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ABSTRACT 

Modern-day teletraffic analysis techniques have made it 
possible to study the behaviour of many switching systems 
and thereby gain a more rational approach to dimensioning. 
Determining the end-to-end or overall grade of service in 
a network is less well advanced, largely due to the com
putational problems involved. The first part of this 
paper presents a new method for determining the relation
ship between the grade of service experienced by a traffic 
stream in a network and the individual route grades of 
service. The second part presents details of the numeri
cal results obtained and discusses the practical applica
tion of those results to network design and dimensioning. 

The essence of the method is a Monte Carlo type approximate 
evaluation of an exact expression for the grades of 
service. This yields unbiassed (though correlated) esti
mates of the grades of service for all the routings in 
the network simultaneously. The expression used is 
chos'en to have a fairly simple form, to generate results 
efficiently, and is such that each term in it corresponds' 
to a set of states of the network having certain features 
i~ common. The weights attached to each term are expres
sions too complicated to be evaluated, and a method which 
selects each term with the correct probability, but with
out the need to know the probabilities, is described. 

This new technique has made it possible to produce 
limited but hitherto unobtainable solutions to the routes
in-series problem (often termed links-in-series) • 

The paper follows with an examination of the networks 
represented by a routes-in-series model and the funda
mental relationships between the congestion functions 
which can be used. Selected results for five routes-in
series are presented with a detailed discussion of their 
application to and interpretation of more general 
situations. The information is then used to design a 
forecast network to a given end-to-end grade of service, 
and also to determine the end-to-end grade of service in 
a given network. This is achieved with the aid of "design 
charts" which may be used in such network design and 
analysis. 

The problems are by no meabs all solved and many ' 
teletraffic problems remain, but it should be possible to 
design networks with a better idea of the service being 
provided to the customer. Thus the enigma of relating 
the design-date route g~ades of service to the achieved 
overall grade of service, and rules for grade bf service 
appOrtionment can be re-examined from a slightly more 
informed theoretical viewpoint than has previously been 
possible. 

1 INTRODUCTION 

The relationship between the grade of service experienced 
by a traffic stream in a circuit switched network and the 
grades of service on the individual routes used is a fun
damental problem in teletrafffc theory. No satisfactory 
exact method of calculating grades of service has yet 
been devised (except for the very smallest networks) • 
This is because the exact analytic expressions for the 
grades of service require an enormous amount of computa
tion for their evaluation, at least for networks of any 
size. This approach is normally impractical, and so 
various inexact approaches have to be resorted to. In 
the past these have normally consisted of solving exactly 
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or approximately a set of equations which approximate to 
the exact state equations: see for example [1] , [2], ' [3], 
[4], [sf and [6]. In this paper another inexact method is 
described, which uses the alternative approach of approxi
mately solving the exact equations, this method can be 
applied to more than just the very simplest networks. 

The traffic model used assumes the usual simplifying 
assumptions about the nature of telephone traffic, ie 
Poisson arrivals, negative exponential holding times, 
statistically stable conditions, no repeat attempts, and 
lost calls having zero holding time. It is also necessary 
to assume full availability between adjacent switching 
stages. Hence the modelled network comprises a number of 
full availability groups interconnected in some way and 
offered simultaneous random traffic streams between any 
pair of nodes. (The networks studied in Section 4 of this 
paper are all non-branching, ie each comprises a number 
of routes connected in series. An example is shown in 
Figure 1 of a five-route network where it can be seen that 
there are 15 interacting traffic streams. The traffic 
offered to each stream has to be assumed random (ie "fresh" 
traffic) and is therefore unsmoothed. Consequently numer
ical results obtained do not take into account any effect 
upon the grade of service which might occur due to traffic 
incoming to the routing of interest being non-random, eg 
networks employing Automatic Alternative Routing.) 

FIGURE 1 - EXAMPLE OF TRAFFIC MATRIX 
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It is considered that the model described above will give 
results which relate well to non-hierarchical routings, 
but that the differences observed between deSign-date and 
achieved overall grades of service will be greater in 
hierarchical routings. Hence the numerical results for 
grades of service will be pessimistic, ie worse than 
might occur in a practical hierarchical network. It 
should be noted that we are only studying the relationship 
between the design grades of service for each route and 
the ,end-to-end grade of service. In practical terms this 
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means that we are investigating a network at a particular 
time in history and not over a long period during which .~ 

the traffic may change or addi tional circuits be provided. 
Hence any departures from design due to forecasting 
errors, equipment faults and failures, augmentation pro
cedures, delays, and malpractices form no part of this 
work. 

2 'mE CALCULATION ME'mODS 

2.1 Derivation of the State Equations 

The blocking between two points, A and B say, in a 
network can be expressed as: 

E A,B l: XA,B(i) P{i} 
Ie:T 

••••• (1), 

In this equation X is the characteristic function of 
blocking, ie 

if there exists a free path from A to B 
when the network is in state i, 

if there does not exist a free path 
from A to B when the network is 
in state i, 

( 2) 

and T is the set of all states of the network. For the 
class of network being considered in this paper, the 
form of P{i} is well known: 

IT 
r e:R • Po' (ie:T) • •••• (3). 

R is the set of all routings in the network, ~ is the 
traffic offered to routing r, and fr(i) is the . number of 
palls in progress on routing r when the network is in 
state i. Po is a suitable normalising factor, and is the 
probability of the empty state. (This is the most general 
form of the functions which appear in [1] , [9] and [10] .) 

In order to calculate EA B using equations (1) to (3), the 
value of Po is needed. 'Since every state of the network 
is relevant to Po's value, and there is normally a very 
large number of states that can occur in a realistically 
sized network, the exact calculation of Po' and then 
EA, B' is normally impractical. Two approximate methods 
of evaluating EA,B in equation (1) are described below, 
which are both basically Monte Carlo techniques, one of 
the virtues of which is that they produce unbiassed esti
mates of the right answer. 

2.2 The Individual State Selection Method 

The basis of the first method is to apply a Monte Carlo 
technique directly to equation (1). States of the net
work (ie members of T) are selected one at a time at 
random from the set of all possibl~ states (T) and 
examined for blocked routings. A large number of states 
are thus selected, and the observed proportion of blocking 
states on a particular routing is then an unbiassed esti
mator of the probability of blocking. The probabilities 
of blocking are estimated for all routings simultaneously. 
The only problem is to select states truly at random, ie 
to select state i with probability P{i}, etc, when P{i} 
is as in equation (3). 

One convenient way of doing this is to select at random 
from a larger set U, of which T is a subset, and to con
tinue selecting from U until a member of T is chosen. A 
member of T can be thought of as an R-tuple of the form 
(fl , f 2 ,..... fR ), wi th f,. being the number of calls in 
prog~ess on routing r, (R = IRI). Naturally there are 
constraints on the values of the ~ due to the finiteness 
of the routes in the network (there cannot be more calls 
in progress on a route than there are circuits on the 
route). U is taken to be the set of all R-tuples of the 
form (f1 , f2' ••••• fR ), where the fr are not subject to 
these constraints. ' (I t is convenient to retain two basic 
constraints, viz 0 $ ~ ~ M (M is the number of circuits 
on the largest route in the network) and fr is integral 
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for all re:R, in order to save wasting time selecting 
members of U which cannot possibly be members of T.) 
Clearly some members of U do not correspond to states of 
the network, since they would imply that some routes carry 
more calls than they have circuits. The probabili ty dis
tribution on U which is used when selecting a member of it 
must be as in equation (3) (except perhaps for a multipli
cative constant) on .T, the distribution on the rest of U 
is irrelevant. It is easiest to use the logical extension 
of (3), whi ch is: 

IT 
(

. f (h) ) 

\. ('hl! .F, (he:U) ••••. (4), 
r e:R 

where F 

and fr (h) is the value of f,. in the R-tuple h, (he:U). In 
general a normalising factor different from the one in 
equation (3)appears in (4), to allow for the non-zero 
probabili ty of initially selectinj a member of U which is 
not in T, (in fact F = Po • P{he:T he:U}). Clearly PI (h) 
has the same form as P{h} whenever he:T, (ie they are equal 
apart from a constant multiplier). When the selection 
process described above eventually selects a member of T, 
which it will do with probability 1, the probability that 
state i is selected is therefore P{i}, for all ie:T, which 
is exactly what is required. 

Since the distribution in equation (4) is a product of 
Erlang distributions, one for each routing, it is clear 
that one way to select an he:U according to the distribu
tion PI is to consider the routings independently, 
selecting the value of each ~ from the appropriate 
Erlang distribution. le 

P{fr calls in progress on routing r} 

a 
r 

f 
r 

TT 
~,fr£[O, M] 

l:~ 
g=o g . 

••••• (5): 

this results in the probability that a particular h is 
selected being exactly PI (h) • 

The accuracy of the estimate of blocking obtained by the 
first method is easily calculated: since each state 
selected is either blocking or non-blocking (considering 
just the routing A-B), the probability of a blocking state 
being selected being EA, B' the distribution of the 
observed number of blocking states is binomial with para
meters n(= the sample size) and e (=EA B)' This has mean ne 
and variance ne(l - e), so p, the observed proportion of 
blocking states, will on average lie in 

e ±1.96 le (1 : e) 

95% of the time (approximating the binomial distribution 
by a normal). After making the further approximations 
p ~ e, 1 - P ~ 1, we can say that we are 95% confident 
that e lies in 

p ± 1. 96 rE. -.r;; . 
The probability of blocking is not the only feature of a 
network's behaviour that can be studied using the first 
method: by changing the definition of XA, B in equation (1), 
it is possible to obtain estimates of the means of carried 
traffics on routes and routings, and, by using various 
statistical techniques, their variances can also be 
estimated. 

The first method was used successfully on networks 
comprising up to 4 routes connected in series, but the 
amount of processing required for 5 or more routes was 
expected to be excessive. A more efficient method was at 
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this point devised, in which states are not selected 
individually, but collectively, according to certain 
common features: this approach . is described below. 

2.3 The Collective State .. Selection Method 

We define some terms first: a "shert" routing compris.es 
only one route, a "long" routirig comprises two or more 
routes; S is the set of short routings, and L is the set 
of long routings, S = Is I, L = ILl. 

The second method involves selecting at random a property 
which states can have from a disjoint complete set of such 
properties, and taking the weighted average of the net
work's behaviour over the set of all states of the network 
having the property selected. The 'probabili ty that a 
given property is selected must be equal to the probabi
lity that the network is in one of the states that have 
that property. Such a selection is done many times and 
the network's behaviour averaged again (an unweighted 
average this time) over the selected sets of states. This 
is a Monte Carlo type selection of properties instead of 
states. A convenient set of properties to select from is 
that for which each member of the set is itself a parti
cular set of values for the numbers of calls in progress 
on the long routings. With this choice, the short 
routings become independent of each oth·er for any given 
state of the long routings, because the range of values 
and the P1;obabili ty distribution for the number of calls 
in progress on a particular short routing depend only on 
the state of the long routings, and not on the other short 
routings. Consequently it is particularly easy to average 
over all those states with a certain set of such values, 
by averaging over each short routing separately. 

In mathematical terms, the second method is based on a 
partitioning of T: all the states in anyone partition 
have the same number of calls in progress on the long 
routings, and no two states in different partitions have 
this relationship. le: il e:Pj =* (i 2 e:Pj ~ Vre:L, ~ (i1 ) = 
~ (i2 ) ), where Pj is one of the parti tions and belongs to 
C, the set of partitions. Clearly, the P. are fixed, 
disjoint and complete. This choice of C keans that f (P. ) 

. r J 
(re:L) is a well-defined function, its value is ~ (i) for 
any ie:Pj . Equation (1) is now rewritten: 

E L XA,B (p. ) p{Pj } A,B 
P j e:c 

J 
••••• (6), 

where 

L XA, 'B (i) ph} 

(Pj ) 
I e:P j 

XA, B p{Pj } 
••••• (7), 

XA B(i) being as before in equation (2). We then use a 
Mo~te Carlo technique on equation (6): this again pro
duces an unbiassed estimate of EA,B' 

This choice of partitioning causes XA,B (~) to assume a 
rather simple form, because the summation over Pj in 
equation (7) breaks down into S independent summations, 
one over the states of each short routing. It can be 
shown that, for ie:Pj : 

Tfs E2 k (P ) (f (i), a ) , re:, n - r r 
r r j 

where nr is the number of circuits on the route used by 
the short routing r and ~ (Pj ) is the number of circuits on 
this route used by the long routings when the network is 
in any of the states in Pj • 

Whereupon: 

1 - ~ 1fR (1 - El, n _ k (p.) (ar ) ) 
A, B r r J 

where RA B is defined as follows: the routing from A to 
B compri~es a number of routes in series, the short 
routings using these routes form the set RA,B' 

Now the Monte Carlo method requires that, when selecting 
a parti tion of T (ie a member of C), Pj must be selected 
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with probability p{Pj }, for every Pj in C. 
p{Pj }, however, are not known: since p{Pj } 

The values of 
L ph}, 

I e:P j 
and each ph} depends on Po (see equation (3», p{Pj ) must 
also depend on Po' As explained in Section 2.1, it is 
normally impractical to attempt to calculate Po' and so 
p{Pj } cannot be calculated. Therefore some way of 
selecting each partition with the appropriate probability, 
wi thout knowing the values of P {Pj }, is needed. 

This is fairly easily done: if a state of the network (ie 
a member of T) is selected at random, the probability that 
it i s i~ parti tion Pj is P {Pj }. A suitable algorithm is 
therefore to select that Pj to which an ie:T selected at 
random belongs - an ie:T can be selected at random in the 
way described above in Section 2.2. 

The accuracy of the results obtained by the second method 
can be determined by standard statistical techniques: 
since the value of XA B in (6) is sampled at random over 
its domain (C), the abcuracy of the sample mean (ie an 
idea of how near the sample mean lies to the true mean) 
can be obtained by reference to the sample variance. 
Again, it is possible, to observe other features of the 
network's behaviour, for example the traffic carried on 
each route and for each routing, by using a different 
definition of XA B (i) in equation (7). However, no way 
has yet been devised of determining the variances of the 
traffics carried when using the second method. 

The Appendix is devoted to an examination of the 
relationship of the two methods to simulation. 

2.4 PERFORMANCE OF THE TWO f.ETHOOO 

The first method produced results for up to 4 routes in 
series reasonably economically, but when the second 
method become available it performed significantly better: 
for example, the second method analysed a particular 4 
routes in series network ~out 30 times faster than the 
first method. The second method was therefore used for 
networks from 2 up to 7 routes in series, and it was 
found that the processing time required increased roughly 
as the number of long routings: ie for n routes in series, 
as ~ n(n - 1). This is far better than most exact calcu
lation methods, which typically suffer an exponential, or 
worse, rise in processing time with increased size of 
system. 

In the following sections, the method described in 
Section 2.3 has been used to analyse various networks 
comprising a number of routes connected in series. It 
should be noted, however, that the method is, in prin
ciple, applicable to many other situations where expres
sions for the state probabilities exist, but which for 
some reason cannot be evaluated, eg Link Systems, 
possibly AAR networks, etc. 

3 GRAIE OF SERVICE IEFINITIONS 

In order to avoid confusion thi's Section defines some 
terms used in the subsequent part of this paper. 

3.1 Congestion Functions 

A grade of service was defined by the ITC Nomenclature 
commi ttee [7] as any practicaL interpretation of a con
gestion fUnction. In a lost call cleared system there 
are two congestion functions which are commonly used: 
Time congestion and CaLL, congestion. Additionally the 
grade of service can be estimated from the traffic car
ried, ie using Erlang's formula for a full availability 
group. 

For a full availability group offered random traffic 
from a large number of sources, these three functions 
have the same expected numerical value. Similarly the 
overall or end-to-end grade of service in the routes-in
series model will have the same expected value for call, 
and time congestion, although these may differ on the 
indi vidual routes. Unfortunately there are some compu
tational difficulties in determining the call congestion 
function, and consequently this study has been confined 
to examining individual route time congestions, the 
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route grade of service estimated from the traffic 
carried, and the overall time and call congestion. 

We will therefore refer to the route time congestion~ 
the route grade of service estimate~ and the overall 
grade of service. 

3.2 Summation of Grades of Service 

A major part of this paper is devoted to comparing 
the actual overall grade of service of a number of 
routes in series with the summation of the individual 
route grades of service. There are two forms of summa
tion which we can use. The probabiUstic swnmation is 
the more accurate form of summation which should relate 
the oVE~all grade of service to the route time conges
tions fairly closely, provided the interdependence 
between stages is reasonably low. 

ie B overall 

In situations where the blocking is small the above 
summation can be approximated to by the arithmetic 
addition. 

ie B overall 

Obviously these two approximations are easy to compute 
and are therefore attractive. 

4 PRESENTATION OF NUMERICAL RESULTS 

For the routes in series model the following parameters 
are variables: 

(a) Number of routes in series, 

(b) number of circuits provided on each route, 

(c) designed objective grade of service at each 
route, 

(d) traffic matrix. 

These variables can be combined to produce a vast number 
of possible situations for study and only a few of them 
will be examined in detail. 

4~l Results of Symmetrical Situations 

Results for some simplified situations are presented 
in Figure 2, which shows the overall grade of service 
against the percentage end to end traffic for five 
routes in series. For any particular situation all 
routes are carrying the same traffic and are dimensioned 
to identical grades of service. It follows therefore" 
tl,lat each route contains the same number of circuits. 

The upper boundary of each enve lope is for the si tua tion 
when all traffic besides the five-link traffic is only 
single link (see Figure 3a), and the lower boundary is 
for the situation where all traffic besides the five
link traffic flows over either one and four routes (see 
Figure 3b), or two and three routes (see Figure 3c). 
These are the limi ting cases. The networks studied con
sist of ei ther 5 routes of 100 circui ts or 5 routes of 
5 circuits, and the traffic carried was "arranged" to be 
such that the route grade of service estimates were 
exactly the design grades of service and not less. (In 
practice the provisioned grade of service is less than 
or equal to its target for a fixed traffic value - see 
Section 5.2) • 
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FIGURE 3: TRAFFIC MATRICES FOR 5 ROU'I'l5 IN SERIES 
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The following four observations are made for these 
hypothetical and symmetrical situations:-

(i) The number of circuits per route appears to 
make little difference to the overall grade of service, 
unless it is very poor. 

(ii) The overall grade of service reduces with an 
increasing proportion of end to end traffic. At 50% 
eod to end traffic the overall grade of service has 
reduced by approximately 25% from that with no through 
traffic. 

(iii) In practice each route might be carrying a 
mixture of 1, 2, 3, 4, 5-link traffic. Thus the actual 
overall .grade of service could lie anywhere in the 
envelope. 

x 

x 

J~ 

][ 
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(i v) The ari thme tic addition of the design grades of 
service gives a good approximation to the overall grade 
of service only when the following conditions exist: 

(a) traffic on each route is mostly one link 
traffic, 

(b) overall grade of service is 10% or less, 

(c) end to end traffic on each route is a 
reasonably low proportion of the total. 

When the overall grade of service is greater than 10% 
the probabilistic summation gives a good approximation 
provided conditions (a) and (c) are met. 

FIGU~E 4 Pl\OIAIlLlSTIC SUM OF TIME CONGESTIONS 
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The probabilistic summation of route time congestions 
for five routes each dimensioned to .02 is shown in 
Figure 4. While from point (iv) above there is little 
difference between the probabilistic summation and the 
ari thmetic addi tion in this example, the following two 
additional observations are made: 

(v) Probabilistic summation of time congestions 
generally gives a good estimate of the actual overall 
grade of service, particularly for large circuit 
quantities, eg at 50% end to end traffic the summation 
is at most 13% higher than the actual overall grade of 
service for 5 circuits per route; the difference is 
negligible for 100 circuits per route. 

(v~) For a very high proportion of through traffic, 
probabllistic summation of time congestions gives a poor 
estimate of the overall grade of service, particularly 
for small circuit quantities. This estimate is, however, 
better than that obtained from the arithmetic addition 
of design grades of service. 

Effect of Traffic Matrix 

An important area to study is the way in which the 
traffic matrix affects the overall grade of service. In 
the symmetrical situation, for a given proportion of 
through traffic, the overall grade of service can vary 
by a factor up to N/2, where N = number of routes in 
series. This arises because at the lower bound the 
traffic which is not flowing over all N routes flows over 
one of two non-overlapping routings as illustrated in 
Figures 3b and 3c. 

Typically any routes in series situation will have a 
traffic matrix which produces many streams of traffic 
(15 in Figure 1), and the way in which these streams 
overlap and interact will define the overall grade of 
service within the envelope of Figure 2. This is virtu
ally impossible to evaluate, but useful insight can be 
gained by studying the approximate relation between the 
mean percentage through traffic at each stage, and the 
overall grade of service. 

Figure 5 illustrates some observed relationships, showing 
the ratio between the overall grade of service and the 
sum of design grades of service, against the mean percen
tage through traffic at each stage. Note that for, say 
40% through traffic at each stage, the 5-route traffic 
could be any figure from 0 to 40% of the total. Hence 
the horizontal scale of Figure 5 has no direct transform 
to the percentage end to end traffic shown in Figure 2. 
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The non-overlapping situations (see Figure 3) can be 
calculated easily and are shown as the dashed (straight) 
line. This is a theoretical lower bound since if any node 
has no overlapping streams there will be no through 
traffic. 
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A variety of situations have been computed for interacting 
or overlapping schemes and it has been found that the 
results (for reasonably good grades of service) are rela
tively insensitive to route sizes and grades of service. 
A typical result is shown on Figure 5 as the bold solid 
line. The results indicate that the overall grade of 
service only decreases significantly when there is a high 
mean percentage through traffic at each stage. In order 
to achieve such a high percentage there must be a low 
diversity of traffic at each node, ie a small number of 
incoming and outgoing routes. 

4.2 Asymmetrical Situations 

The preceding observations were made on a purely 
symmetrical situation. We can depart from symmetry by 
varying the number of circuits on each route, or by 
provisioning each route to a different grade of service. 
Obviously there is a wide range of possibili ties which 
could be studied and it is not practical to attempt a 
methodical examination of the previous symmetrical 
observations. If, however, a hypothesis is postulated 
that the six observations already made apply to any 
si tua tion " then we can sample a number of situations and 
look for evidence which would invalidate those 
observations. 

Unfortunately it is not possible to compare results as in 
Figure 2 since the percentage 5-link traffic on each route 
will differ between the various routes, as will the design 
grades of service. The shaded envelope bordered by the 
dotted line in Figure 5 shows a range over which the 
sampled results have been observed. These samples all had 
similar traffic matrices to the symmetrical situations. 
The following further observations are made:-

(vii) In asymmetrical situations, summing the design 
grades of service will give at least as good an estimate 
as has been observed for the symmetrical situations 
(provided a similar traffic matrix exists) . 

(viii) The diversity of results between various degrees 
of asymmetry is seen to be reasonably small, as indicated 
by the shaded area of Figure 5. 

In all about 40 situations have been studied and no 
evidence has been found which would cause the hypothesis 
to be rejected. Hence one more observation can be made: 

(ix) The observations (i) to (vi) for symmetrical 

situations appear to apply equally to non-symmetrical 
cases. 
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Therefore for any practical network which can reasonably 
be represented by a routes in series model, it should be 
possible to apply the general observations and get a fair 
estimate of the network's overall behaviour. 

The following section attempts to apply this conclusion 
by producing "design charts" from which practical examples 
are compared. 

5 APPLICATION TO NETWORK DESIGN 

Referring to Figure 2 it can be seen that for the two 
lower grade of service situations (ie 2 and 3) the general 
contour of the envelopes are similar. Consequently an 
app~oximate graph can be drawn showing the ratio of over
all grade -of service/sum of designs, against the percent
age end to end traffic, which applies for an overall grade 
of service up to 0.1. This is shown in Figure 6. 
Additionally the envelope of the typical results shown in 
Figure 5 can be transformed into Figure 6. The following 
pOints should be noted: 

(a) For the upper curve of Figure 6 the mean 
percentage end to end traffic = mean percentage through 
traffic at each stage. 

(b) The typical results for symmetrical and 
asymmetrical interacting streams have a non-linear trans
form between the mean percentage through traffic at each 
stage and overall. 

(c) The lower curve is for a mean through traffic 
at each stage of at least 75%. 

(d) These results apply only to 5 routes in series. 

(e) For poorer grades of service the probabilistic 
summation should be used in preference to the arithmetic 
addition. 
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It is suggested that graphs like Figure 6 could be used as 
"network design charts" in order to improve the estimate 
of overall performance obtained by summing the design 
grades of service. The typical contour would be the best 
estimate obtainable unless some further information is 
known about the traffic matrix. The shorter the routings 

(eg Figure 3al the nearer to the upper curve the grade of 
service would lie, and the longer the routings (eg 
Figures 3b and 3c) the nearer to the lower curve the grade 
of service would lie. An estimate of the mean % through 
traffic at each stage would assist. Indeed, from Figures 
5 and 6 it is possible to draw charts which show the 
region in which the overall grade of service should lie 
for a given mean percentage through traffic. Typical 
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curves are shown in Figures 7 (40%) and 8 (67%). These 
charts are thought particularly useful since they not 
only produce bounds for the overall grade of service, but 
they also give an indication of the variability intro
duced by the traffic matrix. As with Figure 6 the result 
tends towards the upper bound for short non-overlapping 
routings and to the lower bound for long and irregular 
non-overlapping routings. 
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5.1 Example for Network Analysis 

Let it be assumed that the traffic carried by each route 
is known because either traffic records have been taken 
or it has been accepted that the design traffic has been 
achieved. A hypothetical situation is shown in Figure9a, 
which could be interpreted practically as a Strowger 
trunking or the interconnection of a number of exchanges. 
If all that is known about the network is the traffic on 
each route then all that can be done is to add the grade 
of service estimates. If the traffic which flows over all 
five routes is known then we can calculate an approximate 
figure for the mean percentage end to end traffic by 
averaging the percentage figures on each route. A better 
estimate can then be obtained by using Figure 6 and 
assuming a reasonable mix of overlapping streams. If we 
know the full traffic matrix then an approximate figure 
for the mean percentage through traffic at each stage can 
be calculated by averaging the figures for each stage. 
Referring to Figure 6 or preferably an appropriate chart 
similar to Figures 7 and 8 we can approximately locate 
the overall grade of service. 
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FIGURE 9a: 5 ROUTE EiW1PIE WITH TRAFFIC f1ATRIX - 1 

N=15 N=20 N=12 N=25 N=18 
Xi iIIi iIIi ~, ~, :le 

9.11 11.63 5.71 17.41 10.58 
TRAFFIC CARRIED 

1.96 -+ JIi iI£ 

2.43 - JIi !lE !lE 

4.72 ~ x ili * * x x 
3.48 --" * * 0.99 - lE * ~E 

7.83 -- ~e x 
4.86 -+ ~[ x x 
0.99 -+ ~x 

MEAN 

% OF END TO END 52 41 83 28 45 50% TRAFFIC 

% THROUGH 79 50 83 55 67% TRAFFIC 

GOS .025 .008 .009 .023 .012 SUN 
ESTll1A.TE .077 

Figure 9a shows a traffic matrix when the mean end to 
end traffic is around 50% and the mean at each stage 
around 67%. Referring to Figure 8 we can expect the 
overall grade of service to be 0.72 of the arithmetic 
sum of designs, giving a grade of service = 0.055. In 
fact a grade of service of 0.056 has been calculated 
using the computational method discussed in Section 2. 

FIGURE 9b: 5 ROUTE EXAl1PIE WITH TRAFFIC MATRIX - 2 

N=15 N=20 N::12 N=25 N=18 
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Figure 9b shows the same network, but with the ~an end 
to end traffic around 10% and the mean at each stage 
around 68%. Referring to Figure 8 the multiplying ratio 
lies in the region 0.65+0.87. However the routings are 
longer and more irregular than in Figure 9a and there
fore we look to the lower region, say 0.7 of the sum. 
This gives an overall grade of service 0.056. In fact 
using the computational method gives a grade of service 
of 0.055. 

These two examples illustrate the use of the proposed 
design charts in estimating the overall grade of service 
from information known about the network. 

5.2 Designing from Forecast Traffic 

It is assumed here that a forecast traffic on each route 
is known and that we wish to determine one of the following: 

(a) " Given the dimensioning rules for each route, 
what is the end to end performance, or 
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(b) Given an objective end to end performance, what 
apportioning rules should be adopted? 

In ei ther case the whole design will be based on traffic 
quantities which are forecast and not measured. Usually 
when forecas~ing it is assumed that the traffic offered 
equals the traffic carried. However, when designing a 
network, the forecast traffic is considered to be the 
traffic potentiaL on each route, ie the traffic which 
would be carried in a loss free ne twork. For any route 
the traffi.c potential will be greater than the traffic 
offered due to the tra£fic which is lost at succeeding or 
preceding stages of switching. (Calls lost at succeeding 
stages would be counted as call attempts but would contri
bute little to the traffic). There is no simple way of 
relating a forecast or a potential traffic matrix to the 
carried traffi.c matrix and iterative methods would have 
to be adopted to avoid possible overprovision in the 
design netwOl:;k. 

As a firs.t approximation it can be assumed that on any 
rout~ traffic potential, traffic offered, and traffic 
carried are all equal. Provided the number of routes in 
series is reasonably small and all the routes are dimen
sioned to a good grade of service, then the approximation 
is probably not unreasonable. The design charts can then 
be used to determine the overall grade of service. This 
would permi t initial dimensioning of routes according to 
the objective design rules. 

If a better result is required then the analysis would 
have to be repeated iteratively in order to minimise the 
size of every route. However, the exact design grade of 
service on a route may not be achievable due to the fact 
that circuits can only be provided in integer quantities, 
ie minimum of one. Consequently there will be a certain 
aroount of unavoidable discrepancy between achieved grade 
of service estimates and the design grades of service. 

As an example of network design, consider the network 
shown in Figure 1. The forecast traffic offered to each 
routing can be added for each route to produce the 
traffic potential. From an examination of the traffic 
matrix it is found that the mean through traffic at each 
stage is around 40% and the mean end to end around 2.5%. 
There is a good mix of overlapping routings and conse
quently reference to Figure 6 indicates that the end to 
end grade of service should lie between 0.87-0.95 of 
the sum of designs, say 0.91. 

If the route grade of service estimates are obtained 
from the traffic potential, arithmetic addition yields 
.136, and therefore expected overall grade of service = 
0.91 x .136 = 0.124. Using the traffic carried gives 
0.91 x .122 = 0.111. In fact the computational method 
gives an overall grade of service of 0.107. 
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APPENDIX: COMPARISON OF '!HE MON'IE CARLO TECliNIQUE AND 
SIMULATION 

The M::>nte Carlo technique, which is the basis of both 
the methods described in this paper, has some similari
ties with simulation, and a comparison between the two 
is interesting, as it highlights some of the strengths 
and weaknesse~ of each. 

In simulation, a conceptual copy of the actual system 
is built and its behaviour in a given environment is an 
exact reproduction of the actual system's behaviour. 
In the course of time, the copy of the real system makes 
tranSitions between various states, and an average over 
these states is taken as an estimate of the system's 
behaviour. With a M::>nte Carlo technique, a large number 
of states are again selected and the system's behaviour 
averaged over them. Generally, far fewer states are 
needed for a given accuracy than with simulation, and 
this is due to there being total independence between 
successive states selected, whereas with simulation 
there is an extremely high degree of serial correlation. 

With simulation, blocking is normally estimated by 
taking the ratio of lost to offered calls on each 
routing, and for routings with very little offered 
traffic, it can take a long time to build up a suffi
Ciently large sample of offered calls. With a M::>nte 
Carlo technique, each state selected gives an indepen
dent estimate of blocking on every routing, whatever 
the offered traffic, and so the accuracy of the result 
for even those routings with very little offered traffic 
is satisfactory without an unduly long run time. 

The computational effort required to select a state under 
the M::>nte Carlo method is generally far more than with 
simulation, because each state selected has to be built 
up from scratch, many calls generally needing to be set 
up, whereas with simulation, the difference between two 
successively selected states witl normally involve only 
one call. 
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