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ABSTRACT 

An estimate of peakedness z of a stationary 
renewal process can be obtained from bhe 
variance-mean ratio of the number of arrivals, 
N(T) ~ over a sufficiently long time interval T. 
It 1S shown that when the traffic stream is 
nonstationary, inflated values of the z-estimate 
~an occur which may be misleading for engineer-
1ng procedures. For example, if one assumes the 
variability of N(T) is due to z while it is 
actually due to nonstationarity, an incorrect 
number of servers in a loss or delay system 
could be indicated. A method of separating z 
from time variations is also presented. 

I. INTRODUCTION 

Peakedness is a familiar concept in teletraffic 
theory; see [1] and [2] for discussion as well 
as historical references. The estimation of 
peakedness is important for engineering con
siderations. This paper is concerned with one 
method of estimating peakedness, based on counts 
of arrival~, when there is traffic variability 
also due to systematic time variations. 

An estimate of peakedness z of a stationary re
newal process can be obtained from the variance
mean ratio of the number of arrivals, N(T), over 
a sufficiently long time interval T. This peak
edness estimate is discussed in Section 11. It 
is shown in Section III that when the traffic 
stream is nonstationary, inflated values of the 
z-estimate can occur. Implications are dis
cussed. 

Section IV derives an expression for the sample 
variance-mean ratio as a function of peakedness 
and time variations. A method of separating .z 
from time variations is also presented. The 
method is based on the different time scales for 
the peakedness and the time variations. 

Some concluding remarks are given in Section V. 

11. THE 2z-1 ESTIMATES 

In the Appendix, it is shown that an estimate of 
peakedness of a stationary renewal stream, rela
tive to exponential servers, may be obtained 
from the variance-mean ratio of the number of 
arrivals, N(T), over a sufficiently long inter
val T. Specifically the variance-mean ratio 
satisfies 

VAR[N(T) ] 
E[N(T) ] - 2z - 1 (11-1) 

where z is the peakedness of the traffic stream 
(a precise statement is given in the Appendix) • 
Thus, an estimate of z may be obtained from 
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z = (5\'/3r~) + 1 
2 

(II-Z) 

where SV/SM is the sample variance-mean ratio of. 
number of arrivals. We call z the 2z-1 estimat~. 
In practice, the sample variance and mean would 
be obtained from n consecutive samples each of 
length T. 

Ill. NONSTATIONARITY 

We point out a difficulty in using the (2z-1) 
estimate when the traffic stream is not station
ary. In p~rticular( it is shown that inflated 
values of z can occur which may be quite mis
leading. 

To show this, assume we nave n intervals, each 
of length T, and that the traffic stream is a 
time-varying Poisson process with intensity A., 
i=l, ... ,n, in each interval. We form the 1 
sample variance and mean using the n consecutive 
samples of number of arrivals. It is shown in 
Section IV that 

E(SV) 1 + ATC 2 
E(SM) 

* (Ill-I) 

where 

1 n 
A L A-n i=l 1 (111-2) 

and 

1 n 
L n=r i=l [

A. ]2 + - 1 (111-3) 

If Ai = constant, then E(SV)/E(SM) = 1, as it 
obviously should be. However, if A. ~ constant, 
it is seen that E(SV)/E(SM) exceeds11 by the 
product of the average number of arrivals in an 
interval and a term representing the relative 
variability of the A.. This is not necessarily 
a serious flaw unles§ it defeats the purpose for 
which theApeakedness estimate is being made. 
That is, z may be regarded as an effective peak
edness which embodies the effects of both. peaked
ness and time variations. Peakedness and time 
variations have the same qualitative effects: 
e.g., both indicate an increase in number of 
servers to meet a blocking criterion in a lost 
calls cleared situation or to meet delay re
quirement in a delay system. However, they 
could have different quantitative effects. It 
is easy to construct examples where straight use 
of the 2z-l estimate leads to a large error in 
sizing service system requirements when time 
variations inflate the z-estimate (and are not 
identified as being the cause). 

, IV. ' DERIVATION OF (Ill-I) WITH E:<TENSION TO 
PEAKED TRAFFIC 

W", !::hnJ.l ' derive the extension of (Ill-I) to the 

* Note that E(SV1/E(SM) is the first term in 
an ex~ansion of E(SV/SM). 
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case of a traffic stream with peakedness z. We 
assume that the traffic stream has constant * 
peakedness and slowly time varying m1'neatnervraaltes Ai 
and that the arrivals in different 
can be considered independent. t 

The derivation uses (11-1) which, along with the 
independence assumption, makes the result ap
proximate in general. However, the result is 
exact for time-varying Poisson streams. 

Letting N . be the number of arrivals in the ith 

inte::~.: Er! IN.] =!. I A. T = AT (IV-I) 
In i=l 1 n i=l 1 

and 

E(SV) = Er =1 I (N.-SM) 21 r i=l 1 J 

~l n 1 n n ~} - 2"E L N. L N. - 2" L A.T L A.T 
n i=l 1 j=l J n i=l 1 j=l J 

n { T2 n 2 ATt = 1 (2z-1)AT + - L (A.-A) - (2z-1) -
n- n i=l 1 n) 

(2z-1)AT + ~l I (A._A)2 
n i=l 1 

(IV-2)'" 

Thus, 

E(SV) 2 
E(SM) - 2z-1 + ATC (IV-3) 

with 

1 [ n 
n-l .L 

1=1 

A. 
1 

T (IV-4) 

Using (IV-3) one can approximately solve for both 
peakedness and time variations as represented by 

* 

t 

'" 

A process that can have this property (ap
proximately) is an overflow from a trunk group 
whose first offered traffic rate is slowly 
varying; the overflow peakedness does not 
change much over a range of offered loads. 

This would approximately be the case if T 
' were sufficiently large. 

This derivation is reminiscent of the analysis 
of variance decomposition of sums of squares 
into within-group and between-group compon
ents. Similar expressions arise for other 
processes; see Chaps. 4 and 7 of [3]. Also 
see [3], Chap. 3 for trends. Also, the deri-
vation is easily generalized to the case when 
the A. are random and to the case where the 
variaeility in the Ni is due to a phenomenon 
other than peakedness. 
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C2 if one uses two different sub-interval 
lengths Tl and T2 with nlTl = n 2T2 ; i.e., the 
total measuremenE interval !s constant: 

r]:(sv>l _ 2z-1 + \T
I

C2 . , 
~(SM)]l 

r]: (SV)] ;: 2z-1 + AT
2

C2 , 
~ (SM)] 2 

from which we obtain 

(IV-S) 

(IV-6) 

(IV-7) 

(IV-a) 

where r, ,.r 2 are the SV/SM"ratios obtained with 
T1 ,T2 , respectively, and A is an estimate of A. 
Tfie statistical properties of the estimators 
(IV-7), (IV-a) are not studied here. 

Remark 1. The parameter C could be used 
directly in approximating system performance 
under certain quasi-stationary assumptions. For 
example, assume that over each time interval, 
arriving customers experience a measure of con
gestion (e.g., mean delay or P{delay>t}) which 
is a function of the arrival rate in that inter
val: D(A.). The congestion measure averaged 
over all ~rrivals is then assumed to be 
adequately represented by 

D= I A.D(A.)/I Ai· 
i=l 1 1 i=l 

Expanding AD(A) , 

D(A) + A n-l d
2 

[AD(A)]C2 . 
2Il~ 

An alternate approximation uses the second 
central difference: 

D ~ D(A) + __ A __ [(A+6)D(A+6) 
26 2 

- 2AD(A) + (A-6)D(A-6)]C 2 . 

(IV-9) 

(IV-ID) 

(IV-U) 

Remark 2. In deriving (IV-7) and (IV-a), it was 
impl1c1tly assumed that there was a unique C as
sociated with . two subintervals T and T. We 
clarify this here. Suppose thatlwe hav~ peaked 
traffic (with constant peakedness) and slowly 
time-varying mean rate A(t), as a function of 
time (not interval, as before). Then we find 

E(SV) 
E(SM) - 2z-l + ':\TC 2 (T) , (IV-12) 
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where 

1 fnT 
nT ° A (t)dt , (IV-13) 

n=l y r~ fiT A (t) dt 
i=l ~ (i-l) T 

(IV-14) 

Observe that for A(t) with a bounded derivative, 

C2 (0) = lim C
2

(T) 
T-+O 

nT=constant 

~ I:T[A(t) - A]2dt 

1. 2 

(IV-15) 

with rate of convergence determined from 

In~l C
2

(T) _ C
2

(0) I ~ :~T (2M + i MIT) 

(IV-16) 

with 

M maxIA(t) - AI 

tE [O,nT] (IV-l7) 

maxi A I (t) I 

t E [O,nT] (IV-1S) 

Thus, for C2 (Tl) and C2 (T ) to be approximately 
equal, it is sufficient t~at Tl and T both be 
sufficiently small, as indicated by (fV-16). On 
the other hand, min{Tl ,T2 } should be large 
enough for acceptable accuracy of the (2z-1) 
approximation. 

V. CONCLUSION 

One should be particularly careful about using 
the 2z-1 estimate for a nonstationary stream if 
T is too large (on the other hand, the 2z-1 
method loses accuracy as T -+ 0) . One could 
presumably correct for nonstationarity since 
the measurements in the individual intervals 
contain information about time variations (as 
shown in Section IV, e.g., (IV-7)) but it takes 
away from the basic simplicity of directly 
using the estimate. 

Some of the discussion has been somewhat 
heuristic and further work is warranted, as is 
apparently the case with most problems in this 
area. Some recent articles with additional 
references on statistical problems with non
stationary processes are [4] and [5]. Also see 
[6] for related material in a teletraffic 
theory context, as well as additional 
references. 
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APPENDIX 

The purpose of this appendix is to derive the 
2z-1 result for stationary processes; it is 
stated precisely in (A-S). (A-S) was derived 
for batched renewal processes in a 1973 un
published memorandum by D. L. Jagerman. An 
early version was given in a 1972 unpublished 
memorandum by J. Tosto. 

A partial characterization of the behavior of a 
stationa~point process (not necessarily 
regular) of items offered to a group of servers 
is given by its 'peakedness'. Consider a point 
process of arrivals offered to an infinite group 
of servers identical and independent with ex
ponential service distribution with mean service 
time ~-l. Let ~(t) be the (stationary) number 
of busy servers at time t. Then the peakedness 
z(~) of the stream is defined by 

var ~(t) 
E~(t) (A-l) 

where the de~endence on ~ is explicitly dis
played here. 

In the remainder, the point process considered 
is · a batched renewal process. Let A(x) desig
nate the inter-arrival time distribution of re
newal events. At each arrival event, more than 
one item may arrive for service; that is, ar
rivals occur in batches. The batch size dis
tribution is q~(~~O) with b l , b 2 designating the 
first two binomial moments of q~. Let the 
Laplace-Stieltjes transform be shown by a 
circumflex; thus 

A(s) foo e-sxdA(x) 

° 
(A-2) 

An explicit formula for z(~) may now be quoted: 

(A-3) 

in which A is the arrival rate per unit time of 
events of the renewal stream, i.e., 

-1 I
oo 

A = 
o 

[l-A (x) ] dx . (A-4) 

For a regular stream (no batching), one has 
ql = 1, b l = 1, b 2 = 0, and hence 

* 

t 

(A_5)t 

The notion of peakedness may be generalized 
to the case where the service is not expo
nential; this will be the subject of a paper 
to be published by A. E. Eckberg. 

In this equation, fixing peakednessAis 
equivalent to fixing the transform A(s) at 
s =~. Thus, peakedness imposes a constraint 
on the arrival process but is an incomplete 
characterization. The effect of this con
straint on a blocking system is explored in 
[7] • 
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Formulae (A-3) and (A-5) are not useful for 
numerical computa~ion, however, when A/~ is 
large since then A(~) is very close to one and 
accuracy rapidly deteriorates. For this purpose, 
the Taylor expansion of z(~) about the origin 
is useful: 

z(O+) 

(A-6) 

in which 0
2 

is the variance and ~ 3 the third 
moment about the origin of A(x). For regular 
streams, one has 

z(" ) = z(O+) + r(Ot)2 - i ).2"J "+ 

02 A2+l 
--2-

(A-7) 

Formulae (A-6) and (A-7) usually show that the 
effect of the correction term in ~ is small 
compared to the initial term z(O+); hence, one 
often uses z(O+) as a rough approximation to 
i(~), for simplicity. 

It is possible to estimate z(O+) directly from 
observations made on the arrival process. Let 
N(T) be the number of arrivals in (O,T); then 

lim var N (T) 
T-+oo EN (T) 

2z (0+) - 1 . (A-8) 

This result is often used to obta~n an ap
proximate value for z( ~ ); if A, 0 , ~3' bl, b2 
can be estimated from the stream, then 
(A-6) or (A-7) may be used to provide an im
proved estimate of z(~). (A-8) is the basic 
result discussed in this paper, with the de
pendence of z on ~ suppressed. 
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