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ABSTRACT 

The complexity of telecommunication systems will 
increase as digital transmission and integrated 
circuit technology are introduced in the future 
networks. To be able to survey the reliability 
aspects and to give Lt proper attention computer 
based systems for analyzing the networks will be 
needed. 

This paper presents a mathematical model for 
analysis of the cost and the reliability of 
digital local networks. An interactive system 
for solving the model is outlined. The presen
tation is concentrated to the description of the 
computer~zed algorithms for network design. The 
examples presented indicate that the algorithms 
used give attractive network designs. 

FOREWORD 

This project was initi'ated by the Swedish 
Telecommunications Administration, who 
contracted the S.wedish Institute of Applied 
Mathematics ·for investigation of mathematical 
programming methods in connection with optimi
zation procedures. In the framework of the 
Institute the work has been carried ou~ by 
G. Holmberg, K. Fahlander, T. Svanfeldt et. al. 
at the Contract Research Group of Applied 
Mathematics, Royal Institute of Technology. 

The Administration has formulated the problem 
and given properties of equipment, reliability 
requirements and cost functions. Solution 
methods have been designed through jOint 
discussions. Construction of algorithms, 
computer programming and execution have been 
done by the Contract Research Group. ·The report, 
which presents results obtained by april 1979, 
has been writben by G. Holmberg in .cooperation 
with P. Lindberg. 

1. INTRODUCTION 

The development of digital transmission and 
integrated circuit technology will, give a 
considerable change in the telecommunication 
systems. 

An increased complexity of the systems will be 
expected. As a corisequence the reliability 
aspects will be harder to survey and have to be 
given more attention. When planning for "the 
future telecommunication systems an important 
question to answer is: What level of network 
reliability is reasonable to have, considering 
the costs for achieving it? 

The network reliability is determined by 

- the design of the equipment used in the system 
(function, capacity, reliability) 

- the network design (network configuration, use 
of equipment) 

- the design of the maintenance organization. 
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To use the model outlined the design of the 
equipment must be provide<:l in terms of function, 
capacity, reliability and cost. The cost of the 
maintenance organization and its effect on the 
reliability must be estimated and incluced in 
the cost and reliability caractaristics of the 
equipment. 

When this is provided the model constitutes an 
efficient instrument when designing a network of 
low cost with the desired network reliability. 

By changing the design of ~he equipment, the 
maintenance organisation and redesigning the 
network (using the model) detailed investigation 
can be done to answer questions like 

- what equipment (capacity and reliability of 
concentrators) should be used in a local net
work? 

- what network structures are of interest? 

- what is the relation between the ~ost of the 
network and the network reliability? 

The mathematical model is described in section 
2. In section 3 the solution methods are presen
ted. Some examples of how the model works are 
shown in section 4. 

2. MATHEMATICAL MODEL 

In a digital local network the subscribers are 
connected to traffic-concentrating units, 
concentrators, which are connected to the 
digital local exchange (DE). Pulse-Code-
1-1odulated (PCM) systems are used for the trans
mission betwe'en concentrators and the di tigal 
exchange. 

The planning problem to be solved can in short 
be described as 

given: 

find: 

a digital local exchange 
- subscribers 
- teletraffic equipment 
- level of network reliability 

A network design of low cost which 
gives connection between every sub
scriber and the local exchange 
with a network reliabili~y at 
least as the given level of relia
bility. 

2.1 Network reliability 

At present the aim of the Swedish Telecommuni
cations Administration is that no subscriber 
should have a failur.e intensity of more than 
0.25, i.e. a mean time between failures of 4 
years. 

When the new technilques are in troduced there is 
a risk that failures will tend to affect large 
groups of subscribers simultaneously. It is 
natural to require that such serious break downs 
should have a very low intensity. When 
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discussing network reliability not only the 
failure intensity but also the mean down time 
per year is of interest. 

In this model the required network raliability 
is expressed in the following way (see figure 1) 

n 

Figure 1. Required network reliability. 

No subscriber group of size n is allowed to be 
simultaneously disconnected from the network due 
to the same failure at a higher rate than 
indicated in the diagram. 

Am(n) is the maximum allowable mean number of 
failures per year 

Tm(n) is the maximum allowable mean disconnec
tion-time per year. 

The calculation of the reliability is done in 
following way: If the failure intensity for a 
group of n subscribers is wanted, examine which 
break downs in the net will affect the whole 
group, and add their intensity. When this has 
been done for all possible groups of size n, we 
can see if the demand Am(n) is fullfilled. The 
corresponding is done to control the mean 
disconnection time per year. Naturally the only 
subscriber groups of interest are those with 
some equipment in common. 

To simplify the calculations we have restricted 
ourselves to examine the following three 
decisive types of subscriber groups. 

1. Groups defined by concentrator capacity. 

2. Groups of size 1. 

3. Gro UiJ S defined by cable layings having the 
cable from a certain point to the DE and DE 
in common. 

Using the definition of groups and the assump
tions made earlIer the network reliability can 
easily be calculated. Two examples are given 
below. 

cablel 
DE 

Figure 2. Network reliability, tree structure. 

In figure 2 the network has a tree structure. 
n

A
, nB and ne subscribers in A, Band Care 

connected to one concentrator in A and one 
concentrator in C with capacities nconc1 and 

nconc2 respectively. In this network we have 

several groups of type 1, 2 and 3. 
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One group of type 1 is defined by the concentra
tor in C. For this group we get the following 
requirements on network reliability 

, + A + A + A < Am(n ) 
Aconc2 cable3 cablet DE - conc2 

Tconc2 + Acable3 . Tcable3 + 

One group of type 2 is defined by a subscriber 
in B. 

For this group we have the following require
metns on failure intensity 

~cable2 + Aconc1 + Acable1 + ADE ~ A
m

(1) 

For a group of type 3 defined by the cable 1 we 
have the following requirement on failure 
intensity 

The requirements on mean disconnection time are 
analogous. 

To . . calculate the reliability in case of redun
dancy we assume that the probability of a second 
failure to occur before the first one is 
repaired is negligible. In figure 3 we modify 
the network and suppose that the two concentra
tors have at least 2 PCM-systems using different 
paths from A to the DE. Since simultaneous 
failures are neglected, subscribers connected 

. to the concentrators are not supposed to be cut 
off by break downs in the cable or PCM-systems 
between A and the DE. The requirements on net
work reliability will be the same as above 
except that Acable2 and Acable2 . Tcable2 are 
now replaced by zero. 

C 

Figure 3. Network reliability, loop structure. 

2.2 The digital exchange 

All subscribers are to be connected through 
concentrators (which may be placed in the 
digital exchange) to the digital exchange (DE). 
The DE is described by its loca·tion and its 
reliability which has two components, failure 
intensity (number of break downs per year) and 
down time (hours per failure) . 

2.3. Subs.cribers 

Of interest is the location of the subscribers 
and the traffic in~ensity. In the model sub
scribers are located at distribution points. The 
cable and cable laying from the subscribers to 
the distribution points are regarded as the same 
for all subscribers. The traffic intensity is 
supposed to be the same for all subscribers. To 
connect a subscriber to a concentrator one pair 
of wires is needed. 
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2.4 Cable and cable laying 

To connect different pOints in the network cable 
and cable laying are needed. As the reliability 
of a cable depends on what cable laying is used 
the two are described as one component in the 
model. E.ach combination of cable and cable 
laying is described by its reliability i.e. 
failure intensity and down time (time needed 
to detect a failure and to get it repaired). The 
cost for combining different cables and cable 
layings are described by a curve of the 
following form 

cost/mile 

number of wires 

Figure 4. Cost of cable and cable layings 
(3 different combinations) . 

2.5 Network structures 

Permissible cable layings must be defined in the 
model. When studying basic methods for network 
design, for which the model primarily was 
developed, cable layings between any pair of 
distributio.n points, including the digital ex
change, may be an acceptable choice. 

The principle structures that can be handled by 
the model are the tree structure and the loop
structure. As will be shown in section 3 the 
model automatically generates a tree structure 
as a first draft of a network design. Loops are 
used only when redundancy is needed to achieve 
required network reliability. The loops are 
defined by the user of the model. 

2.6 Concentrators and PCM-systems 

Every concentrator needs a specific PCM-system 
for the connection to the digital exchange. The 
description of the concentrator in the model 
therefore also includes parts of the PCM-system. 
Each concentrator is specified by 

- the maximum number of subscribers that may be 
connected to the concentrator 

- the number of pairs of wires going to the 
digital exchange 

- the reliability of the concentrator i.e. 
failure intensity and down time 

- the cost; typical shapes are shown below 

cost 

I 
.. ____ J 

number of subscribers 
<connected: 

Figure 5. Cost of concentrators (2 'examples) . 
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- maximum distance between repeaters 

- reliability of a repeater (failure intensity, 
down time) 

- cost of a repeater 

- the maximum number of repeaters that may be 
sited in one repeater-box and the cost of 
a box. 

3. METHODS FOR SOLVING THE MODEL 

The problem to find the network of least cost 
which has the requested network reliability can 
be formulated as an integer programming problem. 
Available computer codes for solving this type 
of problem can't however be used. Due to the 
complexity and the size of the problem (500-1000 
distribution pOints) prohibitive execution times 
will be expected. Some heuristics must be used 
in order to solve the model within resonable 
time. 

A computerbased solution procedure must be used 
that effiCiently handles the network descrip
tions needed. The large database to handle 
limits the possibilities to design a computer 
program which automatically generates good net
works with loop structures. Man's ability to 
survey the entire network must be used in the 
solution procedure. 

In 3.1 we describe the principle steps in the 
solution procedure and ln 3.2 detailed descrip
tion is given of the main computerized 
algorithms. 

3.1 Steps in the solution procedure 

· ~t§P_1~_~Q~!~!Qg!~S_QE_£Qg£§g~E~~QE~ 

In this step the concentrator are positioned in 
the studied area. A computerized algorithm is 
provided. 

The concentrators should be placed very . closely 
to the subscribers as the need for wires will 
then be small. 

The algorithm locates one concentrator at a 
time. Starting at the distribution point having 
the longest path to the DE, a "local network" 
designed to connect subscribers to a 
concentrator is built. From the first choosen 
distribution point the network is expanded with 
the point that gives the least increase in the 
cost of the local network. 

After each expansion the cost of concentrator 
and local network per s .ubscriber is calculated. 
The size of the network is choosen to give 
minimal cost per s .ubscriber. 

The algor.ithm gives locations that will make it 
possible to generate a network with tree 
structure in step 2. Different ways to 
calculate which node has the longest path to 
the DE and the costs mentioned are provided. 
This is described in 3.2. 

In this step the subsribers are connected to 
the concentrators according to the location in 
step 1 and the concentrators are connected to 
the ' DE. A computerized algorithm is provided. 

As was the case in step 1 the algorithm has 
several parameters by which the user can 
decide whether the networ~ designed should be 
like a shortest spanning tree or if it should 
be more like a tree where each connection 
between a subscriber and a concentrator is the 
shortest path. 
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~~~E_~~_~Y~!~~~!Q~_Q!_~~~~QE~_E~!!~e!!!~y 

In this step the reliability of a given network 
is calculated according to the methods mentioned 
in section 2. Computerized algorithms are 
provided. To do the calculation the chosen types 
of cable and cable layings in the network and 
the desired level of network reliability must be 
provieded by the user. 

~~~E_~.;_~Q~!!Y!~~L~~~_~~!:~QE~ 

A network generated in step 2 can be modified 
in several ways. Step 1 may be run with -new 
parameters for the location of concentrators and 
fo~ manual conrections (fixing) of parts of the 
locations suggested. Step 2 may be run with new 
parameters and/or new locations of concentrators. 

In this step other changes .are available. 
Computer programs are provided that makes it 
possible for the user to do manual alterations 
of the network. After these alterations step 3 
may be run and the effects on network relia
bility can be evaluated. The changes that might 
be of interest are changing a tree structure 
generated in step 2 and/or creating loops in 
the network to be able to meet the reliability 
demands. 

3.2 Computerized algorithms 

~~~E_!~_EQ~!~!Q~!~g_Qi_~Q~~~~~E~~QE~ 

Step 1.1 Generation of a tree which connects 
every distribution point with the DE. 

To describe the algorithm used let us introduce 

N 

T = 

D. = 
~ 

a (n) 

set of nodes (=distribution points) 
not yet connected to the DE 

the tree that connects the distri
bution pOints to the DE 

the distance from node i to node j 

{

the length of the path from node i 
to DE th.rough nodes in T when i E T 
+' infinity otherwise 

a function provided by the user. 

The following algorithm is used 

a. Let N = {all nodes } , T = {DE } , DDE o. 

b. If N = ~ stop. 

c. Find the j E N that minimizes 
{dij + a(n) . Di ; i ET } , where n = the 

numbe~ of subscribers that are already 
connected to the DE by .. T . 
Let the optimal j be. j * and the corresponding 
i be i*. 

Go to . b. 

When the algorithm stops a tree which connects 
every distribution pOint with the DE is genera
ted. The Di:S are used in step 1.2 and the tree 
and the D.:s are updated as concentrators are 
positionea. 

Step 1.2 In this step the actual determination 
of concentrator positions takes place. 

The notations introduced in step 1.1 are kept 
and the following are added 

M = 

* G 
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number of types of concentrators 

the best choice of concentrator 
position and subscribers connected 
during a location 

NN 

the cost of the location G* 

the cost of a concentrator including 
the PCH-system 

cost of the local network connecting 
subscribers to a concentrator 

set of distribution points choosen 
as candidates to be connected 

81 , 82 are parameters provided by the user. 

The following algorithm is used 

a. Let N = {all nodesl, T = the tree generated 
in step 1.1. NWIIDer the different types of 
concentratQrs in the order of decreasing 
capacity. 

* b. If N = ~ stop, otherwise let G =~, 
C(G*) = + 00 . Find the i E N with the largest 
value of D .. Let it be i*. Let 

* ~ 
NN = {i } , m O. 

c. Let m = m + 1. If m > M go to g. 

d. Calculate the cost CCO of the concentrator 

of type m when subscribers located at the 
nodes in NN I.are connected to the 
concentrator. The concentrator is assumed to 
be placed at the center of these nodes. The 
cost of the PCM-system is estimated by using 
the euclidean distance from the center to the 
DE when calculating the number of repeaters 
needed. · Let n be the number of subscribers 
that are connected. Calculate the cost of the 
local network, CNET . 

* * e. If (CCO+CNET)/n < C(G ) update G and 
* l~t C(G ~ = (CCO+CNET)/n. 

If not all subscribers could be connected 
go to c. 

f. If N = NN go to g, otherwise find the node 
j E N,NN which minimizes z = 
= dij + 81 • dcj + 82 • dt*j . wbere i is the 

node 1 E NN which minimizeS d lj , 

dcj = the distance from node j to the center 

of the nodes in NN 

* Let the optimal node be j , NN 
and go to c. 

g. As the proce~ure b to · f sometimes will give 
locations (G ) that are unattractive some 
efforts must be made to prevent too unrea
listic locations to be generated. An example 
of an unattractive location G is shown in 
figure 6. 

/ 

-

* Figure 6. An unattractive location G . 
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In this step a procedure starts that tests 
if the cost of cable laying will be less jf 
nodes 2 and 3 are in G* instead of connecting 
them to node 1 or the DE. T~e cost of 
removing other nodes from G e.g. nodes 4 and 
5 is considered. The procedure is rather 
unsofisticated and tests in random order 
which nodes to put into G* and which nodes 
to remove from G*. It updates T which will 
remain a tree with no noqes fromG* included 
except whe~ all subscribers belonging to 
nodes in G cannot all be connected to the 
concentrator. In this case one node in G* is 
chosen to be in T. 

* h. The present G is now choosen to be the next 
location. The concentrator is positioned at 
the center node. Update Nand Di for all 
j EN. Go to b. 

In this step a network with tree structure is 
generated which connects every concentrator 
located in Step 1 to the DE and every subscriber 
to the concentrator decided upon in Step 1. 

The notations introduced in Step 1 are kept and 
the following are introduced 

K,KK = set of concentrators 

I,J = sets of nodes belonging to the same 
concentrator 

I nodes already connected to the network 

J nodes not connected to the network 

Y, 15 l' 15'2 are parameters provided by the user. 

The following algorithm is used 

a. Let N = {all nodes}, T = {DE}, DDE = O. 

b. If N = ~ stop, otherwise find the j E N 
which minimizes z = d ij + YD

i 
where i is 

the node k E T which minimizes d
k 

.. 
* J * Let the optimal i and j ~e i and j and 

let T = TU{j*}, N = N,{j }, D.* = D.* + d.* . *, 
J 1 1 J 

K = {the concentrators to which subscribers 
in j* are connected} . 

c. If K = ~ go to b otherwise choose a k E K. 
,Let K = K'{k}. Let 

I = {all nodes with subscribers belonging 
to concentrator k}, 

* j = the node in I that has alreadr been 
connected to T, I = I'{j*}, J = {j }. 

d. If I = ~ go to c. 

e. Find that i € I that 
minimize z = d ji + 15 1 • dci + 15 2 • dj*i 

where j is the node 1 E J which minimizes d
li 

dci the distance from the concentrator 
to the node i. 

Let the optimal i be i* and let * *-
1= I'U"*}, J = JUU*}, T = TUU }, N=N'U}, 
D.* = D, + d . . *, KK = {the concentrators to 

1 J J1 * 
which subscribers in node i are connected}. 
For all I E KK to the following: 
if 1 ~ K and concentrator 1 has subscribers 
not yet connected ' to .the DE let K = KU {I} . . 
Go to d. 
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4. EXAMPLES 

A first version of a computer based system for 
solving the planning problem will be developed 
by july 1979. Any extensive tests have not yet 
been done. Changes in the mathematical model 
will probably also be needed before any final 
conclusions on the cost and the reliability of 
future networks can be made. 

To show how the algorithms. work and to indicate 
what types of information can be obtained by the 
systems outlined the following exampel has been 
created. 

• 

. .. 

..•... 

distribution point 

the digital exhange 

Figure 7. Studied example. 

The effect of varying the parameter a(n) in 
step 1.1 is shown in figure 8 and 9. 

In figure 8 a(n) = 0, which means that a 
shortest spanning tree (SST) is generated. 
There exist several trees having a total length 
equal to the length of the SST, due to the data 
structure. 

* * In step 1.1 the i and j are chosen 
randomly when there exist several i, j . which 
minimize d ij + a(n) . D

i
. 

By increasing the value of a(n) to a(n) = 0.11 
as in figure 9 a network with a greater total 
length will be achieved. It tends, however, to 
have shorter paths from the distribution pOints 
to the Ja)E. 
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Figure 8. Network generated in Step 1.1 
with CL(n) = o. 

Figure 9. Network generated in Step 1.1 with 
CL (n). = 0.11. 

The final location of the concentrators and the 
final network generated in step 2 are shown in 
figure 10 and 11 for the two values of CL(n). 

The same values on the parameters in step 1.2 
and in step 2 and the same equipment have been 
used in both cases. In the neighbourhood of the 
DE the two solutions agree ~to a great extent. 
The greatest differences appear in areas· far 
away from the DE. 
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o = distribution point where a concentrator 
is located. 

Figure 10. Final network generated with CL (n) = O. 

Figure" 11. Final network generated with 
CL(n) = 0.11. 

By varying the parameters 8~ and 82 in step 1.2 
the distribution points to De connected to a 
concentrator can be chosen from a more or less 
circular area. 

The effect of varying the parameter y in step 2 
is similar to the effect of variation of CL(n). 
As the parameters OJ and O2 decide the design 
of the local networR connecting distribution 
points to a concentrator the effect of varying 
y is limited. In figure 12 y = 0 has been used 
instead of y = 1 as in figure 10. A careful 
look at the figures reveals ~hat only 5 arcs 
out of a _total of 153 are changed. The network 
in figure 12 will if an arc of smallest length 
is property added to the network have a loop of 
a greater total length than is possible to 
achieve with the network in figure 10. It is 
therefore more attractive when one wants to 
create redundancy 
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Figure 12. Final network generated with 
a. (n:). = 0, l' 0 . 

Apart from the network structure and the ' cost 
of the network the model gives valuable informa
tion about the reliability of the network. 

The level of reliability can for instance be 
presented by curves showing the mean disconnec
tion time and mean failure intensity for 
different sizes of groups of simultaneously 
disconnected subscribers. 

In figure 13 the different between the required 
level and the achieved level of mean failure 
intensity is precented. The dots in the figure 
represents values for one or more groups. The 
lines are drawn to connect the ~ximum, minimum 
and mean values respectively. 

x 

n 

x = 100 • p,m{.n) - An)' where A = achieved 
mean failure intensity for a gr8up of n sub
scribers. 

Figure 13. Network reliability. 

Information about where in the network the group 
sizes are defined which represent the minimum 
(maximum) curve can be obtained by drawing 
graphs of the network and using different 
symbols for different levels of network relia
bility. One example is shown in figure 14. Here 
only two symbols '.are used (filled and unfilled 
circles). In this figure the filled circles 
means that the group defined by the concentrator 
or groups connected to the concentrator in 
question have too large mean failure intensity. 

ITC-9 

• = a concentrator used by groups having too 
high level of mean failure intensity. 

Figure 14. Network reliability. 

HOLMBERG / LINDBERG-7 


