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ABSTRACT 

This paper discusses the structural properties 
of various gradings in relation to the losses 
resulting from the traffic offered to the inlet 
groups. On the basis of earlier rese9rches on 
optimum graded structures, an attempt is made 
to obtain interconnecting schemes which will 
provide the maximum traffic carrying capacity 
of the serving trunks. 

The performance of these interconnecting pat
terns under severe unbalance loading is examined. 
The overall grades of service appear to be 
better than those of some other structures which 
have appeared in the literature and with which 
they are compared. It is observed that the 
sensitivity to traffic unbalance, and the dif
ference between losses on individual groups can 
be reduced. 

We draw conclusions from these results about the 
efficiency of gradings in relation to the 'busy 
matrix', and about some rules which, we think, 
govern the design of optimum grading structures. 

INTRODUCTION 

The size of a grading can be defined by three 
parameters, G, K, N, where G is the number of 
groups, N the total number of circuits, and K 
the availability of each group. The pattern 
of interconnections between the circuits deter
mines to a large extent how the grading per
forms, i.e. what the overall grade of service 
will be, and how the group losses are affected 
by unbalanced loading. 

The classical O'Dell grading pattern has a low 
degree of interconnection between the groups and 
consequently does not perform well under unbal
anced loads. 

Several proposals have been made over the years 
for gradings which, by using skipping, increase 
the degree of interconnection between the groups 
and thereby spread out the affect of unbalance. 

For example, Einarsson, et al,developed a sim
plified type of skipped grading l in which the 
interconnection pattern consists entirely of 
commoning by pairs. They present a large 
range of tables and patterns for different 
values of G, K and N, and their results demon
strate a significant improvement over O'Dell. 
Another approach was used by Leighton and Kirkby 
in their investigation into fully and partially 
skipped grading patterns under load unbalance 5 . 
They show that although there may be strong 
practical reasons for using the partially 
skipped grading, full skipping gives better 
performance. 

Apart from studies on particular grading struc
tures, there have been several lengthy papers 
which have sought a parameter or criterion 
which would help in the design of an optimum 
grading of given size under particular load 
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conditions. Chappetti 4 suggested that skipped 
gradings with stepping could satisfy the criter
ion of good performance when loading was not 
balanced, and Rubas 2 found that the type of 
commoning was a very important factor in pro
viding better performance. 

As a method of comparing different gradings, 
Rubas 2 and Brechtsneider3 emphasised the use of 
the 'distribution of busies' matrix, and this 
approach will be used to some extent in this 
paper. 

Writers have demonstrated ·that as well as the 
degree of interconnection being important, the 
progression factor (i.e. the percentage of 
trunks allotted to the first half of the grad
ing) is a significant parameter in increasing 
traffic capacity. 

Since it is virtually impossible to avoid unbal
ances in traffic offered, it has long been of 
interest to examine the effect of unbalanced 
loads on grading performance and to try to 
develop an interconnection scheme which would 
reduce to a minimum the grade of service 
variation due to them. 

In the past decade or so ~any different grading 
structures have been studied, and the results 
compared, but there is still a need to find a 
method of evaluating grading efficiency as a 
function of either network structure or load 
unbalance, or both. 

From a study of the literature a particular type 
of grading has been designed, and from this work 
a series of empirical rules for the development 
of any size of grading are suggested. 

A number of other grading patterns are compared 
with ours, using time-true simulation, since up 
till now no mathematical analysis of gradings in 
unbalanced traffic has been developed (we will be 
suggesting an approach to this problem in a 
future publication). 

Taking account of the structural properties of 
the various gradings considered here, we have 
compared them for 

a) traffic capacity, given balanced loading 
b) congestion due to uneven loads, and the 

effect on the overall grade of service 
of changing the degree of unbalance 

c) the effect of unbalance on the individual 
group congestion. 

GRADING DESIGN 

Given the number of circuits , N, the number of 
groups, G, and the availability of each group, 
K, a large variety of interconnection patterns 
can be made resulting in a varying degree of 
performance. For a given offered traffic on 
the groups that interconnection pattern which 
gave the best grade of service would be pref
erred, although its performance under different 
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Fig. 1 4-group gradings (4,10,19) 

Fig. 2 6-group gradings (6,10,27) 

ITC-9 

D 

~@~~~@~~~~ 
E 

Fig. 3 8-group gradings (8,10,33) 
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Fig. 4 12-group gradings (12,10,49) 

In the above figures the gradings are: 

A O:Dell 1B Leighton and Kirkby fully skipped
5 

c E~narsson D Das and Smith 
E Leighton . and Kirkby partially skipped 
X,Y other ~nterconnection patterns 
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G=4 Al 
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Al 
G=8 
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N=33 AS 
y=2 

A8 

Al 

G=12 
K=10 A6 
N=49 A7 
y=2 

A Blc 0 Ely 

Singles 2 0 1 2 
Progression of Pairs 3 9 6 3 
conunoning Full 5 1 3 5 

1:diff 3 17 8 3 

* Sum 18 12 15 18 
Busy matrix Diff 3 0 0 0 

Singles 2 0 1 1 

of 
Pairs 2 8 5 6 

Progression Threes' 3 1 2 0 
conunOning Full 3 1 2 3 

Ldiff 1 15 7 14 

Sum 23 15 19 21 
Busy matrix Diff 5 2 2 4 

Singles 2 0 1 1 
Pairs 2 7 4 5 

Progression of 
3 2 4 1 Fours 

conunoning Full 3 1 1 3 
Ldiff 1 13 6 10 

Busy matrix 
Sum 32 20 23 29 
Diff 5 2 1 2 

Singles 2 0 1 1 
Pairs 2 7 4 5 

Progression of 
Threes 1 0 2 1 
Fours 1 2 0 0 

conunoning Sixes 2 0 2 0 
Full 2 1 1 3 
Ldiff 2 19 10 12 

matrix 
Sum 39 24 29 40 

Busy 
Diff 6 3 2 1 

- the sununat~on of all elements ~n a row or col-
umn of the matrix 

- the difference between the maximum and minimum 
elements in the matrix 

- the sum of the differences between the number 
of choices with successive commoning arrange
ments without regard to sign. In a sense Ldiff 
is a measure of the smoothness of progression. 

Structural properties of the gradings 

Medium ,Unbalance Considerable Unbalance 
S=y S>y 

-+ 1,25 2.5 1.0 2.0 
-+ 1. 25 2.5 1.5 3.0 
-+ 2.5 

upto 
5.0 2 

up to 
4 . 5 

-+ 2.5 5.0 3 5.5 

-+ 1.0 2.5 0.5 2.0 

-+ 1.0 2.5 1.5 3.0 
-+ 2.0 

upto 
5.0 1.5 

upto 
4.0 

-+ 2.0 5.0 2.5 6.0 

-+ 1.0 2.5 0.40 1. 75 

-+ 1.0 2.5 1.60 3.25 
-+ 2.0 

upto 
5.0 1.60 

upto 
4.00 

-+ 2.0 5.0 2.50 6.00 

-+ 1. 25 2.75 0.75 2.25 

-+ 1. 25 upto 2.75 1. 75 upto 3.25 
-+ 2.50 5.5 1. 50 4.50 

A12-+ 2.50 5.5 3.5 6.50 

Load distribution for different values 

of total traffic, unbalance ratio being 

fixed (2) 
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y=1.4 y=2.0 y=3.0 y=5.0 

Al -+ 2 1.5 1.0 0.5 
G=4, K=10, N=19 A2 -+ 3 2.5 2.0 1.5 
Total traffic 12 er1. A3 -+ 3 3.5 4.0 4.5 

A4 -+ 4 4.5 5.0 5.5 

Al -+ 2 1.5 1 0.5 

G=6, K=10, N=27 A3 -+ 3 2.5 2 1.5 
Total traffic 18 erl. A4 -+ 3 3.5 4 4.5 

A6 -+ 4 4.5 5 5.5 

Al -+ 2.20 1. 70 1. 20 0.7 

G=8. K=10, N=33 A4 -+ 2.80 2.30 1.80 1.3 
Total traffic 24 er1. AS -+ 3.20 3.70 4.20 4.7 

G=12, 
Total 

A8 -+ 3.80 4.30 4.80 

Al -+ 1.5 1.0 

K=10, N=49 A6 -+ 2.5 2 
traffic, 36 er1. A7 -+ 3.0 3.5 

A12-+ 5.0 5.5 

Load distribution for varying unbalance 

ratio (y), total traffic being fixed 

5.3 

0.5 

1.5 
4 

6 

load conditions may not be consistently best. 

In this paper an approach to the design of a 
good interconnection pattern is presented, and 
although it follows a set of empirical rules, 
its performance is better than those we have 
found for comparison in the literature, and it 
is able to cope with considerable unbalance in 
the load offered to the groups. The rules 
which are followed are: 

a) Use all the factors of G as intercon
nection numbers to give a smooth 
progression from individual outlets 
to pairs, pairs to partial commons, 
etc. 

b) Use many different combinations of 
skipping between the subgroups 
because the particular group which 
is offered most traffic cannot be 
predetermined. 

c) Leave one or two singles at the begin
ing of the grading. 

d) Provide a number of full commons at 
the later steps of the grading to 
equalise the losses over the groups. 

e) Distribute the interconnection pattern 
as evenly as possible over the grading. 
The busy matrix is a measure of this 
distribution. 

f) Space identical commoning as far apart 
as possible, for example: 

adjacent 
i den tical ski ppil1S 

I--~-----l 

~ 8§ ~ 
'f(.n10r .. pJQc~n1en t of 

idel1rlC,,1 skippil1j 

In the examples presented here the values of G, 
K, ~ are chosen arbitrarily, b~t in each case the 
mixing ratio (M = GK/N) , or the mean intercon
nection number, is set to be greater than 2 
since the mixing ratio is preferred not to fall 
below that value10 • 
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Fig. 5 Congestion under balanced load 

Evidently, in practice the above rules may not 
be followed strictly because of a priori values 
of G K N but they are used as a strong guide. 
In this paper gradings designed in this way are 
denoted as Grading D in Figs. 1, 2, 3, 4 and 
their performance is compared with that of four 
other gradings found in the literature (i) the 
O'Dell - grading A, (ii) Leighton and Kirkby, 
fully skipped5 - grading B, (iii) Einarsson1 -
grading C, and (iv) Leighton and Kirkby part
ially skipped5 - grading E. Details of these 
gradings, are given in Figs. 1, 2, 3, 4. A 
summary of the respective busies matrices is 
given in Table 1. 
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Fig. 6 Congestion under medium unbalance (y const) 

PERFORMANCE CRITERIA 

Apart from general empirical rules, some way of 
assessing the performance of a grading from its 
structure is required. There is, as far as we 
know, no method of finding an optimum grading, 
but two techniques have been used by many 
authors to assess the likely performance, and 
they have both been used in the development of 
our des.igns. 

(a) Busy Distribution Matrix 

The matrix is determined by the interconnection 
between the groups of the grading at each step, 
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for example: 

~] 

The top line of the matrix indicates that group 
I has 3 connections to group 2, 2 connections to 
group 3 and 2 connections to group 4. 

The matrix therefore gives a measure of the uni
formity of the interconnections and the degree 
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Fig. 7 Congestion under considerable unbalance 
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to which any load unbalance will be distributed 
across the grading. Two parameters of the 
Matrix are significant (a) the difference bet
ween the highest and lowest numbers in the 
matrix, and (b) the sum of all the elements in 
a row or column. It can be seen in the grading 
diagrams that the O'Dell type has a large diff
erence in its busies matrix, and this indicates 
a relatively poor response to unbalanced loading. 
By adjusting the interconnections the matrix is 
altered until the difference is a minimum. 

However, the busies matrix does not provide all 
the information needed for grading design. It 
does not show the type of interconnections used, 
nor their position and sequence. For example, 
gradings Band C in Fig. I have almost identical 
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Fig. 8 Congestion against y for fixed total traffic 

busies matrices but their interconnections at 
various steps across the grading are different. 

On the basis of this criterion the gradings D 
are better than Band C - smaller minimum dif
ference and larger average value of the elem
ents, indicating that although it does not 
contain all the information required for 
grading design, the busy matrix is nevertheless 
a very powerful indicator of performance. 

(b) Smooth Progression of Cornrnoning 

The rule of smooth progression as a criterion 
for the optimum grading has been widely use~, 
although traffic engineers have often q~estl0ned 
its validity since in some cases an ~7tlmum 
grading may not exist at all. SySkl made ~n 
extensive analysis of the structural propertles 
of the optimum grading as implied by the rule 
of smooth progression applied to OIDell grad
ings and he concluded that this rule does not 
give a unique solution. 

Table 1 lists the details of the busy matrix 
and the degree of progression for each of the 
gradings studied. OIDell gradings have, as 
expected, the best progression of cornrnoning. 
The skipped gradings (B, C and D) also show some 
gradual progression from partial to full com
mons, though they are not as smooth as in the 
straight gradings. In fact we shall show that 
some balance must be achieved between the 
criteria demanded by the busy matrix and by the 
rule of smooth progression in order to produce 
the best design. 

ITC-9 

TRAFFIC UNBALANCE 

In practice it is not possible to ensure that 
all groups will have an even distribution of 
traffic. In other words all switching arrange
ments are subject to traffic unbalance of some 
description. Since uniform straight gradings 
turn out to be inefficient, some skipping is 
necessary. It is of practical interest to see 
how the traffic unbalance affects the different 
skipping procedures. However, before discus
sing the performance of different gradings, the 
unbalanced distribution of offered traffic 
should be defined and uniformly prescribed for 
simulation tests. 

The unbalance in the input traffic streams may 
be substantial and complicated. For example 
for a certain value of total offered traffic 
there may be a slow variation from light, in the 
first selector group to heavy loading in the 
last selector group. At the other extreme, 
for the same total traffic, the group selectors 
may have randomly distributed uneven traffic and 
the degree of unbalance may be sporadic. In 
such complicated situations it would be extrem
ely difficult to obtain comparable results for 
different structures. 

In this work the inlets to the groups are divid
ed into two halves, and the unbalance ratio y is 
defined as the ratio of the traffic offered to 
the lower half to the traffic offered to the 
upper half. (See Reference S for a slightly 
different approach). For the same unbalance 
ratio y , we restrict our investigations to two 
types of traffic variation: 

i) Medium unbalance 

All the groups within each half of the grading 
have the same amount of offered traffic. As an 
example, in the 4 group grading, the offered 
traffics for medium unbalance are: 

f ; 
+ {1. 5 + 

4 3 1.5 + + 

f : 
+ 

9 f4.5 + 
S 4.5 

Y 2 Y = 3 

In general, in this type of unbalance the traf- ' 
fic offered to a group j may be expressed as 

A . 
J 

g G/ 2 

1, 2 ••• g 

A Total traffic offered 

(ii) Considerable unbalance 

In this case each group is offered a different 
traffic intensity from the others, and we have 
chosen to make the change in offered traffic 
progress upwards from the first group. In the 
four group gradings considerable unbalance is 
produced by the following 

41;:~: 4{;:;: 
S~3.5+ sf 3 

14.5 + 1 5 + 

y=2,S=y+l y=2,S>y+l 

3 f 1.0+ 
) 2.0 + 

4 
5 

y=3,S>y 

+ 

y=3,S>2y 

We have not followed any fixed rule in deter
mining the traffic to individual groups, but two 
parameters have been used. As in the case of 
medium unbalance, y is a measure of the ratio of 
the traffic offered to one half of the , grading 
compared with the other. However, y does not 
indicate the degree of unbalance between the 
heaviest and lightest loaded groups. Another 
parameter, 8 , is introduced to do that; it is 
defined by 
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8 
AG 

and 8 > y 
Al 

where AG is the traffic offered to the last 
(heaviest loaded) group 

Al is the traffic offered to the first 
(lightest loaded) group. 

The patterns of offered traffic used in the 
tests are demonstrated in Tables 2 and 3. 
Table 2 shows, for each size of grading, the 
range of traffic values for both medium unbal
ance (8 = y ) and considerable unbalance (8 > y), 
and Table 3 shows the range of values used in 
the tests in which the overall traffic was 
constant and y was varied. 

SIMULATION RESULTS 

For the simulation tests negative exponential 
distributions of holding and interarrival times 
were assumed with blocked calls cleared. A 
sequential hunting method was chosen. A 
general computer program was developed for each 
triplet value (G, K, N) and modified to allow 
for the changes in the mode of interconnection 
for the grading families within each class of 
(G, K, N). The length of run was as follows: 

G, K, N Generated Calls 

4 10 19 50,000 
6 10 27 70,000 
8 10 33 90,000 

12 10 49 250,000 

Because of statistical variations and the choice 
of starting value for the sequence of pseudo
random numbers, the real traffic offered obtain
ed at the end of the simulation run was con
sistently different from the nominal offered 
traffic value shown in the loading tables 2 and 
3. Since the deviations were of no practical 
significance, the results are interpreted on 
the basis of the unbalance distribution of the 
nominal offered traffic fed into the computer. 

At the first phase of simulation the nominal 
offered traffic was evenly distributed over all 
groups. All grading patterns were examined. 
In the second phase the nominal offered traffic 
values were distributed according to the uneven 
distribution discussed in the foregoing section. 
The congestion probabilities for the different 
structures are summarized in Figs. 5, 6, 7, 8. 
The points plotted represent the mean congestion 
values. As an additional curve, Figs. 5, 6, 7 
show the probability of loss of the correspon
ding O'Dell gradings. Although confidence 
intervals were calculated, they are omitted here 
to avoid confusion. 

DISCUSSION 

It is demonstrated in the Figs. 5, 6, 7 that the 
probability of loss is greatly reduced in the 
skipped arrangements compared with the corres
ponding O'Dell gradings. The interconnections 
Band C turn out to be almost identical as far 
as the grade of service is concerned. Hence
forth only one of these will be compared with 
patterns D and A. B, C and D shows marginal 
difference in loss when offered balanced loads. 

The improvement in grade of service of Dover B 
or C becomes significant as illustrated by the 
graphs for unbalanced offered traffic. When 
subjected to considerable unbalance, D offers 
better grade of service and maximum traffic 
capacity. The effectiveness of this particular 
jesign is more noticeable for larger gradings 
(G > 12, K > 20, KG/N > 3). 

Next we consider the effect of the type of 
unbalancing for the same unbalance ratio y . 
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The overall grade of service of any design (B, 
C or D) is almost the same for medium ', and con
siderable unbalance. But the effect of consid
erable unbalance on the congestion of each group 
is of particular significance. (Figs. 7c,d). 
Subscribers connected to the lightest loaded 
group of D may face a little more congestion 
than the corresponding subscribers of B or C. 
But this is compensated by the fact that sub
scribers of the heaviest loaded group of D 
would experience considerably better grade of 
service than those of B or C. Hence as long 
as this trade off could be tolerated, D seems 
to be the most appropriate pattern 
to even out the difference of losses between 
the groups. 

To investigate the sensitivity of the mixing 
patterns to unbalances we consider the results 
shown in the Fig. 8. The grade of service 
deteriorates faster in the O'Dell grading than 
in the skipped interconnections as y increases. 
The structure D in all cases is least sensitive 
to unbalance. The difference in the sensitiv
ity of B or C and D becomes apparent with 
increasing unbalance ratio. In some cases the 
congestion figures are less than half of the 
O'Dell values. Hence where unbalances of this 
magnitude are apt to occur, the interconnection 
D would prove to be more effective. 

It is worth mentioning that there is good cor
respondence between the simUlation results and 
the algebraic properties of the grading struc
tures (Table 1). The more uniform the distri
bution of busies in the matrix, the better the 
performance and the lower the sensitivity to 
traffic unbalance. Though A offers minimum 
difference in the rule of smooth progression, 
it suffers from poorer distribution of busies 
which is the main reason why its performance is 
not as good as B/C. Of course B/C offers 
uniform busy matrix at the expenses of smooth 
progression. 

A reasonable compromise between these two 
opposing requirements, i.e. further improvement 
in the busy distribution where possible, and 
modification to the smooth progression is pro
vided by structure D, and it results in impro
ved performance. Simulation results substan
tiate this observation for larger groups of 
grading. 

Table 1 shows that the sum in any row or column 
of the matrix is maximum for A, minimum for B/C 
and the difference of the elements is low in B/C, 
and minimum in D. This peculiarity is also 
observed in 12 group gradings. Y shows maxi
mum value for the sum of elements and minimum 
value for the difference in elements, yet its 
performance is worse than B/C and D. This 
discrepancy is again due to the fact that D 
shows a smoother" progression than B/C and Y. 

It appears that the most efficient structure 
has a value of the sum of the elements in a row 
of the busy matrix which lies between the mini
mum and maximum values which were obtained from 
other structures. However the functional 
relationship which might exist betweem the 
grading pattern and the busy matrix parameters 
is not yet known. 

CONCLUSION 

The possible range of input traffic unbalance 
ratios is virtually unlimited and it is diffi
cult to extrapolate grading performance from 
those considered above, and to thereby define 
an optimum structure which will be consistently 
superior to all other gradings. 

However, given the conditions of unbalance 
defined earlier, the interconnection scheme 
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designated as grading D handles unbalanced 
traffic better than the other gradings consid
ered, and tends to equalise the grade of 
service over the groups. 

We can conclude that in order to produce an 
optimum grading with given G, K, N the inter
connection scheme must be modified, using the 
rules outlined above, to achieve a suitable 
balance between the matrix of busies and the 
smooth progression of commoning. 
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