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ABSTRACT 

Recent data indicate that the traffic offered to 
a local SPC switching system such as No. 1 ESS 
may not be adequately· characterized by a station
ary Poisson process, even for intervals as short 
as 15 minutes. The use of a simple measure of 
traffic variability such as a sample variance
to-mean ratio of 10 second counts has the diffi
culty of not uniquely characterizing the traffic. 
Using a simple model of an SPC system, a traffic 
pattern is determined which upper bounds the real 
time capacity of such systems. A good approxi
mation to this "worst case" pattern is a two 
level Poisson process. This pattern is similar 
to that seen in field data and is shown to pro
duce a good approximation to system performance. 

1. INTRODUCTION 

The stationary Poisson traffic model has classic
ally been used to engineer traffic sensitive 
components in local switching systems (local 
exchanges). It is widely known that load levels 
change daily and throughout the day. Also 
tandem switching systems see traffic during the 
busy hour which may be more variable than Poisson 
traffic because of trunk routing patterns which 
produce "peaked traffic" (see [1]). Neverthe
less, a number of studies (see e.g. [2]) have 
shown that during the busy hour, call arrival 
patterns for local exchanges can be reasonably 
approximated by a stationary Poisson Process. 
These studies however have only been performed 
at selected locations because of the diffi
culties in gathering and analyzing extensive 
amounts of traffic data. In section 2 of this 
paper, we present recent evidence which indicates 
that the stationary Poisson assumption is an 
inadequate model for some local exchanges. 
Section 3 describes practical limitations on the 
types of . measurements which can be used to 
characterize traffic on a routine basis. A bound 
on the real time performance characteristics for 
processors offered nonstationary traffic is 
developed in section 4 and is used as a guide to 
determining a suitable traffic model in section 
5. A discussion of the results concludes the 
paper. 

2. NONSTATIONARY TRAFFIC PATTERNS IN LOCAL 
EXCHANGES 

The recent widespread introduction of Stored Pro
gram controlled Switching Systems in the U.S. has 
made possible the routine gathering of large 
amounts of traffic data for hundreds of sites. 
In 1975, traffic data over two minute periods was 
collected for 13 No. 1 ESS systems for the pur
poses of investigating the effects of billing 
rate changes on traffic levels in the evening 
hours. This data cast substantial doubt on the 
validity of the stationary Poisson assumption. 
Figure 1 illustrates a typical pattern that was 
obtained for the period 7:00 p.m. to 8:00 p.m. 

The solid horizontal lines in the figure indicate 
the 15 minute average data that is ordinarily 
collected for these systems while the dashed 
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FIGURE 1 TWO MINUTE PEG COUNTS 

horizontal line indicates the hourly average. If 
the traffic were stationary Poisson, we would 
expect a standard deviation of about 30 in the 
two minute periods. Deviations over 100, as 
occur in the period 7:45 to 8:00 should occur 
less than .1 percent of the time. In order to 
determine if this was an unusual realization, 
the two minute traffic levels are averaged for a 
month. The result was similar to that in Figure 
1 and was similar for all of the switching 
systems examined. The fact that the traffic 
peaks occurred at the same time for all 13 
offices indicates that a statistical explanation 
was clearly inappropriate. Subsequent detailed 
examination of the data revealed that those peaks 
were coincident with, and directly caused by, 
television "commercial breaks". 

Some offices indicated additional peaking at 
random times. This was produced by several 
causes - in one example, a popular rock radio 
station was serviced by the office, perhaps 
causing peaks of traffic due to record requests. 

Since only a fraction of switching systems have 
their busiest hours during the evening, a more 
detailed investigation was done on six other No. 
1 ESS offices scattered geographically throughout 
the U.S. Traffic counts were collected for 10 
and 100 second intervals in this investigation. 
The interval length was chosen to be 10 seconds 
because most of the processing done on a call by 
the central processbr occurs in this interval. 
As a result of these measurements, it was deter
mined that the traffic was nearly stationary 
Poisson for 100 sec. intervals but that consider
able variation could occur from one 100 second 
interval to the next. This depended on the 
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individual office. Some offices had nearly 
stationary patterns for 15. minutes or more. 
Others had a g~eat deal of nonstationarity. In 
fact, during the investigation, one of the 
offices experienced significant amounts of dial 
tone delay greater than three seconds at 15 
minute average levels 10 percent and more below 
that predicted using a stationary Poisson 
pattern. The traffic patterns for these periods 
are indicated in Figure 2. ORIG denotes the 
number of call attempts originating from the 
local subscriber loops during a 100 second 
interval while INC denotes the number of call 
attempts incoming to the office from other 
offices. 
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FIGURE 2 100 SECOND TRAFFIC LEVELS FOR HEAVY LOADS 

Simulation results using these traffic patterns 
substantiated the hypothesis that the unusual 
variability of the traffic produced the observed 
dial tone delays. Because of the magnitude of 
the effects, we felt it important to develop 
suitable models for these traffic patterns in 
order to be able to predict system performance. 

3. PRACTICAL CONSTRAINTS ON THE TRAFFIC MODEL 

Because of the large number of local No. 1 ESS 
systems and because of the large amount of data 
which must be collected, we felt it important 
not to have the switching system output the raw 
data. Instead, it would be much more convenient 
if the switching system were able to summarize 
the trafflc variability by processing the data 
and only outputting a few numbers say, every 15 
minutes. Unfortunately, No. 1 ESS systems are 
not designed to do sophisticated calculations; 
they are programmed to be efficient for call 
processing logic. Thus, any model of the traffic 
would have to be parameterized by only a few, 
simple to calculate, parameters. Sample means 
and variances have been used recently (see [3]) 
to estimate peakedness and the squared deviation 
of a nonstationary process. That is, if Ai' 

i=l, ... ,n is the mean intensity of a piecewise 
stationary process with peakedness z, then the 
expectation of the sample variance over an 
interval of length ~ is given by (see [3]): 

/::;2 n 
lA. - A) 2 (2z-1)A~ + n-l L (1) 

i=l 1 

where 

1 
n 

A L A. (2) n i=l 1 

As indicated earlier, the traffic we are attempt
ing to characterize is a piecewise stationary 
Poisson Process and hence z = 1. 

Unfortunately, the squared deviation and mean do 
not uniquely characterize a nonstationary Poisson 
process. There are a multitude of such processes 
which produce the same mean and squared deviation. 
Each of these processes would presumably influ
ence a traffic sensitive system in different ways. 
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Tn the next section we will attempt to bound the 
effects of the nonstationarity using a simple 
model of a central processor. 

4. APPROXIMATE BOUNDS ON THE EFFECTS OF NON
STATIONARITY 

Since we are interested in the effects of non
stationary traffic on processor performance, we 
need a model for the processor which is simple 
enough to analyze, yet captures the essential 
features. We will choose a single server flow 
model with constant service rate s. Delays in 
this model will correspond to dial tone delay 
produced by real time congestion. We will derive 
the worst case flow rate into the queue· which 
maximizes the delays greater than w. The value 
of w of particular interest is w = 3 seconds, 
since dial tone delay criteria are often imposed 
with respect to three second delays. The "worst 
case" analysis will approximately bound the 
effect of nonstationary traffic for SPC systems 
and, as we shall see, provide insight into what 
traffic patterns are particularly deleterious to 
system performance. 

Thus, we seek a flow rate A(t), 0 < t < T, piece
wise continuous on [O,T] which maxImizes the 
flow which experience delays greater than wand 
for which 

T 
1 la). (t)dt A 
T 

(3) 

and 

1 
[()'(t) - A)2dt 

if v (4) 

are fixed. 

Without loss of generality, we need only consider 
flow rates which are monotonically nonincreasing. 
This can be seen as follows. Consider only flows 
which produce delays greater than w. (There 
always exist such flows.) An arbitrary flow 
process can produce queues which are disjoint in 
time. If the flow rate when there is no queue 
is greater than the flow rate when there is a 
queue, the rates can be interchanged to produce 
greater delays. Rearranging the rates so that 
the disjoint queues produce one queue cannot 
decrease the delays. Finally, rearranging the 
rates in a monotonically decreasing order when 
there is a single queue produces more flow with 
delays greater than w. This is shown as follows. 
Consider all intervals having delays greater than 
w. Since these intervals all begin and end with 
queue sizes equal to ws, we can combine them 
together (by rearranging the rates) into a single 
interval, ('1"2). Consider infinitesimal time 

intervals ~t. Rates to the right of '2 inter

changed with smaller rates to the left and can 
only increase ('1"2). Similarly, rates to the 

left of '1 can be interchanged with smaller rates 

to the left and leave ('1"2) unchanged. Now, 

note that the amount of flow having . delay greater 
than w at time L~('1"2) is equal to 

r

T 
ITl IT ) A(t)dt- A(t)dt= A (t)dt-(sLl+sw) 

o 0 0 (5) 

Interchanging a flow in ('1"2) with a smaller 

flow to the left of it can only decrease '1. 

Hence from (5)1. the amount of flow having delay 
greater than w is increased. The queue length 

FORYS / ZUCKER-2 



at time l is left unchanged since it is equal to 

J: ( A (t) - s) dt. 

Our optimization problem now becomes 

maximize r\(t)dt 
II 

with (3) and (4) holding, and 

J:(A(t) - s)dt < ws for 

J:(A(t) - s)dt ~ wo for I I < l < l 2 

(6) 

(7) 

(8) 

Using arguments from the calculus of variations 
(see [4]) we find that the optimum A must have 
the following piecewise constant form: 

A (t) AI' o < t < I I 

the queue remains the same size and hence the 
delays are constant at 3 seconds. In the final 
interval the traffic intensity is lowered to 
remove the queue and produce the correct mean and 
variance. 

Not only does this three level pattern produce 
the greatest amount of flow with delays greater 
than w seconds, it also has another interpre
tation. if the proportion of flow having delays 
greater than w seconds is fixed, together with 
the squared deviation v, then the flow rate which 
minimizes A is given by a three level pattern. 
In this sense, the three level pattern minimizes 
the real time capacity of a processor modeled as 
a flow problem, since in typical situations real 
time capacity is defined in this sense. I.e., 
the real time capacity is often defined as the 
mean traffic level which produces a given pro
portion of dial tone delays greater than w 
seconds. 

Note that the first interval of the three level 
pattern in Figure 3 is quite short and the pattern 
is close to a two level flow pattern. Although 
this is quite similar to that seen in field data 
(see Figure 2), it nevertheless is pessimistic 
and lacks the usual statistical fluctuation of 
level seen in the field. Thus a simpler, more 
realistic model was analyzed in detail and 
adopted as a standard. 

A2 , I I < t < l 2 (9) 5. TWO LEVEL POISSON MODEL 

A
3

, l 2 < t < T 

Using equations (7) , (8) we see that 

(10) 

Equations (7), (3), (4) give three equations in 
the remaining four unknowns. Note however that 
the function to be maximized is equal to (using 
(8» : 

(11 ) 

This maximization equation together with (7), (3) 
and (4) enaples us to calculate the remaining 
unknowns. 

Figure 3 illustrates the approximation solution 
for a typical set of parameter values: A = 33.4 
calls/sec., v = 3.34 and s = 36 calls/sec. 
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FIGURE 3 TYPICAL WORST CASE TRAFFIC PATTERN 

IN 15MIN. 
The pattern in Figure 3 has an intuitive expla
nation. During the first interval of time (O, l l) 

there is a . relatively high call intensity which 
causes a queue formation of such a length that a 
call arriving at Tl will wait w = 3 seconds. The 

following level is such that the incoming flow 
rate is the same as the servicing rate, therefor e 
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The model adopted as a standard assumes that the 
traffic is stationary Poisson for a fixed period 
of time, and is also stationary Poisson although 
with (perhaps) a different mean for the remainder 
of the 15 minute interval. The two mean levels 
can be determined from only the measured mean 
and sample variance, through equation (1) with 
z = I, T = 10 seconds, n = 90 and ~ i = Al for 

1 < i ~ 20, Ai = A2 for 21 < i < 90. Hence, with 

a given sample variance SV and mean SM, Al and 
A2 are given by: 

SM 
10 + 17'SV/2 /10 

(12) 
SM 

A2 = 10 - 12'SV/7 /10 

This two level pattern was determined in the 
following manner. First, a two level determi
nistic pattern was found which minimized the real 
time capacity of a single processor model which 
included the cyclic nature of a No. 1 ESS task 
schedule and approximately included the effect 
of overload control actions. The details of this 
analysis are omitted because they are tedious and 
not particularly illuminating. What is signifi
cant is that the "optimum" time at which the 
level change occurs is approximately 200 seconds, 
for all reasonable values of v and that there is 
a broad minimum. In addition, the effects pro
duced by the optimum two level pattern is very 
close to that of the optimum three level pattern. 
This "robustness" of the optimum partly sub
stantiates an intuitively appealing hypothesis: 
it takes an "unusual" pattern jn order that the 
effects of traffic variation be minimal for 
queueing systems. (Blocking systems on the other 
hand are less sensitive to traffic variations.) 

Using the 200 second time point for the level 
change together with the analysis of field data 
which reveals that teletraffic for local ex
changes is nearly piecewise stationary Poisson 
leads us to the two level Poisson model. 
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6. DISCUSSION 

T~e two le~el Poisson mod~l described in the pre
v~ous sect~on has the des~rable characteristic 
that it is easy to compute and requires only the 
use of one additional measurement, the variance. 
Although the "robustness" ~roperty cited earlier 
indicates that it should be a reasonable approxi
mation to actual traffic patterns, the results 
were derived using idealized models of SPC 
switching systems. To examine the effectiveness 
of the model, a number of actual traffic patterns 
wer~ compared with the two level Poisson approxi
mat~on through the use of a detailed simulation 
of,a No. 1 ESS system. The results compared 
qu~te favorablYi they indicated that the real 
time capacity differed by only a few percent 
using the approximation. In addition, the two 
level pattern was used to predict the behavior 
produced by the patterns in Figure 2. ~Je were 
able to predict the measured dial tone delays to 
within a few percent. 

A number of practical questions still are not 
totally resolved. The causes of the nonstation
arity may vary from day to day. Thus, the 
variance will also change daily. What variance 
should then be used to estimate capacity? 
Clearly ~he variance at the higher traffic levels 
is more significant than those for smaller 
levels. These and other questions will require 
a greater range of experience with the use of 
the model before they can be completely resolved. 
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