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ABSTRACT 

Equilibrium and time-dependent properties of the 
multi-stage, mainly two-stage, waiting systems 
are discu s sed, in which special systems without 
a queue in front of the first stage are included . 
It is considered that the traffic offered itself 
may vary with time especially with overload. 

In most cases, the differential equations of 
state probabioities are solved by numerical inte
gration. Obtained theoretical formulae are used, 
however, for equilibrium values of the special 
systems. Many properties are compared under 
various conditions and it will be noticed that 
equilibrium load curves are useful also for 
time-dependent overload. 

INTRODUCTION 

Recently, the wide area traffic management on 
the telephone network has become an important 
problem. Many studies which present useful 
materials for the management have been reported 
on various traffic problems. For instance, 
R.Frank and R.Rishel [1], K.Okada and S.Nakajima 
[2] reported characteristics of overload traffic, 
D.Jagerman [3], J.Osawa, etc [4] discussed block
ing characteristics with time variation of 
traffic offered. D.Hill [5] showed a relation 
between traffic load variation and measurement 
accuracy, and M.Eisenberg [6] pointed out a possi
bility of improvement design method for more than 
one busy hour. 

In connection with the above problems, this paper 
discusses the equilibrium and time-dependent 
properties of the multi-stage, mainly two-stage, 
waiting systems which are, for instance, used in 
common control equipment arrangement of crossbar 
switching systems. 

The main . purpose was to investigate equilibrium 
properties for overload and to estimate time-de
pendent properties for time-varying overload 
from the equilibrium properties. 

For explicit comparison, the differential equa
tions of state probabilities were solved by nu
merical integration on a computer not only for 
time-dependent properties but also for equilib
rium values beacause of complexity of these equa
tions. 

Special systems which have no queue in front of 
the first stage are also treated because the 
theoretical equilibrium solutions were obtained 
and it was expected that the effect of being 
multi-stage, for the ordinary systems, might be 
estimated from the numerical values easily 
obtained from these formulae. 

The properties obtained under various conditions 
are graphically compared with each other and also 
with those of the corresponding full availability 
systems. Then~ it will be shown that, as the 
durability for overload the multi-stage waiting 
system is somewhat weak compared to the full 
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availability system and equilibrium load curves 
whose traffic offered a is approximately replac
ed by the time-v~rying traffic offerd a(r) may be 
usuful to estimate the time-dependent proparties 
on the system with art) . 

TREATED SYSTEMS AND STATE EQUATIONS 

Traffic properties are d i scussed for two-stage 
waltlng systems which consist of Sf first devices, 
82 second devices {Sf ~.62)and infinite traffic 
sources. 

Originating calls are offered to the first de
vices. If an originating call finds a free first 
device, the call holds this device for the first 
holding time. Originating calls which find all 
first devices occupied are put into a queue and 
wait till a free device becomes available. This 
waiting will be called as first waiting, and 
then, the maximum number of calls being in the 
first waiting is limited to a finite value m 
Calls Originating when the number of first 
waiting calls is m become lost. 

Calls finishing the first holding time are offer
ed to the second devices. If a call offered to 
second devices finds a free device, it holds 
this device for the second holding time and also 
continues to hold the first device for the same 
period. When a call offered to second devices 
finds all second devices occupied, the call waits 
in the first device till a free second device 
becomes available. This waiting will be called 
as second waiting. The maximum number of second 
waiting calls is $,-.$2 , because the first 
device also is held for thd second waiting. 

Two-kinds of models, A and B, are considered 
according to assumption for the call finishing 
the second holding time. Model A is assumed that 
the call disappears immediatly, while model B that 
the call releases only the second device immedi
ately and continues to hold the first device for 
the third holding time before its disappearance. 
These holding processes are shown in Fig.l. 
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Fig.l Holding processes in the considered systems, 
model A and model B. 
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The following assumptions are made for calls. 

i) The originating proce~s is Poisson process 
w~ose rate parameter A(:t) itself may be con
sldered to vary with time. 

ii) The first, second and third holding times 
are independent and have the same exponential 
distributions with firt ite mean values h, ,n2 
and hJ , respectively. These mean values do 
not vary with time. 

Let IL1+Iu+h3=h 'l1=hf/1z ,1;== h2/h , 
Ij = h3//i and oct)=.)...(j;).h. . The h will 
be taken as unit of time. 

Consider model B. Let (i,j,i)denote a state 
th~t j calls are in first waiting or holding, 

; calls in second waiting or holding and A 
calls i n third holding, and P( i i. J. z) denote 
the probability of the state (j ,'i,'/t;' at time r . 
According to the above assumptions, the differ
ential equations of P( j " ~ ;t") may be obtain-
ed as follows. ' ~ , 

-( 0 6 ~ ~ S" 0 ~ i ~ .8,-A, O:G i < 3, +?11. - i -,t ) 

rip (' ' ~ ) I.a· t f.ij~ li ")ID.' dt J.~/,te,t =-( 1 ( )+ 11 +/f + 13 ~'(.l,I,I,r) 

+ a(i'JP(i-f, j,A,£ )-1- ti~f~-f. "P(i+f,j.-t,A,i) 

+1jf P(i,j+f,Ir-1,t) + ~fp(J~/~A+ 1,%) 

(O~A.~.sf, O~ j ~Sf-A, l=Sf+m-i-A) 

d~P(i,i~A,t) = - ('f+-/f' + A )P(i,/~A,f J 

+O(i)p(i-f, j,~,t)+ fil-"N,·Ap(i+f,i-/,A.r) 

+ fj.f P( j,j"'l,i-I,:t') 

Where 

91 = {i 
~ 

(O~i~S2) 
(S2<i£$1) 

and l?(i,j,J,:t)=Ofor j,/,ft <0 ' j+A >8, 
and .l+J+ ~ >S,+1/Z. 

(1) 

Model A may be regarded as a special type of 
mode B in which parameter 13 is equal to zero. 
The di~f7rentia1 equations of the corresponding 
probablllty P(i.j;t') of model A can be given 
as follows. ' 

d~P(j,i,t:) = - (O(t)+9I+ffjEY1~/~:t) 

+a(t-)p(j-tl~ r) + hrr-fp(.i+~i-~t) 

+ ~+1pr.i' i+f.,.t-) 

(O~i~.sf, i=$f+?Tl-i) 

rkP(i,i,i:J = - (1{ + 11 )P(j,i.t) 

+O(rJP(i-t,/,i"J +~'+1 i-fp(j,+f,i-I,:/J 
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( 2) 

Where 

fiJ' = { 1. (O:!E i+J~Sf) 
Sf-/. (8f<j+j.6Sf+m 

and P(i,i,:t')=O for j,i<o 
.i + j. > Sf + m . 

i>S, and 

When traffic offered ar1") varies in time, the 
problems must be always treated as transient prob
lems. When 0(1") does not vary in time, Q(rJ=a 
equilibrium solutions will become useful. About 
both cases the explicit solutions may not be~ 
however. expected to be derived theoretically 
because of these complexity. Therefore, these 
equations will be solved by the same numerical 
integration on a digital computer as in another 
our report [4]. 

On the other hand, in the spec ia1 cas e that 111= 0 , 
there is no queue in front of first devices, 
equilibrium solutions can be obtained theojeti
cal1y . . Let P(i,j,i) be the probability of 
the state (i, i, le) in equilibrium, the results 
are as follows. 

The normalizing condition is 

using which P (0,0,0) is determined as follows 

--:--, _=!£-i ai(I'1.+f3Ji(O r;)i 
P(O,07 0) J=Oi=o l/ ·J/ 

+. it ~j ai((1+ 13;1'(a./l)i 
I=~+~i.=o 1.f.S2 .r~J-S2 

(4) 

The loss probability B and the second mean wait
ing time W2 (or second mean queue length L2 
can be calculated by following expressions. 

TRAFFIC PROPERTIES IN THE SPECIAL TYPE 

I~ this section, traffic properties in the spe
clal type of the systems which have no queue in 
front of their first devices are discussed. At 
first, it is verified that models A and B can be 
regarded as equivalent systems as far as in equi
librium. The loss probability B and the second 
mean waiting time IV2 are der i ved from (3), (4) 
and (5) as follows. 

B = f! as',-i(/f.+ 13 )~f-i fa rz l'p' 
i-O ($1- J).";.1 (0,0,0) (6) 

W2=.if ~i(~-s,)ai(r;+rsy.'ra6lPro 0 0) /() (7) 
I=~+fi=o .t./ . Sz/ ·~~-Sz ' , :I' 

The sum-term 1'1 +13 appearing in (6), (7) and 
(4) can be writen as 

11+13=/-1; 
Then, the loss probability and the second mean 
waiting time become functions which include only 
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the parameter 12 instead of 1'i and 13 If 12 
is constant, this means that the loss probability 
and the second mean waiting time are independent 
from ~ime position of the second holding time 
situated in the total holding time. 

For full availability loss systems, it is known 
that the loss probability has a same value for 
any type of holding time distributions as far as 
mean holding times are same. For the originating 
calls, the special system is regarded as a loss 
system, in spite of the system has the second 
queue, because it has no first queue. In such 
cases, it seems that mean characteristics in 
equilibrium will be held analogous to these of 
full availability loss systems. 

In a case that the numbers of the first and 
second devices are taken equal to each other, the 
loss probability must be equal to Er1ang's loss 
formula. Let Es,(a) be Er1ang's loss formula 
wi th traffic offered a.. and S, devices, then the 
loss probability derived from (6) under a condi
tion of S2 = S, becomes 

Od1~$f (Ji)-' B=Es,ra)= Ci / ~ -.-/ 
JJ f. 1-0.J.. 

[%] 8=0.01 5,=10 

~ 
z 

10 

w 
u90~~--~--~~~--~r---~--~ 

LL 
LL 
W 

70~--~~--~~--~~----~----~ 
o Q2 0.4 0.6 0.8 10 

RATIO of I-OLOING TIMES 12 

The broken curve combines 
points of 12 = S2/ S, 

Fig.2-l Efficiency of two-stage waiting systems 
(S,=IO)with 1Tl= 0, in equilibrium. 
- compared with 11/ /'1110(711.=0)-

[%] 8=0.01 5,=50 

100~~~~--~~--~r-~~~~~ 

The broken curve combines 
points of 12:= $2/ S'f 

Fig.2-2 Efficiency of two-stage waiting systems 
(Sf=50)withm.=O, in equilibrium. 
- compared with MIHI50(m=O)-
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(8) 

If $2=$, for a given value of Sf ~ the two-stage 
waiting system becomes equal to a full-availabili
ty system. A benefit of using · the former instead 
of the latter ! may be generally in cost down, which 
is based on the fact that the number of second 
devices can be taken smaller than that of first 

I 

0D8r----r----+----+----~--+/~· 
Cl) 

lR 
9 004r----r------II---r~L--___1----I 

°0~~1~0--~2~0---3~0---4~0---5~0 
PERCENTAGE of TRAFFIC 
OFFERED INCREMENT (%) 

Fig.3 Durability for overload· of the system 
with m = 0 ,in equilibrium. 
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Fig.4-l Transient variations of loss probabilities 
for step function traffic offered. 

CI:l 

>0.1 
~ 
::J 
CD 

a1 o 

--- MODEL A 
_ ._.- M)DEL B 

g: 0.051---+---Y--!J'--!I--ii-#-;-'~---j----i 

If) 
If) 

9 
0.01 
o L-~0L-------------~5------------~10 

TIME t 
Fig.4-2 Transient variations of loss probabilities 

for traffic offered linearly increasing 
during various intervals ~ • 
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5,=10 
52= 1 ---- MODEL A 

----- MODEL B 
> 12=0.1 S 0.101--.-,----!-----,k-----!-----+------l 
CD 

~ 
Cl.. 

0.01. 
o 0 10 20 30 

TIME 
40 

Fig.5-l Time-dependent variations of loss probabilities 
for time-varying traffic offered with overload 
in various time intervals T ' 

devices without so much decrease in traffic 
capacity of the two-stage system. However, it 
is clear Ithat undisirab1e decrease in the 
capacity will be caused by larger saving of 82 
Those properties are compared between various 
values of S2 ('s2£St)under given values of S, in 
Fig . 2-1 (S1=IO) and Fig.2-2 (S,==50). The 
ordinate is shown in the efficiency of the 
two-stage system, which, as usual, given by the 
proportion (in %) of the traffic offered of the 
system MI/'1IS1 (1T1==O) under the given loss proba
bility 0.01, together. 

Compare thi curves with a same value of ratio 
.82IS, between Fig.2-1 and 2-2, then it may be 

seen that, when S,= 00 the efficiency decreases 
more rapidly than in the case that S,= 10 ac
cording to the increase of 12 . The value of S2 
is usually selected as 

for given values of 1; and S,. In such a 
case, the efficiency of the system will be 
larger than 90 % for S,= 10 and 95 % for $,==50 
even if n is small. The efficiency decrease 
changes to be more rapid from the point which 
begins to exceed the ratio £2/ S, ,under 
given values of ~, and ~2 . 

(9) 

In Fig.3, an example of obtained overload 
properties is shown for various values of ~ on 
the system with S1 = 10 and.82 == 1 . The 
abscissa shows the proportion (in %) of the 
increment of traffic offered from the basic 
value given under the standard loss probability 
0.01. The basic value is different depending on 
the given values of a as shown in Fig. 2. 

When h is large as compared with .821 S, , the 
durability for overload may be seen to be weak 
in spite of having the small baisic traffic 
offered. 

In the following, time-dependent properties will 
be considered on both models, A and B, with the 
traffic offered a (r) which varies with time. 
As to those properties, the both models are 
somewhat different from each other. 

As an example, transient properties are shown in 
Fig.4-l, about models A and B to which traffic 
O(r) of the following step function is offered. 

The initial condition is that all devices are 
free at 1"= 0 . 

act)={O (:/<:0) 
o (;:4.3erl )(:(~O) 

Parameters are: E,= 10 8 2 = 1, 5, 10 
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(10) 

C\j 5,=10 52=1 12=0.1 .....,J0.8 

~ 
w 
-J06 
w ' 
:::J 
w 
:::J 
0 

zo.4 
<{ 
w 
~ 

10 20 30 40 
TIME f 

Fig.5-2 Time-dependent variations of the second mean 
queue lengths for traffic offered with overload 
in various time intervals l' 

both models, A and B, and 13/11 ==! in model B. 

Notice the curves of -82 = 10 (= S,) ,it can be 
observed that rapidity of response (till equi
librium is reached) is ordered as models B, A 
and /'11/'1/10 (m=O) . Similar relations are 
also seen in curves of 32=1 and S2=5 . 

The total-holding time distributions of these 
three models are sum of three-, sum of two- and 
sum of sing1e - exponential distributions, respec
tively. Therefore, it may be considered that 
the rapidity becomes higher according as the 
holding time distribution approaches to a unit 
distribution. 

Time-dependent properties are shown in Fig.4-2, 
where the traffic offered linearly increases 
from (Jo to am during a given interval T began 
from :t == O. The upper and lower values. am andoo• 
are taken to be the values which give the loss 
probabilities 0.1 and 0.01 on the corresponding 
systems in equi1 ibrium, respect i ve1y. When r< 0 , 
the systems are assumed to be in equilibrium 
under the traffic offered 00 . The similar 
characteristics that the curves of model A are 
somewhat delayed from the corresponding curves 
of model B are observed. 

The time-dependent properties of the loss proba
bilities and the mean queue lengths are shown in 
Fig.5-1 and Fig.5-2, respectively, on models A 
and B to which the traffic varying with time is 
offered as follows. 

ao (1"<0) 

art") = :l' (06r<o.5T) 00 + rOm-Oo)O.5T 

a7ll-(O'1!l-Oo)(~ -1) (05T~1<T) 
(11) 

O.5T 
00 (T~r) 

ao and am are the same values as in Fig. 4, 
respectively. For comparison, approximate 
curves are also shown by the full line, which 
are calculated from the equilibrium formulae (6) 
and (7) where the above Orf) is approximately 
used instead of a Therefore, the time vari-
ation of the approximate curve may be considered 
to have no delay from that of O(r) . 

As shown in Fig.5-l and 5-2, the curves of model 
A show have somewhat larger delay than those of 
model B from the time variation of art') , but 
the difference is very small. 

About the loss probability of model A, the time 
delay of its variation from the full curve may 
be seen to be about one mean holding time. This 
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fact is similar to the case of the full availa
bility loss system already reported [4]. The 
similar properties may be seen on the cas~ of the 
queue length. The time delay in model A is, 
however, a little larger and is about 1.2 n . 
The equilibrium formulae where a is replaced by 
a( r) may be cons idered to be practically useful 

as approximate formulae. 

PROPERTIES ON ORDINARY SYSTEMS 

In this section, traffic properties will be dis
cussed on the ordinary two-stage waiting system. 

Let the equilibrium properties be considered at 
first. Matrix calculation is generally used to 
obtain the numerical solutions of equilibrium 
equations on which theoretical analyses are diffi
cult. The method is. ,however, considered to be 
not always useful for the case that the number 
of states is extremely large such as in our cases. 
Therefore, the differential equations (2), in 
which given cons tant traffic a is offered to an 
initially empty system, was solved by a numerical 
integration. In these cases, when the states 
will reach equilibrium must be known. When the 
relative difference I of an obtained loss proba
bility from a value calculated one step before 
had become less than 10-6 the integration was 
stopped in our studies. 

Fig.6 shows an example of the transient proper
ties from r= 0 on a two - stage waiting system 
with Sf=IO,S2=/and r; = 0.1 where O=6.0erl 
is offered and the maximum queue length n7 is 
taken as a parameter. The response speed becomes 
slower according to the l increase of In. The 
time length till the calculation end was IS~100 

X h. in almost every case. 

Relations between the mean waiting times kl1 , 
~ and the traffic offerd a were obtained for 

various systems of model A. Examples are shown 
in Fig.7-l on S1= to , $2= 1 and r; =O.land 
in Fig.7-2 on S1 =10 , S:z= fj and 12=05 where 
parameters are taked to be ~ . 

Al though h is taken equal to $2/ Sf in the 
both, the values of kif and k/2 in the case of 
S2=5 are smaller than the corresponding values 
in 3 2 = t. The similar relations have been also 
observed in Fig.2 of loss systems. 

For fixed J2 = 0.5 and m = KO the 
time curves are compared in Fig.8 

mean waiting 
between 

5,=10 
12=0.1 

r --

rr 
-1---

( f--
( ..--
If 

52=1 
0=6.0 

m=3 --g ---

10 --- --

_J§ r--

20 -- f---

30 ---,....--

Fig.6 

Transient variations 
of loss probabilities 
for step-function 
traffic offered. 
- Differences between 1/ / 1(f various values of the 

o 20 40 maximum queue length 
TIME t m -

(Sf,S2)==(f0,4)and (to. 5) . The both W1 and W2 
of (10,4) are observed to be larger than the 
corresponding kit and lV2 of (10 5') respect i vely. 
On the other hand, compare (10'4) with (11 4) 
which additionally shown in Fi g •. 8, then i{ is 
observed that k4 of (10.4) is larger and kl2 of 
(fO, 4) smaller than corresponding W'1 and W2 
of (11 4) , respectively. It should be noticed 
that In addition of the second devices will make 
both ~ and Wl2 to decrease and an addition of 
the first devices only kif to decrease, under 
given a and 1;' . 

Systems with infinite queue length will be con
sidered in the following discussions. Also in 
this case, the maximum queue length n1 must be 
finite to use the numerical integration. There
fore, ~ ~70is taken so that the loss probabili
ty is made smaller than 10- 6 which is negl igi ble. 

Fig.9 shows the relation between system efficien
cy and 12 on a system with Sf == 10 where the pa
rameter is ~2' The efficiency is given by the 
proportion of the traffic offered of the consid
ered system to that of M/M/IOunder a given con
dition of the mean waiting time, where Wt+W2=o.l. 

An interesting property that the curves exeed 
100 % in some area of ~ may be observed. It 
is known that the mean waiting time of a full 

101 r----------,r-------~ 
~ 
ld~------~~------~ 101~-----r------..., 

51=10 
52= 1 
12=0.1 

l(f~-----::,::-__ ~_-..J 
5.0 7.0 9.0 

TRAFFIC OFFERED (ert) 
Fig.7-l The first and second mean 

waiting times in equilibrium 
of systems with Sf =10, 82 =1 
and IZ =0.1. 
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1d'2~L-___ ...l...-____ ....J 

5.0 7.0 90 
TRAFFIC OFFERED (erl) 

Fig.7-2 The first and second mean 
waiting times in equilibrium 
of systems with S,=lO, 
82 =5 and /J =0.5. 

(/) 
W 
~ 
i= 

12=0.5 
m=80 

11,4) 
10,4) 
10.5) 

<.!) 
z 
i= 
~ 

~ 101b-'$-'~~--+-11-----+---~ 
<l: 
W 
~ --w, 

--- W2 

1~~--------~-------....J 
5.0 7.0 9.0 

TRAFFIC OFFERED (erl) 
Fig.S Comparision between an 

addition of first devices 
and that of second devices. 
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RATIO of HOLDING TIMES t2 

Fig.9 Efficiency of two-stage waiting systems 
with m:; 00 , in equilibrium. - compared with 

M//1110 

availability wa i ting system with Sf trunks and 
the hQlding time distributed according to the sum 
of two exponential distributions, which corre 
sponds to Sf = 82, is smaller than that of 
1V/11 / S1 . Hence, the curve of Sf =82 exceeds 
100 [%] for all ~ and has the maximum value 
at 12 = 0.5 where the system corresponds to 
I1/E2 / Sf' It may be considered that the above 
effect appears also in the curves of $2 < ~1 . 
Time-dependent properties for various G(r) were 
obtained on the two-stage waiting systems with 
approximately infinite queue length. as examples, 
Fig.lO-l and Fig.lO-2 show the properties of the 
first ( L1 ) and second ( L2 ) mean queue 
lengths, respectively, on the 'system with 's1 = 10 , 
S2= 1 and l'2 = 0.1 where O(r) is given by (11) 
with ()f) = 5.0 erL and am = 70 er! 

The full lines are approximate curves given by 
equilibrium values where a is replaced by a(1:) 
at each time :t . 
Comparing with Fig.5, respons e of Lt and L2 to 
the variation of a (j:) is slow and those maximUIll 
points are lower comparing with those of the 
corresponding equilibrium values. It is, however, 
observed that the broken lines will approach the 
corresponding full lines according to the in
crease of T . 

Similar properties were examined for time-vary
ing overload having single maximum point such 
as the above triangular form. When the overload 
time interval T is large, it may be generally 
noticed that the time-dependent ove~load proper
ties of · the two-stage waiting systems may be 
estimated approximately by the equilibrium 
values where a is replaced by a (1:). Hence, 
the curves such as Fig.7 will become useful also 
for overload problems. ' 

CONCLUSION 

On multi-stage waiting systems, various proper
ties ate discussed mainly through numerical inte
gration of the differential equations of state 
probabilities. 

durability for overload of the two-stage waiting 
systems seems to be weak in comparison with the 
corresponding full availability systems. However, 
the overload properties of the former, if design
ed to held r= S2/3" will not differ so much 
from the latter. 

It is shown that equilibrium load curves, if 
obtained, may be useful for time-vary ing over
load problems also. For more than two-stage 
waiting systems, however, the exact equilibrium 
load curve itself will become difficult to be 
obtained. _ Whereas 3~udies on three -s ta~~ wait
ing systems were intended also, detailed proper-
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ties have not yet obtained because the number of 
states becomes very large. These are problems 
in the future. 
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