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ABSTRACT 

jhe, -o.re-Bent ioYestaati..on is made wi.th .re.s_pect t.Q a 

~rocessor for an SPC telephone system. The processor has 

several operating levels, namely: 

- the call-processing level, which operates on a real 

time basis; 

- the batch level for jobs which may be postponed for 

some time; 

the idle ~evel, in which there is neither call

processing work nor batch work. 

The distribution of length of the periods for which the 

processor is operating at the call-processing level is 

the subject of this paper. 

THE MATHEMATICAL MODEL 

A rather good mathematical model of the processor with 

respect to the call-processing level is a single-server 

queueing system, to which Poisson traffic is offered via 

a clock-pulse operated gate. In this model, the busy 

period of the server corresponds to the period where the 

processor is operating at the call-processing level. The 

idle period of the server corresponds to the period where 

the processor is operating in the set of the remaining 

levels. 

It is assume'd that the service-time distribution is 

negative exponential and the queueing capacity is infinite. 

Owing to the clock-pulse discipline, the calls are offered 

to the queueing system in groups. 

The special case where the clock-pulse interval is zero 

is identical to a model where the calls are offered to 

the queueing system at the moment of their arrival. The 

latter model has been discussed in literature by several 

authors. This special case is of interest as a reference 

for judging the influence of the clock-pulse interval. 

The following notation is used: 

s a rate of call generation 

h - mean service time 

a 2! sh - traffic offered to the system 

tc - clock-pulse interval (to be shortened to c.p.i. from 

here on) 

T ~! tc/h chdf Sc •• s.tc • a.Tch • mean number of calls arriving in 
a c.p.i. 
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g(x) = probability density that a busy period of the 

server has a duration of xh. 

GC(x) ~~ I - ~x g(y)dy = probability that the duration 

o of a busy period exceeds xh. 

tb - mean duration of the busy period 

ti mean duration of the idle period 

THE CASE WITH CLOCK-PULSE INTERVAL ZERO 

The formulas for this case are taken from C I J, section 

5.8. 

Let g-(z) and GC-(z) be the following Laplace transforms: 

00 00 

g-(z) ~£ J e -zxg(x)dx and GC-(z) ~£ I e -zxGC(x)dx. 
o 0 

The expression for g-(z) is: 

g - (z) ... (I + a + z - V( I + a + z) 2 - 4 a } / ( 2 a) , 

from which it follows that: 

g(x) = e -( I+a)x .1
1 

(2x Va)/(x ora). 
00 

where ll(y) ~~ )(h)I+2P/ p ! (p+I)!, 
T=o 

i.e. a modified Bessel function of the first kind, see C2]. 
From this follows an expression for GC(x): 

The mean duration of the busy period can be derived in 

two ways, namely from its Laplace transforms and from the 

mean duration of the idle period. 

The Laplace transforms have the properties -GC-(z) = (I - g-(z») /z and GC-(O) = ~ GC(x)dx 

From this can be derived, by letting z approach zero in 

the first formula, that 

tb = h/(I-a). 

The relation between the means of the busy period tb and 

the idle period ti is tb/(tb+t i ) - a, so that tb 

at/( )-a). 

An idle period extends from the moment that the server 

becomes free until the next call comes in. 
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Because, with a Poisson arrival distribution, the time 

intervals between successive calls have a .. negative expo

nential distribution, the mean idle period equals ·the mean 

inter-arrival time, i.e. ti = lis = h/a. From this it 

follows that tb - h/(l-a). 

The second moment of the busy period distribution, tb (2) , 

.can be derived from 

From this it follows that 

2 3 
t

b
(2) - 2h I(I-a) • 

THE GENERAL CASE 

Owing to the clock-pu~se discipline, the calls are offered 

to the queueing system in batches. 

For the sake of convenience, we use the following 

definitions of the notions 'batch' and 'batch length': 

- If at least one call arrives in a clock-pulse interval, 

we define the set of all calls arriving in this interval 

as a batch. If no call arrives in the interval con

cerned, then we say that no batch is generated in this 

interval. 

- The length of a batch is the joint service duration of 

all calls in a batch. 

Let us introduce the following notations: 

P(k) z probability that a batch contains k calls, k~l. 

bk(x) - conditional probability density that a batch has 

a length hx if it contains k calls; k~l. 

b(x) - probability density that a batch has a length hx. 

B(x) s£ ~x b(y)dy = probability that a batch has a length 

of at most hx. 

It is obvious that 

The probability that k calls arrive in a c ·.p.L, k~O, 
-Sc k 

is e • (Sc) /k! 
Therefore 

-S 
_ e c), k ~ I. 

The probability density that a call has a service time 

of xh is e -x. The probability density bk(x) is the k-fold 

convolution of this, i.e. 

-x It-I ( )' bk (x) - e .x I k-I ., k ~ I . 

Substitution of these expressions in (I) results after 

some reduction in: 

For determing the function GC(x), it is convenient to 

define the 'unfinished job-time' at a certain moment 

within a busy period. 
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The unfinished job-time is the joint service time of all 

calls in the queue at the moment concerned, plus the 

remaining service time of the call being served. 

'Unfinished job-time' will be shortened to 'u.j.t.' from 

here on. 

Let us further use: 

dk(x) = conditional probability density that the u.j.t. at 

the end of a c.p.i. is equal to xh, if the server 

is already k c.p.i.'s busy at the end of this 

c.p.L;k~l. 

conditional probability density that the u.j.t. at 

the beginning of a c.p.i. is equal to xh, if the 

server is already (k~l) c.p.i.'s busy at the 

beginning of this c.p.i.; k~ I. 

Fk(x) ~ ___ f £ x 

o 
fk(y)dy = conditional probability that the 

u.j.t. at the beginning of a c.p.i. 

is at most xh, if the server is 

already (k-I) c.p.i.'s busy at the 

beginning of this interval; k ~ I. 

It is obvious that 

(2) 

The probability that a batch arrives in a c.p.i. is 
-Sc 

(I - e ), and the probability that no batch arrives is 

e-
Sc

• From this fact the following relation between fk(x) 

and dk_l(x) can be set up. 

By substitution of (2) we obtain: 

fl(x) .. b(x), 
-S -S 

fk(x) ={ e c fk_
1 

(Tch+x) + (I-e c). 

x . £ b(y) fk_ 1 (Tch + x - y) dy J . 

• fl - Fk_I(Tch ) 1- 1 
k ~ 2. 

df IX 
Integration with respect to x, with B(x) == ~ b(y)gy, 

results in: 

FI(X) = B(x), 

-S 
Fk(X) = re c (Fk_I(Tch+X) - Fk_ 1 (Tch ) J + 

-S x 
(I-e c){ [ b(y)Fk_ 1 (Tch +x-y)dy-B(X)Fk_ 1 (T chjl. 

• (I - Fk_1 (Tch ) J- I 
; k ~2. 

With this recurrence relation, the functions Fk(X) can be 

calculated for arbitrary k. 

The derivation of the unconditional probability function 

GC(x) from Fk(x) is as follows: 
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It is obvious that, for kTch~x~(k:tI)Tch' the expression 

GC(x) - GC(kT
ch

)' f I-F
k

+
1 

<x-kTeh)j"itoId"s:- -From this ' ft 

follows that 

[ 

- I-F I (x) for O~kx ~Tch' 
GC(x) 

- { I-Fk+ I (x-kTch ) j. TT { I-F. (T h)j 
i=1 1. c 

It is obvious that for x 

th~ formula reduces to: 

n 

nTch ' where n is an integer, 

7T {I-F. (T h)J • 
i-I 1 1. c 

The mean duration tb of the busy period can be calculated 

in principle with the formula: 

00 

tb - h.)' GC(x).dx. 
o 

Fig.1 shows the function P for this system for the para

meter combination (a ~ 0,7; h - 1,25 msec). The function 

has kinks for integer values of X (Le. at mUltiples of 

the clock-pulse interval). 

In Fig.2 the functions P is stylized by drawing a smooth 

curve through the exact points for integer values of X. 

This figure shows functions P for h=I,25 msec, combined 

with various values of a. 

The full lines refer to the model with gate, with a c1ock

pulse interval of 12,5 msec, and the dashed lines refer to 

the model, where the calls are offered to the queueing 

system immediately. 

LITERATURE : 

[11 L. K1einrock: Queueing systems, volume I, 

For. heavy traffic, however, this is very time-consuming, J.ohn Wiley and Sons, New York, 1975. 

because the function GC(x) tends to zero very slowly. 

This. implies that functions Fk (x) have t .o be calculated 

up to a large value of k. 

For the special cas~ with clock-pulse interval zero, tb 

has been derived from the mean idle period t
i

, with the 

formula tb/(tb+ti)-a. This formula also holds for the 

present model, but in contrast with the former case, ti 

cannot be calculated without knowledge of the distribution 

function of the busy period, so the trick is not 

applicable. 

RESULTS OF CALCULATIONS AND SIMULATIONS 

Calculations and simu1ations have been carried out for 

the single server queueing system with clock-pulse operated 

. gate. In addition, calculations have been made for the 

single server queueing system where calls are offered to 

the queueing system immediately. 

For the model with gate, the clock-pulse interval is 

tc - 12.5 msec in all cases investigated. 

For comparing the busy period distributions of the 2 

systems at various mean holding times, it is convenient 

to use a fixed time-scale, instead of a scale related to h, 

which in fact is used in the function GC(x). Therefore, the 

table and graphs show the function: 

p( >12,5X msec) - probability that the duration of a busy 

period exceeds 12,5X msec. 

The relation between functions P and GC is 

p( >12,5X msec) - GC(12,5X msec/h) where h is also ex

pressed in msec. 

Calculation and simulation results for the system with 

gate are shown in table I. 

The corres'pondence between calculation and simulation 

results is good in general. The discrepancies are 

due partly to the stochastic character of the simulation, 

and partly to the approximation of a negative exponential 

function by a stepped function in the simulation. 
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Table -1 : Single server queueing system with clock-pulse 
operated gate; calculation and simulation results for 
probability p(,. 12,5 X msec), that the duration of a busy 
period exceeds 12,5 X msec. Clock-pulse interval t c-12,5 
msec. 

P(>12,5 X msec) 

X a - 0,84 a = 0,94 a '" 0,84 
h-0,84 msec, h-0.84 msec 

calc. s:im. calc. ,sim. 

0 I I I I 
1 .290 .296 .399 .394 
2 • • 161 .170 .271 .268 
3 .105 .111 .210 .214 
4 .073 .077 .172 .185 
5 .054 .058 .147 .154 
6 .041 .042 .128 .135 
7 .032 .033 .113 .119 
8 .025 .023 .101 .103 
9 .020 .018 .091 .098 

10 .016 .014 .083 .087 
11 .013 .011 .076 .081 
12 .011 .009 .070 .072 
13 .009 .008 .065 .067 
14 .007 .007 ;061 .061 
15 .006 .005 .057 .057 
16 .005 .004 .053 .053 
17 .004 .003 .050 .050 
18 .004 .002 .047 .047 
19 .003 .002 .044 .044 
20 .003 .001 .042 .041 
21 .002 .001 .039 .040 
22 .002 .001 .037 .036 
23 .002 .001 .035 .035 
24 .001 .001 .034 .033 

Fig.2: Single server Queueing system 
with and without clock-pulse operated 
gate. 

h.:I.68 

calc. 

1 
.324 
.198 
.141 
.107 
.085 
.069 
.057 
.048 
.041 
.035 
.031 
.027 
.024 
.021 
.018 
.016 
.015 
.013 
.012 
.011 
.009 
.009 
.008 
.007 

p( '> 12,5 X msec) = probability of excess 
for duration of a busy period. 

stylized curve for the system 
with clock-pulse operated gate; 
clock-pulse interval 
t = 12,5 msec. 

(The points for integer values of X are 
exact; the proper function has kinks in 
these points; see Fig.1). 

msec 

sim. 

1 
.327 
.189 
.133 
.102 
.084 
.068 
.053 
.044 
.037 
.033 
.029 
.025 
.021 
.018 
.016 
.014 
,012 
.010 
.009 
.008 
.008 
.007 
.007 
.005 

.f 

"I'p"() nJ X ~.It.) 
, 1 

-I 10 ~ __ ~ ____ ~ ________ ~ __________ +--
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.-J ~ ________ ~ ________ ~ __ ~ ______ ~ 
o 15 

Fig.1: Single server queueing system with clock-pulse 
operated gate. 
Probability of excess for duration of a busy period. 
ti = 12,5 msec; h = 1,25 msec ; a = 0,7. 

h: ',25 m.ac 

curve for the system, wherein 
calls are offered to the 
queueing system immediately. 

» ~~~~--+-------~~~------_r------~~----------r_--------+__ 

h mean service time of a call 

a : traffic offered. 

-- --- ---
.-t~---~-+~~~--+_~~--~------~-----+_----~-

.J~ ________ ~ ______ ~~~ __ ~ ______ ~ ____ ~ __ ~ ________ ~~ ________ ~ __ 
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