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ABSTRACT 

In this paper a model of a particular queueing system 
is considered in which the service time of an operator 
is divided into two distinct components. This model has 
been used to analyse the performance of Automatic Call 
Distribution (ACD) systems operated by organisations 
such as taxi companies, airline booking agencies and 
public utilities. In such ACD systems, an operator's 
service time often consists of : (i) a conversation 
phase, in which the operator obtains information from 
the caller, after which the call is released from the 
system; (ii) a post-call activity phase, in which the 
operator may fill out dockets or perform other clerical 
duties before becoming free to accept another call. 

In the mathematical model it is assumed that calls arrive 
at the queueing facility in a Poisson stream, and the 
two consecutive service phases are independent and 
exponentially distributed. This study was undertaken 
because of the possibility that if the proportion of 
time spent in the post-call activity phase is high, 
the .performance of such a system may differ significantly 
from that predicted by classical queueing theory models. 
Investigations using this model have confirmed that 
circuit quantities are quite sensitive to changes in the 
proportions of time spent in the two service phases. 

1. INTRODUCTION 

The stochastic behaviour of many Automatic Call 
Distribution Systems can generally be modelled by one 
of a variety of classical multiserver single queue 
models. For the class of systems under consideration 
in this paper it is assumed that calls arrive at the 
system in a Poisson stream with mean arrival rate A. 
Each call arrives on one of Q circuits, and has full 
availability access to each of c servers. The service 
procedure differs from that usually assumed in the 
standard M/G/c model and is divided into two consecutive 
phases. These may be tenned the "call conversation" and 
"post-call activity" phases respectively. Calls which 
arrive to find fewer than all c servers occupied in 
either of the two phases are immediately served in the 
first phase. It is assumed that the distribution of 
call conversation times follows the negative exponential 
model with mean termination rate~. At the conclusion 
of each conversation, the incoming circuit is freed in 
readiness to receive a new call. The server, however, 
now enters the second phase of the service function, 
the duration of which is again assumed to follow the 
negative exponential model with mean termination rate 
~. This post-call activity phase is generally a clerical 
function, such as writing of dockets, the relaying of 
information, or the processing of an enquiry or a booking. 
Calls which arrive to find all c servers busy are 
required to wait if there are fewer than Q circuits 
occupied, otherwise they are lost. Delayed calls are 
served according to one of two disciplines, first-in
first~out or random service. 

The model being considered he~e differs only slightly 
from that which was studied in 1966 by Shapiro (Ref 1) 
in which the infinite M/E le queue was considered. 
Shapiro's model assumes iaentical distributions for the 
two service phases, that the circuit is occupied during 
the second phase and that the queue has an infinite 
capacity. 
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In Section 2 the equilibrium state equations are derived 
for the infinite and finite queue cases and methods of 
solution are discussed. In Section 3 the distribution 
function of the waiting time process is considered and 
some alternative methods for its derivation are proposed. 
In Section 4, two straightforward methods for the 
calculation of the moments of this distribution are 
derived. In the final section, some numerical results 
are presented which illustrate the effects of post-call 
activity upon the performance of an ACD system. These 
results are also compared with well known results which 
do not incorporate this post-call activity phase. 

A two dimensional state. variable is used to describe the 
system. Let P .. be the probability that when the system 
is in statisti~al equilibrium there are i calls present 
and j servers engaged in post-call activity. In order 
to calculate the probabilities P .. it is necessa~ for 
each state (i, j) to equate the ~tobabilities of entry 
into and departure from that state. Since, by definition 
the state probabilities must add up to unity, 

Q C 
E E 

i=O j=O 
P •• 

l.J 
1, 

the P .. 's can be determined uniquely. The general 
equill~rium state. equation is 

Pij (A(l-o
iQ

) + g + min (i,c-j) ~) 

(1) 

APi_l,j + (j+l) ~Pij+l + min (c-j+l,i+l) ~Pi+l,j-l (2) 

where 0 ~ i ~ Q, 0 ~ j ~ c and Pij=O otherwise. 

In the next two subsections the solutions of (2) will 
be discussed for the finite and infinite queue models. 

Having obtained the solution to the system of equilibrium 
state equations, a number of the characteristic values 
of the system can be derived. The average number of 
occupied circuits (calls in progress or waiting for 
service) is given by 

Q c 
L E E i 

i=O j=O 
P • . 

l.J 

The average number of servers engaged in post-call 
activity is given by 

Q c 
CJ E E 

i=O j=O 
P •. 

1.J 

(3) 

(4) 

The probability of loss from the system is given by 

c 
B 1: PQj j=O 

(5) 

(= 1 - 2i) 
A 

and the probability of delay is given by 

Q-l c 
P(w>O) E E Pij , 

i=O j=n. 
1. 

(6) 
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where ni = max(O,c-i). 

2. STATE EQUATIONS 

2.1 INFINITE QUEUE 

Steady state solutions for queues · with· phase-type serVice 
have been considered by a number of authors. Mayhugh 
and McCormick CRef 6) have investigated the mu1tiserver 
queue with Poisson input and Er1angian service times of 
order k, whi1st· Shapiro (Ref 1) analysed the particular 
case of two identically distributed phases. It has been 
found that Shapiro's method can be most readily applied 
to the determination of the state probabilities for the 
infinite queue with post-call activity, and his approach 
will not b~ discussed for this case. 

The method· to be used involves the reduction of an 
infinite set of equations to a finite system of c+l 
equations, which are solved using standard matrix methods. 
The equilibrium state equations can be divided into two 
categories; Ca) i+j >, c and Cb) i+j < c. The state 
equations for the first category may be solved by 
assuming that Pij is the sum of terms of the form 

P.. . u. (e)e i + j (7) 
1.J J 

From (2) the equations for category (a) may be written 
as 

Pij(A+j~ + Cc-j)~) = APi _1 ,j + (j+1)~Pij+1 

+ (c-j+1)~ Pi +1,j-1 (8) 

where Pij = 0 if i, j < 0 or j > c. Substituting (7) 

into (8) and dividing by ei +j yields 

o A 
-(A+j~ + (c-j)~)uj(e) + e uj(e) + (j+1)~e uj +1(e) 

+ Cc-j+1)~ uj _1 Ce) (9) 

Now, let 

R = 

and 

c~ + A(l-l/e) 
~ 

(10) 

(11) 

Dividing by ~ in (9) and substituting (10) and (11) gives 

o - (R-j(l-y)) uj (e) + (j +l)ey uj +1 (e) 

+ (c-j+l) u. l(e) 
J-

where u.(e) = 0 for j < 0 or j > c. 
J 

(12) 

For a non-trivial solution to exist for the above system 
of homogeneous linear equations, the determinant of the 
matrix of coefficients, which is a polynomial in S, must 
be zero. 

Let U(z) 

then U' (z) 
c 
r 

j=l 

c . 
r u. (e) zJ 

j=O J 

u. (e) zj-1 
J 

(13) 

(14) 

Multiplying the jth equation in (12) by zj and summing 
over all j U=O,l, ... ,c) gives 

c 
0=- r 

j=o 
Ru.(8)zj + (l-y) 

J 

e-l 
r U+1)u. 1 (8) zj + 

j=O J+ 
+ yS 
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c 
r 

j=l 

e . 
r C.c-j+1)u. -1 Ce) zJ 

j=l J 
(15) 

Hence 

o -RU(z) + z(1-y) ut (z) + ye U' (z) + cz U (z) 

- z2 ut (z) 

Rearrangement of (16) gives 

ut (z) 

U (z) 

cz - R 

z 
2 

- z C 1-y )-y e 

In order to solve this homogeneous differential 
equation for U(z) the right hand side of (17) is 
resolved into partial fractions to give 

U' (z) 

U Cz) 
+ 

2 where zl and z2 are the roots of z -z(l-y)-ye=o 

(16) 

(17) 

(18) 

Integrating both sides of (18) with respect to z gives 

In U(z) In (z-z 1) + In(z-z2) + In K 

(19) 

where K is a constant of integration. Hence, 

[ R-C'l] 
z2- z1 

[C'2-R J 
z2- z1 

U(z) K(z-zl) (z-z2) (20) 

Now, by definition, U(z) is a polynomial in z of order 
c and thus the exponents in equation (20) must be non
negative integers, i.e. 

= n n=O ,1,2, ... 

Using (21) it can be seen that 

cZ2 - {cz1+n(z2- z1)} 

z2-z1 

(21) 

c-n (22) 

Note that in view of (22) it is necessary to restrict 
n so that 0 ~ n ~ c for both exponents to be non-negative 
Thus (20) becomes 

n=O,l, .. ,c (23) 

Defining the two roots of the quadratic equation as 

and 

where 

a = ~(l-y) and K 0.5 [(l-y)~ + 4ey] ~ 

then z2-z1 = -2K, 

and U(z) = K(Z_a_K)nCz_a+K)c-n 

for n = O,l, ... ,e. 

A proper solution to (1) can only exist if 

lim 
i-+<><> 

P •. 
1.J 

o 

(24) 

(25) 

(26) 

(27) 

and consequently it follows from equation (7) that the 
admissible values of S must satisfy Isl<1. It will now 
be shown that of the values of e satisfying equation (21), 
there are (c+1) with absolute values less than unity. 

Substitution for z1 and z2 in (21) gives 

ca-R = (2n-c)K (28) 
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Let the offered conversation traffic be A erlangs where 

A = A/IJ, (29) 

then R may be expressed as 

R = c + A(l-l/l3) , (30) 

so that 

R - ca = {c(l-a) + A(l-l/I3)} = (C-2n)K (31) 

Squaring both sides of equation (31) gives 

{c(l-a) + A(1-1/13)}2 = (c-2n) 2K2 (32) 

and substituting for a and K using (25), 

{~c(l+y) + A(1-1/13)}2 = (c-2n)2 ~ {(1_y)2 + 413y} 

{(~c(l+y) + A)I3-A}2 = (c-2n)2 :2 {(1_y)2 + 413y} (33) 

Since (c-2n)2 = (c-2(c-n))2 (34) 

it follows that equation (33) contains the roots for n=n 
and n=c-n. Thus it remains to be shown that (33) has 0 

two distiRct roots with absolute value less than unity for 
n=O,l, ... ,c; except for the case where n=c/2, where the 
two roots coincide. 

Let Y1(13) = {(~c(1+y)+A)I3-A}2 

(c-2n) 2 
Y2(I3,n) = ---4---- {(1_y)2132 + 413 3y} 

(~5) 

(36) 

obtained from (33) as the left and right hand sides 
respectively. It will be seen that the required roots 13, 
for each value of n, may be obtained as the points of 
intersection of the graphs for Y1 and y. Furthermore, 
in the particular case where there is aft even number of 
servers and n=c/2, the curve Y2 degenerates to the straight 
line Y2=0. The curve Y1 touches this line at the point 

_ A 
13 - ~c(l+y) + A (37) 

which is clearly less than unity, and therefore represents 
an admissible solution. In the general case, the curve 
Y1(8) is a quadratic intersecting the vertical axis at 

(0,A2), touching the horizontal axis at (A/{~c(1+y)+A},0) 
and passing through the point (1,~c2(r_y)2). Similarly, 
for n#c/2, the curve Y2(8,n) is a cubic function of 8 
which intersects the horizontal axis at (-~Cl_y)2/y,0), 
touches it at the origin, and passes through the point 
(1,~(c-2n)2(1+y)2). This situation is depicted in Fig. 1, 
from which it can be seen that the curves intersect at two 
points in the range 0 < 8 < 1. 

So (33) has two admissible roots for each n=O,l, ... ,c 
except when n=c/2, where there is only one root. Further
more, the roots for n=n are the same as those for n=c-n 
so that there are (c+1)odistinct values of 8 satisfying 0 

(33) and which have absolute value less than unity. 

Let the larger of the two roots of (33) be denoted by I3n 
and the ssma11er root by 8 , then from equation (36) 
and Fig 1 it can be seen tfia~ for 0 ~ n1 < n2 ~ c/2, 
Y2(8,n1) > Y2(8,n2), so that 8 > 8 and 13 < 13 . n1 n2 c-n1 c-n2 
Then the c+1 solutions are ordered so that 

1 > 8
0 

> 81 > ... 8c > O. 

Since K and K are functions of 13, let these be denoted by 
Kn and Kn respectively, so that equation (27) becomes 

U Cz) = K (z-a-K )n(z_a+K )c-n 
n n n n (38) 

From equation (13) it can be seen that.the u.(8) in 
equation (7) are the coefficients of zJ inJ (38). Thus 
they may be written in the form 

u.(a) = K f.(a ), 
J n n J n 

(39) 

and hence the most general solution is obtained as the 
sum of solutions of the form (7) viz: 
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c 
E 

n=O 
(40) 

Thus in order to calculate the state probabilities P .. 
from (40) the values of 8 are obtained from (33) as1J 

n . 
described above. The terms f

J
.(8n) are the coefficients 

of zJ in the expansion of 

(41) 

where a and K , are determined from (25). The constants 
of integratioR, K , are derived from boundary conditions 
involving the catRgory (b) equations, and the normalising 
condi tion (1). 

y 

YI 

Fig. 1 Determination of the roots of Equation (33) 

From (2) the equations· for category (b) may be written 
as 

Pij (A+j~+iIJ) = APi_1,j+(j+1)~Pij+1+(i+1)IJPi+1,j_l (42) 

where i+j<c and P .. =0 if i,j<O. There is a number of 
ways that these e&~ations can be used to express state 
probabilities in terms of the (c+1) unknown constants 
{K }, but the following method is possibly the most 
co~putationallY efficient. The equations (42) may be 
rewritten as 

(i>O): APi _1,j = Pij(A+j~+i)J) - (j+1)~Pij+1 

- (i+l))J Pi +1,j-l where j=0, .. ,c-i-1. (43) 

(i=O): (A+H;)POj U+ 1H;Poj +1 + IJP lj _1 (j=O, .. ,c-l) (44) 

and P .. ~ 0 for < O. 
1.J 

Equation (40) was derived using the theory for the 
solution of an infinite set of difference equations 
and actually holds for i+j = c-l as well as for i+j~c. 
Using (43), each state P . . for i+j~c-2 can be expressed 
recursively as a linear ~~mbination of the (c+1) unknown 
constants {K}. Equations (44) then form a system of c 
linearly indRpendent equations in (c+1) unknowns. When 
this system of equations is supplemented by the normalising 
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condition a complete set of (c+l) linearly independent 
equations is obtained, from which the {K } can be 
determined uniquely. The normalising coRdition (1) can be 
simplified in the following way: 

1 

c-2 
1: 

i=o 

1: 
i=O 

c-2-i 
1: 

j=o 

g(Ko,· "·· ,Kc) 

g(Ko" .. ,Kc) 

g(Ko"" ,Kc) 

c 
1: 

j=O 

P .. 
1J 

+ 

+ 

+ 

since 1 an 1 <1 

+ 

+ 

P .. 
1J 

c 
1: 

j=o 

c 
1: 

j=o 

c 
1: 

n=o 

c 
1: 

n=o 

c 
1: 

n=o 

c 

1: P .. 
i=c-j -1 1J 

c 
1: 1: 

i=c-j-l n=o 

c 
1: Knfj U3n) a

j 
1: ai 

j=o n i=c-j-l n 

c Kf.ca) " c-j-l 

1: n J n an 

j=o (I-an) 

+ 1: 
n=O 

(l-a-K )n (l-a+K )c-n 
n n 

where g(K , ... ,K) represents the sum of the state 
probabili~ies P.~ for i+j ~ c-2 expressed as a linear 
combination of !i'te {Kn} . 

There is a further equation involving {K } which may 
sometimes be of interest. Since (40) hoids for the 
(c+l) state probabilities P . . for i+j = c-l, then in 
particular it holds for the1impossible state (-l,c). 
Hence 

c c-l 0 1: K f'c(an) an 
n=O n 

c c-l 
1: K an (46) n n=o 

(45) 

since f (an)=l for all n=O, ... ,c. The probability of delay 
c~ no~~e computed more easily than by using equation (6), 
S1nce 1t follows from (45) that 

c 
P(>O) 1: 1: P .. 

j=O i=c-j 1J 

C a
C 

1: K n (l-a-K )n (l-a+K ) c-n (47) n I-an n n n=o 

Earlier in this section, it was shown that for solutions 
of the form (7) to exist it was necessary that 1131<1. 
As a is the largest of the admissable roots in (33), the 
prac£ical implications of this restriction on the a-values 
may be considered by investigating this root. Substituting 
n=O in (33) gives 

c2a2 
{(~c(l+y)+A) a-A}2 -4- {(l_y)2 + 4ay} (48) 

After simplification, (48) becomes 

(a-I) [c2 y 13 2 - (A2 + Ac(l+y)) a + A2] = 0 

which has solutions a = 1 and 

a = A2 + Ac(l+y) ± ICAt + AcCl+y))2 - 4yA2c2 

2 c2y 
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Therefore 

A2 + AcCl+y) + / (At + Ac(l+y)) 2 _ 4YA2C2 ' 

2 <;.2y 

Thus in order to satisfy 113
0

1<1 it is necessary that 

I (A2 + Ac(1+y))2 _ 4YA2c2 i < 2c2y _ A2 + Ac(l+y) 

Squaring both sides of the inequality and simplifying 
gives 

_4YA2c2 < 4c4y2 - 4YA2c2 - 4c 3A(1+y) 

or AC1+y) < C 
y 

(49) 

Substituting for A and y in terms of A, ~ and ~ gives 

A 
+ -

~ 
< c (50) 

In other words, the sum of the two components of traffic 
load handled by the operators should not exceed the 
total number of operators. 

It should be noted that the analyses of infinite queues 
with post-call activity or two consecutive service phases 
are identical. In fact, Shapiro's analysis was extended 
for the solution of the category (a) equations in the 
more general case of unequal service phases. The treatment 
of the category (b) equations differ from Shapiro's method 
in two ways. Firstly, it involves the recursive 
expression of the state probabilities in terms of the 
unknowns, and secondly it requires the solution of a 
system of (c+l) rather than 2(c+l) linear equations. 
Where the mean service times for the two phases are 
equal, a number of simplifications can be made to the 
above formulae. In particular, 

a = 0 and K = a~ n n 

and thus the normalis ing condition (45) simplifies 

c K ac- l 
(l_a~)n(l+a~)c-n g(Ko"" ,Kc) + 1: 

n n 
n n=o I-an 

and the probability of delay reduces to 

2.2 

P(>O) 
c 
1: 

n=o 
K 
n 

FINITE QUEUE 

to 

1 

(52) 

(51) 

When there is a finite number of circuits (Q), calls 
arriving to find all of them occupied will be lost. "It 
will be seen from equation (2) that this leads to a system 
of (c+l) (Q+l) equation and unknowns. As there is now a 
finite m.unber of equations, the method of solution used 
in (2.1) for the category (a) equations is not applicable, 
and an alternative way of solving them must be sought. Two 
approaches have been considered: firstly well-known 
iterative techniques such as successive over-relaxation, 
and secondly an extension of the recursive method of 
solution which was used in the treatment of the category 
(b) equations discussed in the previous section. The 
latter method can be applied more generally to the 
solution of any multi-dimensional birth and death process 

"as discussed by Herzog, Woo a~d Chandy (Ref . 7). 

The method o,f successive over-relaxation (Ref. 8) whilst 
successful in many instances, was not completely 
satisfactory because its rate of convergence was slower 
than expected, and (more importantly) its convergence 
was not always assured. The recursive method can be 
summarised in the following way: 

i. Determine a set of boundary states, e.g. 

{PQj Ij=o,~ .... d 
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11. Using state equations of the form (43), express 
each state probability (P .. ) in terms of the boundary 
states. 1J 

Hi. Using a set of equations of the fonn (44) for 
o ~ j ~ c, together with the normalising condition 
(equation (1)), obtain the unique solution for {PQj}' 

iv. Use equations (43) again to solve for the remaining 
state probabilities. 

It should be noted that in practice equations (44) may 
prove to be an unstable set (numerically), but that it 
may be possible to overcome this problem by selecting an 
alternative set of boundary states. 

3. DELAY DISTRIBUTIoN FUNCTION 

3.1 BACKGROUND 

Three distinct methods of calculating the delay 
distribution function of the waiting time process will be 
discussed. The first method - which is a classical 
analytic solution - may only be applied for the case of 
service in order of arrival. The second method, applic~ble 
to the random service case as well, is to obtain the 
Taylor series expansion of the delay distribution function. 
This method was first suggested in 1953 by Riordan (Ref 2) 
although he used a MacLaurin series. Both of these 
methods have limited application because of numerical 
difficulties which may arise due to the series alternating 
in sign. In practice, it has been found that for ~ ~ t 
the first method can only be applied to systems with 
fewer than about 10 circuits. The third method which is 
based on an event counting procedure can be applied to 
systems of any size and of either queue discipline with 
little difficulty and makes the calculation of the moments 
of the waiting time process a simple exercise. 

Let WC> t) denote the unconditional probability of delay 
greater than time t so that 

WC> 0) = PC> 0) (53) 

Let Wji(>t) denote the p!obability of delay longer than, 

time t for a call which arrives to find j other calls 
waiting which could be served ahead of it, i calls 
receiving service and c-i servers involved in post call 
activity, (0 ~ j ~ Q-I) and 0 ~ i ~ min (c,Q-l-j)). Note 
that it follows from the definition that 

Wji(O) = 1 (54) 

The total probability of delay longer than time t can 
therefore be written as 

Q-l min(c,Q-l-j) 
WC> t) E E W .• (>t) P.. • 

j=O i=O J1 J+1,C-1 
(SS) 

The calculation of the terms W .. (> t) is the object of the 
next two subsections. J1 

3.2 ANALYTIC SOLUTION FOR FIRST-IN-FIRST-OUT SERVICE 

For each pair (j ,i), a corresponding Kolmogorov - Chapman 
equation can be obtained as follows 

W .. (>t) = i~dt W .. l(>t-dt) + (c-i) ~ dt W. 1 . l(>t-dt) J1 J,1- J- ,1+ 

+ (1 - (i~ + (c-i) t) dt) Wji (>t-dt) + o(dt) (56) 

where 0 ~ j ~ Q-l and 0 ~ i ~ minCc,Q-l-j) 

Equation (56) illustrates the fact that there are just 
two events which can influence the waiting time of a call 
in the queue. These events are the completion of either 
one of the service phases. Taking the limit as dt + 0 in 
equation (56) gives 

Wji (>t) = -(ct + i(~-~)) Wji(>t) + i~ Wji_1(>t) 

+ (c-i) ~ Wj _1,i+1 (>t) (57) 
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By repeated use of equation (57), for each value of j, 
through the appropriate range of i values it is possible 
to calculate the functions W . . (>t) recursively. W .. >t) 

J1 J1 
is a progressively more complicated solution tO ,a first 
order linear differential equation. It can readily be 
seen that for j>O the complexity of these functions soon 
prohibi ts this approach, however , it provides some insight 
into the general form of the solution. For jaO equation 
(57) can be used to give WOi(>t). For ~ ~ t. 

W
01

.(>t) ' e-ctt (....l:!- _ ....L e-(~-t)t)i 
~-t ~-t ' 

i (h (-t) k ~ (i-k) 
e-(ct+k (~-t))t I k 

k=O (~_t)i (58) 

and for II = t 

WOi (>t) e-c~t (1 + ~t)i (59) 

Now define for each pair (j,i) the Laplace transform 
Gji (s) corresponding to the function Wji (>t) by 

f 
o 

e-st W .. (>t) dt 
J1 

(60) 

Taking the transform of both sides of equation (57) and 
using equation (54) gives 

-1 + G .. (s)s = -G .. (s) (ct + i(~-t)) + i~ G .. l(s) 
J1 J1 J1-

+ (c-i)t G. 1 . l(s) J- ,1+ 
(61) 

The left hand side of equation (61) was obtained by 
, integration by parts. Equation (61) can now be rewritten 
as 

G .. (s) (s + ct + i(~-t)) = i~G .. l(s) J1 J1- , 

+ (c-i)t Gj _1 ,i+l(s) + 1 (62) 

for 0 ~ j ~ Q-1 and 0 ~ i ~ Q-l-j, and G .. (s) is defined 
as zero for i and j lying outside of theseJlntervals. 

The functions (G .. (s)) can be obtained recursively and can 
be seen to be railonal functions of s. It is evident that 
the denominator of each function G .. (s) is a product term 
of the form J1 

c 
n 

1-=0 
(s + ct + k(~_t))1(i,j,k) (63) 

where 1 which depends on all of i, j and k is an integer 
such that 0 ~ i ~ j+l. This suggests that if the Laplace 
transform G .. (s) could be obtained then it would be readily 
invertible ib give W .. (>t) as a linear combination of 
Gamma distribution fdftctions of order ~ j+1. 

The foregoing discussion leads to the general form of the 
distribution function as 

11 1 
E -(ct+k(~-~))t {(ct+k(~-t)t} b 

1=0 e 11 j iU 
(64) 

where kl = min(i+j,c) and 11 = min(i,j+i-k). 

The right hand side of equation (64) is a sum of products 
of an exponential function with a polynomial, and its 
validity may be established by insertion into equation (57). 

The coefficients bjik1 of course need to be computed 

separate1y for each pair (j,i). Substitution of equation 
(64) into equation (57) mld equating coefficients of 
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leads to a general equation connecting the coefficients: 

+ (c-i)~ bj - 1 ,i+l,k1 (65) 

This is a general equation connecting the coefficients and 
to satisfy the boundary conditions b" kt is zero if 
(j, i, k, 1) do not satisfy 0 ~ j ~JQ_l, 
o ~ i ~ min(c,Q-1-j), U ~ k· . ~ min(c,i+j) and 
o ~ 1 ~ min(j, j+1-k), also, if k=i, the first term on 
the left hand side of (65) drops out to leave (n-I) 
equations in n unknowns. The final equation is a 
normalising .equation which follows from equation (54). 
Setting t=O in equation (64) gives 

min(c,i+j) 
r 

k=O 
1 (66) 

The coefficients b" kt can be calculated recursively but 
are 1n general botft1positive and negat1ve and often 
extremely large. 

When p=~ the procedure is considerably simplified and can 
also be applied to the case of the M/E2/c queue. Equation 
(64) simplifies to 

e- cpt 2j 
1: 

1=0 
(67) 

and can be varified by insertion into equation (57). 

Equation (65) is replaced by 

+ (c-i)bj _l ,i+l,1 (68) 

for 0 ~ 1 < 2j, and equation (66) becomes 

(69) 

Once again, the coefficients can be calculated recursively 
and since they are all non-negative, this method is of 
considerable practical value. 

3.3 TAYLOR SERIES EXPANSION METHOD 

If w=O to indicate FIFO service, and w=l to indicate random 
service discipline, then the Kolmogorov equation (57) can 
be rewritten as follows 

+ (c-i)~ (1- j+l~ Wj _1,i+1(>t) + WA Wj +1i (>t) - Wji(>t) 

'(70) 

Where W .. (>t) = 0 if (j,i) do not satisfy 0 ~ j ~ Q-1 and 
o ~ i ~J1minCc,Q_1_j) and the last term on the right hand 
side is omitted for j+i = Q-I. This linear system of 
differential-difference equations, has a solution for each 
W .. (>t) consisting of a linear combination of Gamma 
fdftctions, which when taken with the normalising equation 
(54), the system can be solved uniquely. 

Since {W .. } can be written exactly as a finite linear 
combinationJbf Gamma distribution functions, they are 
infinitely differentiable on both sides for t>O and 
differentiable at t=O on the right. Each W .. therefore 
can be written as J1 

1: 
v"'O 

(t-t ) v 
-vlo W .. (v)(>t) 

J1 0 
(7:1) 

Where wji(\I) (>t) is the \I-th derivative with respect to 
t at t of the ~unction W ... Substitution of equation 
(71) 0 into (55) gives Jl 
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W(>t) 
~ Q-I I(j) (t-to)v 
1: 1: 1: 

v=O j=O i=O v1 
p'.. . W .. (v) (>t) (72) 
J+l,C-l Jl 0 

where I(j) = min(c,Q-1-j) 

In his treatment of the infinite random service queue in 
1953, Riordan (Ref. 2) alluded to the use of a MacLaurin 
series expansion of the waiting time distribution function, 
and later in 1972, Carter and Cooper (Ref. 3) used this 
method extensively in their treatment of the GI/M/C queue. 
These approaches however were of limited practical value 
because the alternating signs of the consecutive 
derivati~es soon let to numerical difficulties. Not long 
after, KUhn (Ref. 4) devised a means of using the Tay~or 
series e~ansion about a point t removed from the orlgin, 
having started with the MacLauriR Series. His method, 
whilst applicable to a wide range of problems can tend to 
be rather slow. In the present problem, the Taylor series 
approach is used as (BtloWS: Starting with tQ=O, (since 
it is known that W.. (>0) = 1) equation (70) is 
repeatedly appliedJ1 for each value of v over the range of 
(j,i) values. Using equations (71) and (72), W .. (>t) and 
W(>t) can be calculated. If so desired, the sel10f values 
W .. (>t) can then be used in turn as the starting point for 
aJ1 further Taylor series expansion about to' 

3. 4 EVENT COUNTING METHOD 

This approach for the calculation of the waiting time 
distribution function has previously been used by Gambe 
et al in 1969 (Ref. 5) in their simulation study of the 
waiting time distribution in a two stage link system. The 
distribution function W(>t) is expressed as a mixture of 
Gamma functions of order k (k=1,2, .. ) where the mixing 
coefficients are the probabilities that an arriving call 
is delayed until the occurrence of the kth event in a 
sequence which began just after its arrival. Thus 

W(>t) 1: 
k 

Wk(>t) (73) r 
1<=1 

k-1 (at) 1 -at where Wk(>t) = 1: 11 e (74) 
1=0 

and l/a is the mean recurrence time between the events. 

In Ref. 5 the terms rk were obtained as simulated values, 
however in Ref. 10 the event counting method has been 
formalised for use as an analytic tool which can be applied 
without the use of simulation. For each waiting call, the 
events which occur exponentially apart in time at mean 
rate a and which therefore form a Poisson process, are 
defined to include all those state changes which can 
affect its waiting time . as well as some pseudo events 
which have been introduced so that a is independent of the 
state of the system. 

a = WA + c.max (p,~) (75) 

where 
W = {O for FIFO service 

1 for Random service 

Under the assumption that the events form a Poisson process, 
let Pk(a,t) be the probability that k of them occur in 
time t, so that 

. k 
Pk(a,t) e-at (~~) (k = 0,1, .. ) (76) 

If RI< is defined as the probability that a call waits in 
the queue during the occurrence of more than k events, then 
(73) can b.e rewritten as 

k W(>t) 1: R Pk(a,t) (77) 
1<=0 

where { RI< I Rk = E ~} can be calculated recursive1y. 
j=k+l 
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For each value of k (=0,1, .• ) Rk can be expanded as 

Q-I min(c,Q-1-j) 
Rk = L L 

j=O i=O 
R~. P.. . 

J1 J+1,C-1 (78) 

where R~. is the probability that a call waits in the 
queue J1 during the occurrence of more than k events, 
given. that it arrived to find j other calls waiting, i 
calls being served and c-i servers engaged in post-call 
activity. It is clear from this definition that 

. R? = 11 for 0 ~ j ~ Q-I and 0 ~ i ~ I(j) (79) 
J1 LO otherwise 

For each value of k=O,I"'k~d { (j,i) I 0 ~ ' j ~ Q-I, and 
o ~ i ~ I(j) } the terms R.~ of order k+l can be expressed 
as linear combinations of J1the terms of order k by 
recursively using a set of difference relationships 
analogous to systems of Kolmogorov-Chapman backwards 
differential-difference equations. Thus, 

k+l k k 
a Rji = i~ Rji_l + (c-i) ~ (l-oo/(j+l)) Rj_l,i+l 

+ OOAR~+1,i + (a-ooA.~i~- (c-iH) R~i (80) 

The fourth term on the right hand side of (80) corresponds 
to the probability of a pseudo-event and therefore does 
not change the s~ate of the system. The third term is 
replaced by ooA R .. in the case of random service with 
j+i=Q-I because In this situation, newly arriving calls 
are lost from the system and so they do not result in a 
change of state. If the queue discipline is first-in
first-out then 00=0, since calls which arrive at the 
service facility cannot influence the waiting time of 
calls already in the queue. The second term is omitted 
if j=O or i=c and the first term is omitted if i=O. 

The clear advantages of this method for computing the 
waiting time distribution function over alternative 
methods are that it compares favourably from the point 
of view of computing time and that it does not involve 
any negative terms, thus being numerically stable and 
suitable for application to a wide range of problems. 

In practice, it is best to combine equations (73) and 
(74) and rearrange them as follows. First, if t=O in 
equation (73) it follows that 

W(>O) = E Rk 
k=l 

(81) 

Equations (73) and (74) can be combined to give 

k-l 
Rk (at) R. 

W(>t) E L e-at 

k=l R.=O 
R.! 

L E 
-at (at) R. Rk (82) e 

t=O k=t+1 R.I 

Combining (81) and (82), and defining RO=O, it follows 
that 

W(>t) 
R. R. 

E e -at (at) [W(>O) - E RkJ (83) 
R.=O R.! k=O 

4. MJMENTS OF THE WAITING TIME PROCESS 

Two distinct methods for calculating the moments of the 
waiting time process will be presented. The first method, 
which is independent of any previous calculations for the 
delay distribution function, can be performed recursively 
for the FIFO discipline, but requires the solution of a 
system of simultaneous linear equations when the random 
queue discipline is used. The second method, which is 
independent of the queue discipline, is a simple 
caiculation procedure based on the probability sequence 
{R } which arose in the previous section. It should be 
noted that Little's Formula (Ref • . 9) can be used when 
only the mean waiting time is required. Thus the mean 
waiting time of calls (M1) in the queue can be obtained 
as 

M1 = L/(A(l-B)) - 1/11 (84) 
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where L is the average number of occupied circuits and 
B is the probability of loss. 

4.1 METHOD I 

Let Mk denote the kth total moment of the waiting time 
process. Then, 

Q-1 min(c,Q-1-j) 
E L . 

j=O i=O 

k 
m .• 

J1 
(85) Pj+i,c-i 

where m~. is the kth conditional moment given that a call 
arrivesJ1to find i calls being answered, (c-i) servers 
engaged in postkcall activity and j other calls competing 
for service. m .. is the kth moment of the conditional 
waiting time pr6~ess whose distribution function is W .. 
and therefore J1 

k 
m •• 

J1 

f 
o 

t k d (1 - W .. (>t)) 
J1 

Using integration by parts, and since 

lim 
t-+<><> 

t k W .. (>t) = 0 
J1 

equation (86) becomes 

k m;. 
J1 k J 

o 
tk+ 1 W (>t) dt 

ji 

(86) 

(87) 

(88) 

Recall that equation (70) is a Kolmogorov-Chapman equation 
of a standard form which can be used as a starting point 
for the calculation of the moments. Combining (70) and 
(88) for k=I,2, ... and for 0 ~ j ~ Q-I, 0 ~ i ~ I(j) 

f kIf k-1 kt - W!. (>t)dt -(c~ + i(~-~)) kt wJ.i(>t) dt 
o J1 0 

+ i~ J k-I 
kt Wji_I(>t)dt 

o 

00 f k+1 + (c-:-i) ~(I-""1') kt w
J
' -1,i+1 (>t) dt 

J+ 0 

+ Aoo f 
o 

so that 

km~il -(c~ + i(~-~)) m~i + i~ m~i_l + (c-i)~(I- j~l) 

k k 
mj_l,i+1 + Aoo (mj+l,i (89) 

On the right hand side of (89) the second term is omitted 
if i=O, the third term is omitted if j=O or i=min(c,Q-1-j) 
and the fourth term is omitted if j+i = Q-I. Equation (89) 
serves as the basic recurrence from which the conditional 

• moments can be calculated starting always with 

m~. = 1 (for all j and i) 
J1 

(90) 

If the queue discipline is first-in-first-out service, 
then these conditional moments can be computed recursively 
without difficulty; however, for random service the system 
of equations (89) cannot be solved recursively, but may be 
solved for each value of k by using standard techniques. 

4. 2 METHOD 11 

Once the sequence of probabilities {Rk} has been determined 
for the distribution function of the waiting time process, 
it is then a straight-forward matter to obtain the moments 
of this process. Analogously to (88) 

Mk = k j t k- 1 W(>t)dt (91) 
o 

and substitution of (76) and (77) into (91) gives 

Mk = J ktk- I 
L Rj (at)j/jl e-at 

o j=O 
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1: 
Rj 

k (k+j-1)! J a,k+j tk+j-l -at (92) k e 
j=O a ' j ! 0 (k+j-l)I 

1: 
Rj 

kl (k+~-1) (93) k j=O a J 

Equation (93) permits a simple calculation of the moments 
of any order and to any required degree of accuracy. 
From a practical viewpoint, however, it should be noted 
that as k increases the series (93) converges more slowly. 

5. NUMERICAL RESULTS 

. In order to illustrate the effect which post-call activity 
has on the probabilities of loss and delay in the finite 
queue case, the effect of two simplifications will be 
investigated: i. the effect of regarding post-call 
activity as part of an overall conversation time, and 
ii. the effect of ignoring significant post-call activity 
when dimensioning a queueing system. 

Firstly, consider the case where the total offered traffic 
remains constant, but the proportions of post-call activity 
traffic and conversation traffic are allowed to vary. 
Figures 2 and 3 show the delay distributions obtained by 
vary1ng these proportions for FIFO and Random service 
respectively. The system represented in these figures 
consists of 8 incoming circuits and 5 servers, the mean 
arrival rate is 0.025 calls per second with a (fixed) total 
offered traffic load of 3 erlangs. The total mean operator 
holding time (coriversation and post-.call activity time) is 
120 seconds and this is to be divided proportionally 
between the two phases. The curves are labelled with an 
ordered pair (Al ,A2) such that Al represe~ts the offered 
conversation traff1c and A2 represents the offered post
call activity traffic. 

It is interesting to note that the probabilities of delay 
obtained by varying the proportions of post-call activity 
are bounded below by the delay probability for the finite 
queue system with c=5, Q=8 and 3 erlangs of conversation 
traffic. They are also bounded above by the probability 
of delay for the infinite queue system (Q = ~) with c=5 
and 3 erlangs of conversation traffic. These two systems 
also provide bounds on the probability of loss which 
ranges from zero for the infinite queue system to 0.0210 
for the finite queue system. In both figures 2 and 3 
it will be seen that the curves obtained by varying these 
proportions are not parallel; in fact, two curves for 
FIFO service have already crossed before one holding time 
(120 seconds). Note that only some of the curves will 
cross over and this can be seen from the following argument. 
Since the service time is composed of two independent 
exponential phases, it follows that the variances of the 
service times for the (Al , · A2) and (A2 , AI) curves are 
equal; furthermore, the variance of tfie service time 
reaches a minimum when these two traffics are equal 
(Al =A2). Hence, curves for which A2 is greater than or 
equal to Al will never cross each other, because as A2 
decreases, the variance of the service time is also 
decreasing. However, when A2 is less than or equal to Al 
the curve (Al , A2) will ultimately cross all of the 
curves (Ai, Ai) for which A2 < Ai ~ 3. 

Tahle ~ sU1DJllarises the probabilities of loss and delay, 
together with the first two moments of the waiting time 
for the FIFO and Random service disciplines. From this 
table it will be seen that as the proportion of post-call 
activity rises, the probability of delay and the mean 
waiting time for all calls both increase, whilst there is a 
corresponding decrease in the probability of loss. 

Intuitively, the reasons for these effects can be seen by 
noting that the amount of conversation traffic is decreasing 
(conversation times are getting shorter) and consequently 
losSes' decrease, since it is more likely that there will be 
free circuits to accept incoming calls. Further, since 
losses have been reduced, the carried operator load is 
increased . and, therefore, arriving calls are more likely 
to find operators busy so that these calls will face 
longer delays. 
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Fig. 2 Waiting time distribution for varying proportions 
of post-call activity and conversation traffic 
(AI ,A2) where Al + A2 3 erlangs (FIR) discipline) 
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Fig. 3 Waiting time distributions for varying proportions 
of post-call activity and conversation traffic 
(AI ,A2) where Al + A2 = 3 erlangs (Random discipline) 
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Conv (A
l

) 3.0 2.5 2.0 L5 LO 0.5 0.0 

PCA (Ai) 0.0 0.5 LO l..5 2.0 2.5 3.0 

P(Loss) .02l.0 .0ll9 .0063 .0032 .00l.9 .00l.5 0.000 

P(Delay) .l.9l.0 .2090 .2H2 .2251 .2287 • 23l.4 .2362 

Ml 7.67 8.39 9.12 9.80 10.55 l.l..59 14.17 

M2 (FIFO) 556.8 583.5 649.7 741.5 870.4 1075. 1729. 

M
2

CRandom) 678.0 75Ll 857.6 996.2 1187. l.486. 2429. 

Table 1 Summary of loss, delay, and moments (M
1

, M
2

) of 
the waiting time for the finite queue with 5 
servers, 8 incoming lines, and 3 erlangs of 
offered traffic (FlFO and Random service). 

Figures 2 and 3 also illustrate that if the post-call 
activity effect is ignored by assuming that an operator's 
holding time consists only of an effective conversation 
phase of 120 seconds duration, then queueing systems which 
are dimensioned on a loss and delay basis are likely to be 
incorrectly dimensioned. To illustrate this point, consider 
the dimensioning of a queueing system which · is offered a 
total traffic of 3 erlangs and the total operator holding 
time is 120 seconds. Suppose that loss and delay standards 
specify that only about 2% of calls should be lost due to 
an insufficient number of incoming circuits, and 2% of all 
calls should face delays exceeding 90 seconds. 

It is a simple matter to determine that the system consisting 
of 5 operators and 8 incoming lines will satisfy these 
criteria when there is no post-call activity included in the 
total offered traffic. However, if the 3 erlangs of offered 
traffic consisted of 1.5 erlangs of conversation and 1.5 
erlangs of post-call activity traffic respectively, then 
Table 2 illustrates that this system does not satisfy the 
dimensioning criteria. In fact, it is necessary to either 
decrease the number of incoming circuits or increase the 
number of operators in order to obtain feasible systems which 
satisfy the dimensioning criteria. Calculations have shown 
that (for this case) the minimum number of circuits required 
is equal to 6 when there are 5 operators. As would be 
expected, if the proportion of post-call activity increased 
further, this minimum number of incoming circuits would 
continue to reduce. 

Conv. 
Traf. 

3.0 

1.5 
1.5 
1.5 
1.5 
1.5 
1.5 
1.5 

Table 2 

PCA Servers I/C P(Loss P(W>~O) 

Traf. (c) Cts (%) (%) 

0.0 5 8 2.2 1.9 

1.5 5 8 0.3 2.7* 
1.5 5 7 0.6 2.1 
1.5 5 6 1.3 1.3 
1.5 5 5 2.7* 0.6 
1.5 6 8 0.2 1.1 
1.5 6 6 0.6 0.1 
1.5 6 4 5.0* .01 

System configurations for consideration in 
dimensioning to prescribed standards. 

(* indicates that system fails the standards). 

Table 3 shows the consequences of completely ignoring the 
post-call activity component of an operator's workload on 
the various queueing parameters. The system consists of 
20 operators and 25 incoming circuits. The mean operator 
holding time for conversation traffic is 100 seconds and 
the mean holding time for post-call activity is gradually 
increased from zero until the (offered) post-call activity 
traffic is equal to · 20 erlangs. It will be seen that there 
are very significant increases in the probabilities of delay 
and loss. Consequently, errors in dimensioning queueing 
systems which arise from ignoring the post-call activity 
component may be quite large. 
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PCA Traf. 0.0 1.0 5.0 10.0 20.0 

P(Loss) (') .006 .008 .082 3.890 33.33 

P(Delay (') .361 1.00 15.4 74.40 66.67 

P(W>20) (') .004 .160 6.99 64.90 66.67 

Tot. Line 10.0 10.0 10.4 15.33 23.20 
Trfc. (Erl) 

Mean Wait .033 .109 3.60 57.31 165.3 
(Sec) : 

Table 3 The effect of adding post-call activity to a 
system which has 10 erlangs of offered 
conversation traffic. 

6. CONCLUSIONS 

In this paper the problem of post-call activity has been 
investigated using a model which assumes that the 
conversation and post-call activity phases are both 
negative exponentially distributed. In practice however, 
it is possible that the post-call activity phase may be 
more closely approximated by a constant distribution. This 
case is considerably more complex to analyse and approximate 
models using Erlangian distributions appear to be the most 
useful for this purpose, although no attempt has been made 
to investigate such models. 

The method of analysis presented in this paper lead to 
practical methods of solution although they are costly in 
terms of computation time for large systems. This 
emphasises the need for an efiicient algorithm for use in 
generating dimensioning tables. Further study is required 
to develop useful approximate methods for determining the 
state probabilities required for the dimensioning of these 
systems. 
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