(cf . (6 . 1» . Clearly for the present model the 

service rate f(.) is for every request present 

equal to 1 if the total number of requests 

present is not N+1; if it is equal to N+1 then 

the service rate for every request is o. Hence 

if 0 becomes large then in the state x = N+1 

requests are served with a very high service 

rate, so that of the requests present at the 

moment that the state ~ = N+1 arises, the 

request with the shortest remaining service time 

will almost immediately be served, i.e . leave 

the system. Hence the state x=N occurs almost im

m'ediately andfr>om then on each of the requests is 

again served with service rate unity . Consequently 

for 0 + ~the distribution (6 . 5) is the station

ary distribution for the following model. 

Customers arrive according to a Poisson process 

with rate A at a service facility consisting of 
. . b' d(1) N servers; the average serVlce tlme elng , 

the service rate is 1 . An arriving customer who 

meets upon\ his arrival not all N servers busy 

is immediately taken into service by one of the 

idle . servers. When a customer meets all N servers 

busy then of the N+1 customers the customer 

with the shortest (still) required service time 

is thrown out from the system, while the ( still) 

required service times of the N other customers 

are all reduced by an amount equal to the 

shortest remaining service time, i . e . that of 

the customers thrown out. 

For this ' model the stationary distribution of 

the number x of customers present is given by 

(6 . 5), i.e . by the same distribution as that 

for the classical Erlang lpst call model , cf . 

(6.1) Exactly the same argumentation shows for 

the finite source model (take then in (6 . 3) 

M>N) with the same service discipline as above 

when an idle source makes a request and N other 

sources are busy that the Engset distribution 

(6 . 2) describes the stationary distribution of 

the number of busy sources. 

The results obtained above show that the 

stationary distributions of the lost call models 

do not possess only a robustness, i.e . insensi

tivity with respect to the service time and 

idle time distributions but also with respect 

to the service discipline in the congestion 

state, i . e . when all servers are b¥sy: 

For these new models . there is now a positive 

probability that a customer does not obtain his 

full required service time . This probabiiity 

is obviously equal to the probability that an 
arriving customer meets N servers busy, i . e. the 

congestion probability . From theorem 5 . 1. of [4] 

it follows that this congestion probability for 
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the finite source model is given by 

(6 . 6) (M~1)pn/ £ (M~1)pX 
x=O 

whereas it is easily shown that it is given by 
N N x 

(6 . 7) ~I/ k ~ 
. x=Ox . 

for the infinite sources model (Poissonian 

arrival process). To find the average obtained 

service time of a customer it is noted that this 

time is obviously equal to the average sojourn 

time of a request for the model of section 4.iii 

for the case that f( . ) is given by (6.3) with 

o + ~ . Using (5.5) and (5 . 3) it follows readily 

that for the infinite source model the average 

obtained service time 
N-1 p.~ 

k XT 
(6.8)E{y}=d(1)x~0 x 

is given by 

k ~ 
x=O 

and for the finite source 
N-1 

k (M-1) x 

model 

x P 
(6 . 9)E{y}=d(1)~X=~~0 _______ =d(1){1 

k (M-1) x 
x=O x p 

Hence the average "lost" service 

N 
p 
NT 

N")(}' 

k?r 
x=Ox . 
by 

{M~l}pN 

N 
k (M-1)px 

x=O x 
time per 

}. 

arrival is the product of the average servioe 

time and the call congestion (cf . (6.6) and (6.7). 

This result can also be obtained as follows . 

From (3.7) it is not difficult to deduce (see 

also [4]) that the conditional distribution of 

the still required service times ~1""'~k 

g iven that ~ requests are present is giv~n by 

. x Ti1 _D(1) ( o) 
(6.10) Pr{~.<T.,;L=1, .. . ,xl~=x}= IT f 0) do, 

l l i=1 0 d 
> O. T· 

l Hence, whenever x = N and a new arrival 

occurs , then the distribution of the shortest 

remaining service time ~s of the N present and 

of the new arrival is given by the distribution 

of the minimum of N+1 independent stochastic 

variables, N of them having the distribution 

:rfy J{1-D(1)(o)}qo and one with distribution 
d 0 

D(1)(.) . Consequently 
~ (1) 

(6.11) Prh <T}=1-0-D(1)(T)}{f1-D (o)do}N , > 0, 
-s T d (15 

so that ~ ~ (1) d(1) 
(6.12)Eh }= .!fl-D(1)(T)}{fl-D (o)dT}NdT = N+l . 

-s 0 T d (1 ) 

Hence the total average traffic lost per "conges

tion" is 
(1) 

( n + 1 ) E {..Is} = d , 
(1) and therefore per arrival equal to d times 

the call congestion . 

The discussion above has led t o a new and sur

prosing property of the Erlang and Engset dis

tributions and has thus widened their scope and 

applicability for a new service model . 

Remark 6.1 From ~ very strict mathematical point 

o f v iew t h e di sc u ssion abov e about th e der ivation 
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of the stationary distribution for these new 

models is not fully acceptable, but it can be 

made completely rigorous by applying the theory 

of weak convergence of stochastic processes. 

Remark 6.2 By applying the results concerning 

reversed processes in [4] it may be shown that 

for the model above with Poissonian arrival 

process the output process, i.e. the point 

process of the instants at which customer leave 

tie system is a Poisson process. 

Remark 6.3. The type of argument used in deriv

ing the stationary distribution for the model 

with "service times reduced by shortest remain

ing service time in congestion state" may also 

be used for the derivation of the stationary 

distribution of the number of requests present 

simultaneously at a phase of the multiple phase 

service facility of section 2 and 3, if at some 

or all phases this type of service discipline 

is introduced, and well as follows. 

Suppose that whenever a request enters at time t 

phase j and xt(j) = N. then of the N.+l requests - ] ] 
present the one with the shortest still required 

service time at phase j leaves phase j and 

proceeds according to its routing matrix, while 

of the other N. at phase j the still required 
] 

service times are reduced by an amount equal to 

that of the request with the shortest still 

required service time, the one that has been 

thrown out from phase j. Suppose further thqt 

f(j)(x.) is again the service rate per request 
] 

in phase j whenever ~t(j)=x(j) ~ N(j). For this 

type of multiple phase service facility the 

analogous stationary distribu7i on of (3.5) is 

now given by(3.7) with 

o ~ x(j) ~ N(j), j=l, ... ,P ; x(1)+ ... +x(P).=m, 

and PO being given by(3.8), but with ~ in (3 ~ 8) 
z=O 

b~ingd~~pl~rr~ by N(P) 
}l;. • • 1:.. •. 1: 

z(l)=O z(P)=O 
z(1)+ ... +z(P)=M 

provided that 

N(l)+: .. +N(P) ~ M. 

N(j) is the maximum number of requests which can 

be present simultaneously at phase j. The motiv

ation of this statement follows from (3.7) by 

letting fn (3.7) f(j)(N(j)+l) + 00 for every 

j=l, ... ,P. It is also remarked that the same 

argument . may be used to obtain equivalent results 
as in section 4 for the model of s e c t ion 4.ii 

with the present served discipline in the 

congestion state. Finally it is remarked that in 

the latter cases the stationary distribution has 

again the product form. 
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