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ABSTRACT 

This paper discusses a new "Event Counting" method for the 
analysis of waiting time problems in Markovian queueing 
systems. The approach, which is quite similar to the 
simulation technique of Gmnbe, Suzuki and Itoh (1967) for 
their study of a two stage link system with delay, is 
essentially to express the waiting time distribution 
function as an infinite convex linear combination of terms 
from the Poisson probability distribution. The series 
coefficients are obtained recursively from a system of 
difference equations, analogous to Kolmogorov-Chapman 
equations. Such a series representation possesses efficient 
and stable convergence properties, and from a numerical 
point of view, its form is particularly convenient for the 
calculation of further quantities such as the moments of 
the distribution. The method is, therefore, generally 
superior to alternative approaches since it avoids the 
numerical problems which are often inherent in the 
inversion of integral transforms, the solution of eigen
value problems and systems of linear equations, or the 
summation of alternating series. 

Having derived the waiting time distribution function for 
a general one-dimensional birth and death queueing model, 
the Event Counting method will then be applied to examples 
with partially ordered service, queues with Erlangian input 
and queues with non pre-emptive priorities. We shall see 
that the queue discipline does not of itself complicate 
the analysis, and that in general, the most difficult 
aspect is the calculation of micro-state equilibrium 
probabili ties. 

1. INTRODUCTION 

In this paper we discuss a new "Event Counting" method for 
the calculation of waiting time distribution functions in 
Markovian queueing systems. These birth and death processes 
which have been the most widely studied of all queueing 
models, are characterised by the property that their past 
histories and future evolutions are independent, given 
the present state of the system. 

Following the pioneering work of A K Erlang (Ref.l) for 
the multi-server queue with Poisson input, Exponential 
service and the first-in first-out queue discipline many 
authors studying Markovian queues have developed some 
powerful analytic methods though many 0 f them were of 
limited practical value. In 1953, J Riordan (Ref.2) made 
a significant practical break-through in the approximate 
analysis 'of Erlang's queue with random service. With the 
development of modern computing power making recursive and 
iterative procedures into more viable computational 
techniques, practical solutions to many of the larger and 
more complex queueing problems were forthcoming from 
P. Kuhn (Ref. 3-5), M Segal (Ref. 6) and G Carter and 
R Cooper (Ref. 7) among others. A good formal treatment 
of Markovian queues is given by R Syski (Ref. 8) and some 
good review treatments are given in Ref. 9-11. 

Queueing theory problems rarely admit closed form solutions 
which are easy to evaluate and frequently the only 
available methods of analysis have presented significant 
numerical difficulties1 requiring either the numerical 
inversion of integral 'transforms, the solution of large 
eigen-value problems, or the summation of alternating 
series. We shall see that the Event Counting method 
is rarely surpassed from the practical point of view, 
being both quick and accurate by comparison with standard 
methods. 
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In essence, we write the coraplementary waiting time 
distribution function (the probability of delay greater 
than time t) as an infinite convex linear combination of 
Poisson probabilities, where the coefficients of the 
infinite series representation are determined recursively 
from discrete Kolmogorov-Chapman (or random walk) type 
equations. Since no negative terms are involved in any 
of the calculations, nuqerical accuracy is maintained and 
convergence rates represent an improvement over MacLaurin 
series methods. Later we shall also see that not only is 
the derivation of equilibrium state probabilit~.s generally 
the most difficult aspect of the analysis, but also that 
the delay distribution function is expressed in a form most 
suitable for further calculations. The moments of this 
distribution can readily be computed for example, whereas, 
had the delay distribution been expressed as a Taylor 
series expansion, then the corresponding moments would 
have been obtained only by separate (and often prohibitive) 
calculation methods. 

An event counting method, quite similar to that which is 
discussed in this paper, was developed by Gambe, Suzuki 
and Itoh (Ref. 12) for their Markov Chain simulation study 
of waiting times in a two-stage link system with delay. 
They did not formulate the method for use as an analytic 
tool however, choosing instead to use matrix methods for 
the calculation of theoretical waiting time distribution 
functions and their moments. 

In the. following section, we shall give a general description 
of how the method is applied to a one-dimensional Markovian 
queueing model with arbitrary (state dependent) birth and 
death coefficients. We sha~ see how the introduction of 
pseudo events, together with the occurrence of arr.ivals 
and departures from the system can be used to aid in the 
calculation of waiting time distributions. In Section 3 
we Shall apply the method to exam~les of three different 
delay-loss queueing systems, 

i. The multi-server queue with Poisson input, expo-
nential service times and partially ordered queueing, 

ii. the multi-server queue with Erlangian input of 
arbitrary order k, exponential service times and service 
in random order, 

iii. a multi-server queue with exponential service times, 
non pre-emptive priorities between k streams of Poisson 
traffic and order of arrival service within each stream. 

In Section 3 we shall also present some numerical results 
which demonstrate the practical usefulness of the Event 
Counting method as an analytic tool. 

It is evident from the scope of the exanples mentioned 
above, that this method can be applied to a wide variety 
of queueing situations, and in Ref. 13 it has been used to 
obtain results for the finite source delay-loss queue with 
exponential service times, exponential inter-arrival times 
per free source and partially ordered service of delayed 
customers. The method has also proved useful in Ref. 14 
for studying the performance of a special category of 
Automatic Call Distribution Systems in which an arbitrary 
number of operators are engaged in both a "Conversation" 
and a "Post Call Activity" service phase, each of 
exponentially distributed durations. 
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2. THE EVENT COUNTING METHOD 

To explain how waiting time analyses can be performed by 
counting events, we shall consider a general one dimensional 
birth and death queueing model. We shall first explain 
the method in the context of the random queue discipline, 
before considering alternatives such as first-in first-
out or partially ordered queueing. The random queue 
discipline has been chosen for illustrative purposes, 
because although it complicates the 'analysis of waiting 
times for elementary MIMIC queues by comparison with first
in first-out service, it is simpler to analyse in the general 
case as we shall see later. 

We suppose that there are C servers which act in parallel, 
independently of one another, and that service times are 
exponentially distributed. We assume also that there are Q 
waiting places to hold delayed customers, arriving customers 
are either served immediately, delayed until served, or 
turned away. 

We let Pj be the probability that when the system is in 
statistical equilibrium, there are- j customers present 
(j=0,1,2, •• ,C+Q). If j is less than or equal to C then 
all of them will be in receipt of service, and if j is 
greater than C then all servers will be busy and j-C 
customers will be waiting in the queue for their service 
to commence. If we let A· and Pj be the arrival and 
departure (birth and deatfi) coefficients of the system when 
there are j customers present, then we can write down the 
usual set of equilibrium state equations as followsl 

By equating the rates of -entry into and departure out of 
each state we obtainl 

POAO PlPl 
Pj (Aj + Pj ) - Pj_lA j _l + Pj+lP j +l O<j<C+Q 

PC+QPC+Q - PC+Q-IAC+Q- l (1) 

These equations can be rewritten in the form f(j)=f(j-l) 
for 0 < j < C+Q where 

f(O) =- 0 (2) 

(3) 

It follows from (2) that f(j)-O for all j=0,1,2, ••• ,C+Q-l 
and so from (3) that 

PjA j - Pj+lP j +l 

therefore, 

(4) 

We obtain from (4) that 

for j=l, ••• ,C+Q (5) 

Equations (5) together with the normalising condition 

C+Q 
L p.:z 1 

j=-O ) 

give the state probabilities 

(6) 

(7) 

(where the product term in the nUlneratnr is defined to be 
unity when j=O). 
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The time congestion which is the proportion of time ~hat 
all servers are busy and all waiting places are occupied, 
is given by 

E - PC+Q 
(8) 

Let us now define Wj as the probability that an arriving 
customer finds all servers busy and j customers waiting 
in the queue (j-O,l, ••• ,Q), then 

W -j 
(9) 

Whereas PC+i denotes the proportion of time that all servers 
are busy ana j customers are queueing for service, wi denotes 
the probability that an arriving customer finds j otner 
customers in the queue. The probability that an arriving 
customer is delayed is denoted by W(>O) and 

Q-l 
W(>O) - L 'lr j 

j-O 
(10) 

The probability that an arr~v~ng customer is blocked from 
the system is known as the call congestion and is given as 

B - 'irQ (11) 

This birth and death queueing model is widely used in 
practice by specifying more exactly, the values of the birth 
and death coefficients. If we first suppose that the service 
times for all custaners are identically distributed 
negative exponential random variables with mean h-1/pseconds, 
then we find that 

{

jP 

P -j CIl 

for 0 ~ , C-1 

for C ~ , C+Q 

If we assume that customers arrive at the system in a 
Poisson stream at a rate of A customers per second, then 

A for 0 ~ j ~ C+Q 

Equations 1, ••• ,11 can then be readily simplified as can be 
seen from any standard texts (Ref. 9-11) and, in particular, 
we note that B=-E and Wj :I PC+j. If, on the other hand, 
we assume that customers arrive from N independently and 
randomly motivated traffic sources at the rate of ~ 
customers per second per free source, then 

and we find that B~E and 'lrj t- PC+i. A more complete 
discussion of this model can also be found in (Ref. 9-11). 

We now turn our attention to the analysis of waiting times 
under the assumption of the random queue discipline. We 
identify an arbitrary (test) customer and associate with it 
a sequence of events. We count all those events which can 
influence the waiting time of this customer, and for the 
purposes of mathematical analysis, we introduce some 
additional pseudo events which affect neither the waiting 
time of the test customer, nor the current state of the 
system. We shall see that these real and pseudo events 
together form a Poisson process, and that the waiting time 
distribution of the test customer can be derived analytically 
in a form which is well suited for numerical computation. 
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We consider our test customer who arrives at some time 
epoch to and is either served immediately, admitted to the 
queue, or blocked from the system. When this customer is 
delayed, it waits in the queue until a server becomes free 
and then it may be randomly withdrawn to receive service. 
We let W be the random variable denoting the waiting time 
of the test customer and seek to calculate the decreasing 
waiting time distribution function 

W(>t) - P(W>t) (12) 

Consider a time interval (to' tlJ of length t, so that 

(13) 

and write 

W(>t) - P(Waiting longer than t and that k events 

occur in (t~, tl ]) 

l P(Waiting longer than t given 
k-O 

that k events occur in (to' t 1] )P(k events occur' in 

(14) 

We now look more closely at the construction of the sequence 
of events to be associated with the waiting time of the 
test customer. The events that affect its waiting time are: 

i. departure from the queue when a server has become 
free, and 

ii. arrivals to the system which do not find the queue 
full and which will then compete for tree servers with 
the test customer. 

If there are j customers in the queue and all C servers 
are busy, then from the hypothesis of a birth and death 
process, it follows that for an infinitesimally small 
time interval of length d~ the probability of an arrival 
during this interval is 

the probability of a departure during this interval is 

and the probability of the occurrence of more than one of 
these events is o(d~) where o(d~) is some arbitrary 
function of d~ such that 

Now let 

(15) 

and set (16) 

We then interpret yc+.d~ + o(d~) as the probability of 
the occurrence of a pseddo event in the small interval of 
length d~ and as before, assert that the probability of the 
occurrence of several pseudo events during the interval is 
o(d~). 

From these definitions it follows that the probability of 
a real or pseudo event in the interval dt is given by 

(A C+j + ~C+j + yc+j)dt + o(dt) 

- Kdt + o(dt) 
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(17) 

and the probability of no event is 

1 - ICd~ + 0 (dt) (lS) 

It follows therefore, that these events together form a 
Poisson process with rate IC or conversely the time between 
such events is negative exponentially distributed with 
mean l/K. 

We therefore denote by Pk(K,t) the probability that k 
events occur in (to' tlJ and use the well known formula 
for the Poisson probability distribution 

(19) 

with K > 0 and t ~ O. 

Given that exactly k events occur in the time interval 
(to' tJ, then the test customer will only be delayed for 
longer that time t if the event of its departure from the 
queue is not among the first k events to occur since the 
epoch of its arrival at the queue. Thus, 

P (W > t given k events in (to' t1 J ) 
- P (that the test customer does not depart as one of 
the first k events to occur since the epoch of its arrival, 
given the k events occur in (to' tlJ ) (20) 

We know however, since the sequence of events is defined 
to include all those that can affect the waiting time of 
the test customer, that the state of the system, frrnn the 
point of view of the test customer just after the occurrence 
of an event, is the same as the state of the system just 
before the occurrence of the next event. Since the events 
form a Poisson process, we can conclude that the event, 
"that the test customer does not depart amoung the first k 
events to occur since its arrival epoch", is statistically 
independent of the time taken for the occurrence of the 
first k such events. 

Define Rk to be the probability that the test customer does 
not depart as one of the first k events to occur since the 
epoch of its entry to the queue, then using the law of 
conditional probability we write, 

k Q-l k 
R - 1: Rj'lr j j-O . 

for j~0,1, ••• ,Q-1 and k-O,l, ••• 

(21) 

where Rk is the conditional probability that the test 
custome~ does not depart as one of the first k events to 
occur since the epoch of its entry to the queue, given that 
it arrived to find all servers busy and j other custolJerS 
in the queue with which it must compete for service. 

The importance of this discussion is that now we can rewrite 
(14) as 

W(>t) • (22) 

where the coefficients Rk are independent of t and so only 
need to be calculated once in order to apply (22). The 
discussion also shows the importance of a judicious 
definition of the event sequence. For instance, had we 
"pseudo" events in the sequence, to the exclusion of the 
"birth" events, then it would not have been true that ~ 
does not depend on t. This is because the state of the 
system from the viewpoint of the waiting time process of 
the "test" customer just after an event is not necessarily 
the same as the state of the system just before the 
occurrence of the next event, since, in the interim, there 
may have been some customers admitted to the queue so that 
the elapsed time between consecutive events becomes 
significant. We are now left with the task of calculating 
the coefficients Rk and this will be done using equation (21) 
after the coefficients R~ have been obtained recursively as 
follows. 
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It is clear from the definition of the conditional 
probabilities R~ that 

J 

(23) 

since any customer entering the queue must remain there 
until the occurrence of at least one event, namely, its 
departure. If we suppose that there are j customers 
queueing beside the test customer at the start of some 
infinitesimally small time inverval of length d~ then the 
probability of an event occurring in this interval is 
Kdt + o(dt). The probability of an arrival is AC+j+1dt+O(dt) 
the probability of a departure is ~ dt+O(dt) and 

C+j+l 

the probability of a pseudo event is YC+j+1dt+O(dt ) • 

Therefore, given that there are j customers queueing in 
addition to the test customer, the probability that the next 
event is an arrival is A /K the probability that it is 

C+j+l ' 

a departure is ~C+j+l/K and the probability that it is a 

pseudo event which will not affect the waiting time of the 
test customer is YC+j+l/K. If the event were a successful 

arrival then the test customer would be waiting with j+l 
others in the queue, if the event were a departure then 
with probability j/(j+l) the test customer would remain in 
the queue with another j-l customers, and if the event were 
a pseudo event then the test customer would remain in the 
queue with another j customers. 

Bearing in mind these considerations, we can relate the 
coefficients ~+l to the set ~, starting from (23) to give: 

R~+l (AC+IR~ + YC+IR~)/K 

R~+l - (AC+j+lR~+l + YC+j+lR~ + ~C+j+ltrlr) R~_l)/K 
where 0 < j < Q-l. 

(24) 

Equation (24) is simple to program and since it involves no 
negative termsk it yields numerically stable coefficients. 
In addition, R is a decreasing sequence of probabilities 
whose limit is zero, and since Pk(K,t) are clearly the terms 
of a convergent exponential series, then we are assured 
that the series representation in (22) for W(>t) possesses 
rapid and stable convergence properties. As a result, (22) 
is not only easy to derive in principle, but it is also 
simple to use in practice. 

Substituting equation (19) into (22) gives 

(25) 

which is convenient for two reasons. firstly, it enables 
us to obtain the Mac Laurin series expansion of W(>t) directly 
and, secondly, it is convenient from the viewpoint of further 
manipulation. 

By expanding e-Kt as an exponential series (25) becomes 

W{>t) -

E t~ {K j f (_l)i(~) Rj - i } 
j-O j. i-a 1 

(26) 

thus from the uniqueness of power series expansions we 
have 

(27) 
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where 

W(j) (0) 

(28) 

We can now calculate the moments of W the random variable 
denoting the waiting time of an arbitrary test customer as 
follows. Let M1 be the jth moment of the waiting time 
distribution, taen by definition 

a fm tjd(l-W(>t» o 

- io t
j 

:t W(>t)dt 

(30) can be integrated by parts, and since 

lim (tjW(>t» - 0 
t-

we obtain 

m j-l 
Mj a fO jt W(>t)dt 

f~ jtj - 1 W(>t)dt 

M ... 
J 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

since the integral in (33) being of a standard form is 
equal to unity. 

Let us suppose that a queueing system is in equilibrium 
during the time interval [o,Tl and that a customer arrives 
before time t~ We calculate W(t,T) the probability that 
it is waiting in the queue at time T. We suppose that it 
arrival epoch is at time X which is uniformly distributed 
in [O,t] so that 

x 
P(X~x) .. t 

Then 

W(t,T) .. f~ W(>T-x)dx/t 

a ~ ~ Rk It e-K(T-t+x) k+l (T-t+X)kd Kt k:O 0 K ---k--!-- X 

.. ~ L 
Kt k-O 

k 
{e -Kt I 

k . 
[{e -K (T-t) l (K (T7t)] J} 

j-o J. 

j .. o 

(35) 

(36) 

(37) 

Equation (37) is simple to evaluate as it is the difference 
between two absolutely convergent series and reduces to 
(25) in the limiting case (t=O) as we would expect. 
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Let us now turn to the queue discipline of service in the 
order of arrival. under the random queue discipline, it 
was sufficient for us to know the number of customers that 
were waiting in the queue with the test customer, so that 
a one-dimensional analysis was possible. With service in 
the order of arrival however, this information is not 
sufficient and we need also to know the number of customers 
waiting in the q~eue ahead of the test customer. We 
therefore need to use a two-dimensional analysis. If, as is 
usually the case, all service times are identically and 
exponentially distributed with a common mean, the knowledge 
of the number of customers waiting in the queue is not 
required and a one-dimensional analysis will suffice as we 
shall see later. 

Let ~i be the probability that the test customer waits in 
the queue for the occurrence of more than k events, given 
that it arrived to find all servers busy, and j other 
customers waiting in the queue of which i will be served 
ahead of it k - 0,1, ••• , j a 0, 1, ••• , Q-l and i = 0, 
1, ••• , j. Clearly, the probability that the test 
customer arrives to find all servers busy and j customers 
waiting in the queue, of which i will be served ahead of 
it, is zero if i~j and Wj otherwise, therefore, we can write 

Rk _ Q-l k 
o E Rjj1r j (38) 
j-O 

Beginning as before with 

o 
Rji - 1 for 0 ~ j ~ Q-l and 0 ~ i ~ j 

(39) 

we can obtain ~;l as a linear combination of the terms of 

order k by using a simple recursive relationship. We have 
the same values as before for K and the coefficients 
YC+j +1 for O~j~Q-l and can therefore write for k-O,l ••• 

Rk+l (A Rk 
jO C+j+l j+l,O 

It 
+ YC+j+lRjO 

Rk+1 
Q-l,O 

k 
- «AC+Q + YC+Q)~-l,O)/K 

Rk+l 
ji 

for 0 < j < Q-l and 0 < i ~ j, and 

o ~ j < Q-l 

k+l k+l k k 
RQ_l,i - (AC+QRQ_1,i + YC+QRQ-1,i + ~C+QRQ-2,i )/K (40) 

for 0 < i ~ Q - 1 
Equation (40) is derived from the following reasoning. If 
the test customer is waiting in the (i+l)th position in a 
queue of length j+l, then the next event will be an arrival 
with probability AC+j+l/K a departure with probability 

and a pseudo event with probability Y /K 
C+j+l 

Clearly, the occurrence of a pseudo event has no bearing on 
the state of the queue. If the event had been an arrival, 
then, provided that all Q waiting places were not occupied, 
the new customer would have joined the tail of the queue 
to wait in turn tor service. Had the event been a depart
ure from the system then the customer at the head of the 
queue would have left for service a~lowing the j remaining 
customers to move forward one place in the queue. The 
test customer would then be ith in line for service in a 
queue of length j. For this reason, we cannot allow a 
departure to occur whilst the test customer is at the head 
of the queue because, by hypothesis, this customer waits 
for more than k events to occur. 

Let us now consider the case where service times are 
negative exponentially distributed so that ~j - j~ when 
there are j<C customers in service and ~1~C~ when all 
servers are busy and any number of customers are waiting 
in the queue. Then only those events which constitute 
departures from the system can affect the waiting time of 
the test customer. \'1e therefore replace (15) by the 
relation 

(41) 

and, since we are only concerned with the number of customers 
waiting for service ahead of the test customer, we define 
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R~ as the probability that the test customer waits in the 
queue for the completion of more than k events, given that 
it arrived to find all servers busy and j customers 
scheduled to receive service ahead of it in the queue. 
Then (38) is replaced by the equation 

k ~l k 
R - r Rj W j (42) 

j-O k 
In this special case it is unnecessary to calculate R

j 
recursivelY for each k. 

If this were to be done however, we would replace (40) by 
the equations 

o for j-O, and (43) 

(since OK - ~) for j-l, ••• ,Q-l 
and k-l, 2 •• (44) 

We can readily see however, that since the test customer 
moves forward one place in the queue upon the occurrence 
of every event, then it is delayed during the occurrence 
of exactly j+l events where j is the number of customers 
queueing at the instant of its arrival. Thus we have 

R~ - 1 if j ~ k and R~ - 0 if j < k for k-O,l, •• 
and j-O,l, ••• ,Q-l (45) 

Substitution of (19), (41), (42) and (45) into (22) now gives 

Q-l Q-l C t k 
W(>t) - 2 r Wj e- ~ (~t) 

k-O j-k k~ 

(46) 

Equation (46) is well known and it was first derived by 
Erlang in the case of Poisson input and even holds in the 
general case of renewal input which is non Markovian. In 
fact, (46) can be applied to a finite or infinite queue 
whatever the input process provided that the service 
discipline is in the order of customer arrivals and that 
service times are identical exponentially dist~ibuted 
random variables. 

For the queue with Poisson input for exampl~, we set 

Ao - A J 
for j-O,l, ••• ,C+Q 

and write 

where p-A/C~ is the offered traffic per server. 

-C~t Q~l (~t)k 
W(>t) - W(>O) e L-

k-O k: 

C t Q-l (h)k 
- W(>O) e - ~ L-

k-O k: 
(l-pQ) 

Q-~ 2 pj.i!:& 
j-k (l-pQ) 

(l_pQ-k) 

In the case of the infinite queue, (49) becomes 

W(>t) - W(>O) 

- W(>O) 

-C~t ~ 
e ' L 

(At)k 
k! k-O 

e-C~t(l~p) 

(47) 

(48) 

(46) becomes 

(49) 

(SO) 

The Event Counting method which we have discussed in this 
section has several clear advantages over alternative 
approaches from the practical viewpoints of ease of 
application and numerical efficiency and reliability. 
Except possibly for the simplest of queueing theory models 
with identically distributed exponential service times and 
service in the order of arrival, the method of this section 
is much simpler to apply and more reliable than other 
approaches. Unlike those methods which may involve the 
summation of alternating series, iterative matrix 
algebra or the numerical inversion of integral transforms, 
our method requires only the recursive calculation of 
coefficients for substitution into a series with positive 
terms. The method is therefore generally faster and more 
reliable than its alternatives. In the following section, 
we shall consider some more difficult queueing theory 
examples requiring multi-dimensional analyses, to which 
our method can be effectively applied. 
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3. EXA."1PLES AND NUMERICAL HESULTS 

In this section, we shall consider a selection of 
illustrative examples and present some numerical results 
which show the usefulness of the event counting method for 
waiting time analyses. In teletraffic engineering, waiting 
time studies may be required for several reasons. Firstly, 
we may wish to compare the effect on waiting times of 
changes to system parameters or the queue discipline1 and 
secondly, we may need to use the waiting time distribution 
for dimensioning purposes. 

We shall consider three examples of single queue delay-loss 
models all with independent, identically distributed service 
times. We shall find that a two dimensional waiting time 
analysis is often required, and that in general, the most 
difficult aspect of the problem is the determination of 
the equilibrium state probabilities. 

3.1 H/M/C MODEL WITH PARTIALLY ORDERED QUEUEING 

We consider the delay-loss system with C servers, Q waiting 
places, Poisson input with mean arrival rate A, exponential 
service times with mean termination rate ~ and partially 
ordered queueing discipline. With this queueing discipline 
the Q waiting places are divided into two groups1 an 
ordered queue of size q and an overflow pool of size (Q-q). 
Customers arriving to find all servers occupied, fill the 
set of q waiting places which are served on a first-come
first-served basis. This set of waiting places is usually 
small, and when it becomes full, arriving customers are 
then held in the pool. As customers are served from the 
main queue, customers in the pool are selected at random 
and occupy the last place in the ordered queue. Thus, 
under lightly loaded conditions this system approximates 
a FIFO queueing system, whilst under heavy loads it 
operates as a random service queue. Clearly, this queue 
discipline contains random and FIFO service as extreme 
cases, viz. if q2Q-l or q~Q then service is in order of 
arrival, whereas, if q=O the service is in random order. 
Variants of this model have previously been studied by 
Jolley (Ref, 13) and Van Bosse (Ref. 15). Van Bosse 
considered the infinite queue case and obtained the delay 
distribution function using moment matching techniques, 
whereas Jolley considered the present system with finite 
source input. 

For O~j~Q-l we let Wj be the probability that a customer 
arrives to find all servers busy and j other customers 
waiting. Since we know that the probabilities {Wj} are 
independent of the queue discikline, they can be calculated 
by equation (48). We define R as the probability that a 
test customer waits in the queae during the occurrence of 
more than k events since a time instant when it was waiting 
in competition tor service with j other customers, where 
O~j~Q-l and O~k<-. Since any new arrival which is delayed 
begins to wait for service in competition with all customers 
whkch it finds in the queue, the sequence of probabilities 
{R } is given by equation (42) and the waiting time 
distribution function W(>t) is given by equation (25). It 
remains, therefore, to determine the value of K and the 
sequence of coefficients {R~}. 

Since, when the test customer is waiting in the overflow 
pool its waiting time is influenced by the occurrence of 
new arrivals to the system until it enters the ordered 
queue, we set 

(51) 

and we obtain the following set of recurrence equations. 

RC! ,. 1 
J 

j ~ O,l, ••• ,Q-l 

and for k=O,l, ••• 

Rk+1 
o 
R~+l 

J 

k 
- ARo/K 

k 
C~Rj_l)/K for 1 ~ j S q-1 

(52) 

(53) 

(54) 

Rk +l 
j 

,. (AR~ + 

k 
- (ARj +1 + ~«j-q)/(j-q+l»R~_l + C~R:_l/(j-q+l»/K 

for q ~ j ~ Q-2 (55) 
Rk +1 _ (A k ( ( k k 
Q-l RQ_l + ~ Q-l-q)/(Q-q»RQ_2 + C~Rq_l/(Q-q~~~~ 
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Figure 1 shows the effect on the conditional waiting time 
distribution function of changing the queue discipline. The 
system consists of 20 servers, 10 waiting places and is 
offered 16 erlangs of traffic with a mean service time of 
75 seconds. For each of the curves the number of ordered 
waiting places (q) is allo~ed to vary, and all curves are seen 
to be between the extreme cases of random and ordered service. 
Since both the probability of delay and the mean waiting 
time are independent of the queue discipline, all curves 
pass through the same point (0,1) and subtend equal areas 
with the axes. It follows therefore that the curves will 
all cross each other once as the diagram shows. 

3.2 Ek/M/C QUEUE WITH RANl)(Xot SERVICE 

We consider the delay-loss system with C servers and Q 
waiting places. Service times are exponentially distributed 
with mean termination rate ~ and the queue discipline is 
service in random order. The input process is Erlangian 
of order k and mean rate A. The interarrival-time 
distribution function is given as 

-kAt k~l (kAt) i 
P(T<t) - 1 - e L----

i-O il 
(57) 

This input process contains the cases of Poisson input 
(k=l) and constant interarrival times (k--) as special cases, 
and has been widely studied both in isolation and as a 
special case of queues with recurrent input. In particular, 
more details can be found in Takacs (Refs. 16 and 17) and 
Carter and Cooper (Ref. 7). In Refs. 7&10 the results of 
P.J. Burke are also discussed and since the inversion of 
integral transforms is required by neither Carter and 
Cooper nor Burke, their results - in spite of some numerical 
difficulties - have so far been the most suitable from a 
practical viewpoint. We shall now see how the Event Counting 
method can be used to calculate the conditional waiting 
time distribution function for finite values of the input 
parameter k, and how Burke's additional conditioning variable 
method can be used for the limiting case (k--). 

We first calculate the set of probabilities {ni*1 j-O, ••• ,Q} 
where w* is the probability that a newly arriving customer 
finds j 'customers in the queue, given that all C servers 
are busy. Using Kendall's (Ref. 18) theory of imbedded 
M~rkov chains we can express' wj (O~j~Q-l) in terms of 
wQ from the following set of equations 

(58) 

Q 
wj - t wr Pij for 0 < j < Q (59) 

i.j-l 

Pij is defined as the probability that the new arrival 
finds j other customers in the queue given that the previous 
arrival found i customers in the queue 

Pij - ~ P(i+l-j departures in time t)dP(T~t) 

_ ~ (Ak)k (Cp)i+l- j t k+i - j e-(Ak+CP)t dt 

o (k-l)! (i+l-j)! 

_ (~+i-j) (Ak)k(Cp)i+l-j 
1+1-j (Ak + Cp)k+i+l- j (60) 

Notice now that the limit 

lirn Pi' 
k- J 

exists, so that for constant interarriva1 times 

(61) 

Equations (58) and (59) together with the normalising 
equation 

~ 'If. - 1 
j-O j 

(62) 

can now be used to determine the state probabilities {w*}. 
Defining j 

w - 'Jr* /(l-'Jr*) 
j j . Q 

for 0 $ j ~ Q-1 (63) 
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we obtain the probabilities that a customer arrives to find 
j other customers in the queue, given that it is delayed. 

We now turn to the calculation of the conditional waiting 
time distribution function, W(>tl>O). Since, as we saw 
in Section 2 the Event Counting Method is only applicable 
to Markovian queues, we must transform the current analysis 
into the study of a Markov Process. It is well known that 
the Erlangian distribution of order k and mean l/A is 
equivalent to the k-fold convolution of independent 
exponential distributions with common mean l/(kA). We 
suppose that Poisson traffic is offered to the system with 
mean rate kA, but that only every kth such arrival constit
utes a real customer. Thus, we suppose that the input 
process moves through k independent and exponentially 
distributed phases so that customer arrivals can only 
occur during the kth phase, and such customers begin their 
wait in the queue at the start of the first phase. We write 

-lCt(lCt)n 
e --n: (64) 

and 

(65) 

Since the queue discipline is random, _we set 

IC - kA + Cl! (66) 

and now must calculate 
where we define ~; as the conditional probability that the 
test customer is delayed for more than n events since the 
time when it was waiting in the queue together with j 
other customers and the input process was in phase i. We 
obtain the following set of recurrence equations 

o 
Rij - I for 1 $ i $ k; 0 ~ j $ Q-l (67) 

and for n-O,l, ••• 

n+l :: 0 
and Ri,_l 

~;l _ (AkR~j+1 + Cl!j~j_l/(j+l»/IC 

for 0 ~ j , Q-I and ~,-l :: 0 

Rn+l _ n - (Q-I)I\ 
-kQ-l (AkRIQ_.l + Cl! Q Q-2' /IC 

(68) 

(69) 

(70) 

These equations are simple to evaluate numerically and since 
all terms are positive no accuracy is lost quring the 
calculation procedure. For large values of k, however, the 
rate of convergence of the series expansion of W(>tl>O) tends 
to be rather slow and it might therefore be appropriate to 
adopt the following method based on Burke's additional 
conditioning variable approach for the limiting case of k=-. 

We suppose that the test customer arrives at time t , and 
aenote by t l , t 2 , ••• the time epochs of successive ~rrivals. 
Since the interarrival times are constant, these time epochs 
are spread evenly apart in time. In order to calculate 
w(>tl>O) we let 

t - nu + v (71) 

where 

u - l/A 

is the time between arrivals and O~v<~. Let X~j (u) he the 
probability that'the test customer who arrives at epoch to to 
find i other customers waiting, is waiting in the queue a~ 
t + together with j other customers, a nd let y . (v) be the 
p~obability that the test customer is still inJthe queue 
after a further period of time v. Then we write 

(72) 

where 

= ~ -Cl.tu (ClJu)i(j+l-i) 
y. (v) )oe i 1 (j+l) 

J 1.-

(73) 
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and x
ij 

(u) is obtained recursively from 

Q-l n-l 1 u!o xim xmj 
(74) 

1 The terms xij(u) are elements of a Q-dimensional matrix 
such that r for 0 • i , \1-3 and 

i+2 $ $ Q-I 

xl e-Cl!u(ClJu)i+l-j~ o , i $ Q-l ; 0 ~ j ~ i+l 

ij (i+l-j) 1 (i+l) and i ~ j ~ Q-l 

e-ClJu(l + ClJu(Q-l)/Q) for i - - Q-l (75) 

X(u) 

SinCe che matrix of elements Xrj(u) is obtained by raising 
the matrix X(u) to the power n, equation (72) can be re
written in the convenient vector form 

W(>tl>o) (76) 

Using these equations practical results are very easy to 
obtain, and since all terms are positive in sign there are 
no numerical difficulties. 

Figure 2 shows the conditional waiting time distribution 
functions for the delay-loss system with 10 waiting places 
and 20 servers, exponential service times with a mean of 
75 seconds and an offered traffic of 16 erlangs. The curves 
show the effect of varying the input parameter k, ranging 
from Poisson input (k-l) to constant interarrival times 
(k=-). As k increases the input process becomes smoother 
and this is reflected by the increasing steepness of the 
curves. 

3.3 M/lo1/C QUEUE WITH MULTISTREAM INPUT, NON PRE-EMPTIVE 
PRIORITIES BETWEEN STREAMS AND FIFO SERVICE WITHIN STREAMS. 

In this example we consider a queueing system of C servers 
and Q waiting places, with exponentially distributed service 
times with mean l/lJ and Poisson input with mean arrival 
rate A. Customers arrive at the system from k independent 
Poisson streams at the rate of Ai per stream so that 

k 
A = 1: >. . 

i-I 1. 

(77) 

Customers finding that not all servers are busy are served 
immediately, and those finding all waiting places occupied 
are lost to the system. Customers who find all servers busy 
and spare waiting places, enter the common storage area 
and are marked according to their stream of origin. The 
streams are assigned priorities, so that no customer from 
the jth stream can be served ahead of customers from the 
ith stream for i<j, and customers within each stream are 
served in their order of arrival. Thus stream j has jth 
priority (j-l,2, ••• ,k). 

Priority queueing models have been widely studied and 
significant contributions have been made by Davis (Ref. 19), 
Jaiswal (Ref. 20), Kuhn (Ref. 5) and Whittaker (Ref. 21). 
Davis considered the present problem but with infinite 
storage capacity and thereby was able to use the technique 
of busy period analysis to obtain the waiting time 
distribution for each stream. The finiteness of the queue 
prohibits this approach, since in general the waiting time 
of a customer is affected by the arrival of customers from 
the same or lower priority schemes. 

Variants of this model may be that instead of a common 
storage capacity for delayed customers, there are individual 
limits {qi I i-l, ••• k} for each of the k streams, or that the 
within streams queue discipline is service in random order. 
In either case the main effect on the analysis of the system 
would be to require a state-space analysis of more than two 
dimensions, and although this makes the calculation of state 
probabilities considerably more difficult, it does not 
unduly complicate the calculation of waiting time 
distributions and their moments. 
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Since the system is a finite queue with Poisson inputs and 
exponential service times, then {p l~j~C+Q} are given by 
the usual formulae where Pi is thejprObability that there 
are j customers in the sys~em. In particular, 

(78) 

where Ec(A) denotes Erlang's loss formula for C servers and 
A·A/~ erlangs of offered traffic and ~ is the total offered 
traffic per server (~=A/C). 

For each n-l, ••• ,k let W~j be the probability that a 
customer arriving from the nth stream finds all servers bu~y, 
and"i+j customers in the queue, of which i have priority 
equal to or higher than nand j have priority lower than 
n. (i=O,l, ••• ,Q and j~O,l, ••• ,Q-i). Clearly, for all n 

j n 
L wij_i - PC+j (n-l,2, ••• ,k) 

i-O 
(79) 

and 

{

o for j>O 

- Pc' otherwise. +1. 
(80) 

We now consider the calculation of the probabilities 
{11'ij I n=l, ••• ,k-l, i=O,l, ••• ,Q, j=O,l, ••• ,Q-i}. Let 

(81) 

and 
k 

P~ - L Ai/C~ 
i"n+l 

(82) 

where pn is the offered traffic per server from streams of 
priorit9 higher than or equal to n an~ P~ is the offered 
traffic per server from streams of prl.orl.ty lower than n. 
We obtain the following set of equilibrium state equations 

"" P t + 
n n (83) P

c
(1+t) wOl + wIO C-l 

n n n n (i-l, ••• ,Q-l) (84) 1I'iO(1+6) .. "i+l,O + 'l'i-l,O Ph 

n n n 
WQ,o .. 'lrQ-l,O Ph 

n n n 
'lr

Oj 
(1+t) -1r

lj + 'lrOj+l + 
n n 

'lrOj _l Pl 

(85) 

(j-l, •• ,Q-l) (86) 

(87) 

(i-l, •• ,Q-2) 
(j-l,. ,Q-l-i) 

(88) 

(j-l, •• ,Q-l) (89) 

Equations (ij3) to (89) comprise a system ~(Q+1)(Q+2) 
equations in ~Q(Q+3) state probabilities and 2 known 
probabilities (Pc' PC- l ). using the following algo:ithm 
the solution to these equations can readily be obta1.ned 
and since there is one more equation than unknown, equation 
(87) can be used as an independent check on the numerical 
accuracy of the solution. 

ALGORITH1-1 

i. Use (a8nSd) tggether with (84A for i-Q-l, ••• ,2 to 
express 11'~0 11'10 in terms of 11'QO. 

ii. Use (84) for i=l to obtain 11'n and then back 
substitute using (85) and (84) for .QO i"Q-l, ••• ,2. to 
obtain {n~o I i=Q-1, ••• 1}. 

iii. Use (83) to obtain 11'gl. 
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iv~ For j-l, ••• ,Q-2 perform steps analogous to steps 
i to iii, to obtain {11'~il i-Q-j, ••• ,l} and W~j+l by using 
equations (89), (88) aftd (86). 

v. Use (89) then (86) to calculate the remaining 
probabilities 11'~,Q_l and 11'~. 

Now, consider the calculation of the waiting time 
distribution function for each of the k streams and for 
the total system. We let .wn(>t) be the probability that 
a customer of the nth stream is delayed for more than time 
t and write 

-Kt (Kt)m (90) 
e ""iii'"! 

where Rrum is the probability that a customer of the nth 
stream waits in the queue during the occurrence of more than 
m events. 

We firstly note that the case of highest priority customers 
can be treated separately. Since service within each 
stream is in order of arrival, we know that for a customer 
of the highest priority, no customers arriving during its 
waiting time can be served ahead of it. Thus, a customer 
that arrives to find i customers of its own priority waiting 
in the queue will be (i+l)th in line for service, and its 
waiting time will have an Erlangian distribution of order 
(i+l). Hence 

Wl(>t) _ Q~le-~t (C~;)m Qil Q-t-
i 

.. l (91) 
IPO DI. i-m j-O ij 

We return now to the general case of the nth stream for 
2~n~k to compute Wn(>t). We need to include arrivals from 
all priority streams as well as departures in the event 
sequence because arrivals from streams lower in priority 
than the nth stream can affect the waiting time of the test 
customer, in that their presence in the queue may prevent 
higher priority customers from entering the system. Thus 
we set 

(92) 

and regard the test customer as being (i+l)th in line for 
service in a queue of total length (i+j+l) where O~i!Q-l 
and O<j<Q-l-i. If there is an arrival from streams 1 to 
(n-l) 'it will enter the queue ahead of the test customer, 
whereas, if it is from streams n, ••• k it will join the 
queue behind the test customer. We define R~ as the 
probability that a customer of the nth stream waits in the 
queue during the occurrence of more than m events since 
the time when it was waiting (i+l)th in line for service 
in a queue of length (i+j+l), and we obtain 

rum Q-l Q-l-i run n 
R - L L Ri ' 'II"j i-a j-O J 1. 

(93) 

We now have the following set of recurrence equations for 
n=2, ••• k 

Rij = 1 for all i,j (94) 

For m"0,l,2 ••• 

nm+1 n-l lUll 
ROj - (Pt ROj +1+ j-O, ••• ,Q-2 (95) 

(96) 

(97) 

and finally for l~i'Q-l 

RlUIl+1 _ (tRnat + RJlDI ) CIJ/K 
iQ-l-i i,Q-l-i i-l,Q-l-i 

(98) 
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The waiting time distribution function for all customers 
arriving at the system is now obtained as the weighted sum 
of the waiting time distribution functions for customers 
of each of the k streams as 

k 
W(>t) - r (A /A) Wn(>t) 

n-l n 
(99) 

Figures3 and 4 show the shapes of waiting time distribution 
functions for the system with 20 servers and 10 waiting 
places, exponentially distributed service times of mean 
75 seconds and an offered traffic of 16 erlangs. In figure 
3 the curves for five streams of- equal intensity are drawn 
and in Figure 4 the average curves for the cases of 1,2,5, 
10 and 20 equally loaded input streams are shown. We can 
see in Figure 3 that the curves quickly diverge, indicating 
the wide difference in the grades of service for customers 
of the highest. and lowest priority streams. In Figure 4 
it can be seen that as the average delay remains unchanged 
the variance of the waiting time increases as the number of 
input streams is increased. 

4. SUMMARY 

In this paper we have studied a new Event Counting approach 
to the calculation of waiting time distribution functions in 
Markovian queueing systems. The distribution function is 
written as an infinite convex linear combination of Poisson 
probabilities and the mixing coefficients are calculated 
recursively. The main advantages of the method are its ease 
of application to a wide variety of problems including the 
calculation of moments and its numerical stability. Having 
been used by Gambe, Suzuki and Itoh in their Markov Chain 
simulation study of a link access queueing system, the method 
has now been extended for use as an analytic tool. Only 
three examples of the application of the method have been 
considered in this paper but it can also be applied to the 
analysis of overflow and limited availability models as ~ell 
as phase type service and finite source input systems. 
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