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ABSTRACT 

We discuss the result of an analysis of measurements of 
3 different types of call. arrival processes, using a 
variety of statistical tests. A test based on a 
correlogram-like structure showed up very clearly the 
differences between them, and in particular revealed the 
presence of massive numbers of repeat attempts in data 
from telex exchanges. By contrast with this, all tests 
based on conventional goodness-of-fit criteria were 
entirely negative. 

1. INTRODUCTION 

There has been considerable concern [1l that the presence 
of subscriber repeat attempts may so distort - the arrival 
process at an exchange that its resultant non-random 
nature has an adverse effect upon the common control. On 
the other hand, large-scale observations of the incoming 
call stream have signally failed to find any evidence of 
non-random behaviour other than that due to slowly vary
ing arrival-rates. 

This paper therefore reports on observations of 3 rather 
different arrival processes; 2 in telephone exchanges and 
1 in a telex exchange, where the different procedures may 
be expected to give rise to a rather more well-defined 
repeat attempt structure. 

Standard statistical tests showed virtually no differences 
at all from pure chance behaviour: none, that is, that 
were no ascribable to intensity variations and the break
down of the hypotheses underlying the tests. The extreme 
regulari ty of these statistics is what has been always 
observed so far. 

An alternative method of analysis was therefore 
developed, relying on a correlogram-like structure, in 
order to bring out and highlight any correlations within 
the arrival process. (It is of course possible to study 
the correlogram itself, but the statistic below - the 
"coincidence count" - has certain advantages intrinsic to 
its greater linearity. One of these which is important 
from a practical point of view is its lower sensi ti vi ty 
to "roughn~ss" or anomalies in the data.) Consider the 
numbers At ' At + s of calls arri ving in the two in tervals 
(£, t + 1) and (t + s, t + S + 1), respectively: then it 
is clear that at most min(A t , At+s) of these can form 
attempt-reattempt pairs. Our approach therefore is to 
evaluate the sum of all such pairs, at all intervals 
o < s ~ so' and consider its distribution as a function 
of s. For a genuine pure-chance process, there is no 
dependence on s: but if repeat attempts are found in the 
data, this is reflected in the form of the function. 

The resul ts of this analysis are gratifying. The hi therto 
indistinguishable telex data now reveal a massive peak in 
the coincidence counts at 11-12 seconds delay, represent
ing the repeat attempts. These seem to constitute about 
25% of all calls, and clearly impose a very non-random 
structure on the arrival process. The fact that a test 
of some sensi ti vi ty and a long memory was required to 

. detect these has reassuring implications for the behaviour 
of swi tching systems under such non-random inputs. 
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2. '!HE COINCIIENCE-COUNT STATISTIC 

2.1 Pure Chance Arrivals 

Let {A r , re:z} be a sequence of observations of the number 
of call arrivals in successive I-second intervals of time 
when the underlying mean arrival rate is a. The Ar then 
come from a Poisson distribution. We define the coinci
dence count of order s to be the statistic 

T-l 

L min [A t' A t + a ] 
t=o 

(s > 0) ••••• (1) 

We shall generally drop the subscript T. 

The calculation of the exact distribution of the statistic 
(1) is difficult, but its first few moments can be calcu
lated relatively simply. 

By the Poissonality of the arrival process, the number of 
arri vals A r in di fferen t intervals are independen t, and 
hence the mean value of C T(s) is just T times the mean III 
of the stochastic variable Co(s) == Ca = min (A o' Aa). A 
simple argument shows that this is 

E{C T(s) } 

for all s, where Ir is the modified Bessel function of 
the first kind. The calculation of the variance of the 
C(s) is however less easy, since adjoining time intervals 
may have a number of call arrivals in common, and hence 
be correla ted. Le t us se t 

E {[ min (A , A )] 2 } 

• •••• (3) 

o t 

etc; then a combinatorial argument, taking into account 
the fact that there are precisely s disjoint sequences in 
(1), yields 

var[ C T(s)] 

Since C is the sum of a large number of variables, we 
expect its distribution to be well approximated by a 
Gaussian. To examine quite how well, we calculate the 
higher order moments. 

(4) 

The third moment about the mean of C T(S) can be shown to 
be: 

• •••• (5) 

where the moment U1 2 3 etc are defined analogously to (3). 
The expressions (4) and (5) are valid for T ~ 4s. 
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The fourth moment is rather more complicated'~ and we 
shall not give it here. 

The "correction" terms in (5) - ie, those depending on 
s - are by no means always negligible, since as s becomes 
large they must restore (5) to the expected third moment 
of a single count min(A o' At)' For the case of a 2-hour 
observation period, however, T = 7200, and the {imension
less statistic ral for C T(s) is so small in absolute 
terms (less than .04 for a = 0.5 calls/second, and less 
than 0.01 for a = 3.0) that we can in practice neglect 
the skewness altogether. We conclude that for most 
practical purposes we can regard the ~(s) as having a 
common normal distribution independent of s. 

In the situation however when the underlying mean 
arrival-rate cannot be regarded as "slowly" varying, the 
statistic CT(s) is no longer independent of s even in the 
complete absence of repeat attempts. An exact calcula
tion of its distribution requires detailed assumptions 
about the fluctuations of the arrival-rate, but generally 
the expectation of ~(s) will decrease monotonically as 
s increases, ,at a rate determined by the variability of 
the traffic - see, for example, the discussion in Ref 2, 
Appendix A6.1 The observed reattempt pr9cess Q(s) will 
then be slightly distorted too. 

2.2 The Repeat Attempts 

We now suppose that the stationary pure chance arrival 
process of the last section is augmented by the superpos~ 
tion of repeat attempts. By this phrase, we shall under
stand not merely actual repeats of the original call, but 
indeed any second call which is highly correlated with 
and closely follows a first, whether or not its destina
tion is the same and for whatever cause it is made. It 
is clear that no purely statistical test can hope to 
identify 'pure' repeat attempts: on the other hand their 
separate treatment as such would not seem to be necessary 
from the point of view of the arrival process of work for 
the common control. 

Sl!ppose therefore that the overall probability that a 
fresh call chosen at random makes a reattempt is a, and 
that the probability of it making a sequence of at least 
r such repeats is aBr - 1 These are absolute probabili
ties, and are not conditional upon the original attempt 
being unsuccessful. We suppose in addition that if the 
original call was at time t = 0, the probability that the 
repeat is at time t = s is just q(s). This quantity 
encompasses both the distribution of the call itself and 
the averaging process due to the scanning. Let the 
number of first attempts be Ni then the effect of the 
correlation of r'th repeats with the (r + 1) 'th repeats 
of the same call is apparently to increase the expecta
tion of the statistic C(s) by the quantity, 

c/ I) C(S) NaB
r 

q( s) 

In the same way, the correlation between the r'th repeats 
and (r + k) 'th increments it by 

o( k) C(S) r+k-I Ok 
NaB q (s) 

where qOk is the (k - 1) - fold convolution of q with 
itself - ie, qOI = q, q02 = q*q, and c. Hence the total 
increment to C(S) from the correlations within the indi
vidual sequences of repeat attempts might be exepcted to 
be 

t, 'C(S) 
r+k-I Ok 

NaB q (s) 

Na 
~Q(s) ••••• (6) 

There are however two corrections to make. Suppose that 
an original call arrived at t, and in the absence of any 
repeat attempts the stochastic numbers of calls arr~v~ng 
at t and (t + s) were A(t) = M and A(t + s) = Ni then a 
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repeat of the original , call which arrives after an 
interval of s will be seen - ie, will increment the coin
cidence count C(S) - only if N is strictly less than M. 
In other words, the mean number of repeat attempts at the 
interval s that we expect to see from the M fresh calls 
at T is in the absence of any repeat attempts from other 
sources just 

M- k) 

Maq(s) peN < M) + 0(a
2

) i 

and so instead of augmenting C(S) by (6) we shall have an 
additional multiplicative factor there of 

E{Mp(N < M)} r r s 
-2a I a I a 

E{M} 
e rr S! 

8 =0 

!. [1 + e -2 a I (2a) ] ..... (7) 
2 0 

together with further contributions which are of the order 
of a2 and which we shall neglect. 

The second correction we must make arises from the fact 
that the extra calls are counted not merely in connection 
with their own progenitors, but also together with all 
the other, unrelated, calls in the overall sequence. It 
is not difficult to allow for the effect of this. For by 
the underlying hypotheses, the distribution of the fresh 
call attempts was pure chance, and so there is no correla
tion between different calls: hence there is no correla
tion to be expected between one call and the repeat 
attempt of another. It follows that the effect of the 
spurious coincidences is primarily merely to increase t~e 
overall effective calling-rate by a factor of 

l+(l~B)' 
On the other hand, there is one further effect to take 
into account. The distribution of C(s) found by cor
recting (2) in this way already includes a contribution 
from the probability that, merely on a pure chance basis, 
a repeat is correlated with its antecedenti hence if we 
add to it the distribution t,C(s) determined by (6) and 
(7) we are counting this probability twice. Therefore to 
eliminate this unwanted contribution to E{C(s) } we must 
subtract off the probability that a call chosen at random 
contributes to C(s) , which by virtue of (2) is just 
1 - e -2 a [ 10 (2a) + 11 (2a)]. That implies an addi tional 
factor in t,'C(s) of e-28 [Io (2a) + 11 (2A)]. 

Putting all these terms together, we therefore obtain 
finally 

E{C(S) } .(1 + T.) {l - .->AI I. (2.) + I, (2.) I} 
1 aA(l + To) -2A 

+ '2 (1 _ B) [1 + e 10 (2A) ] 

i I (2A) + I (2A)] e -2 AQ (s) 
o I 

••••• (8) 

where A 

and Q(s) 

2.3 Discussion 

The result (8) can be written in the form 

E{C(s) } ••••• (9) 

where the quanti ties Co and Clare functions of the total 
arrival rate A. We have derived this result for station
ary traffic, but it is of course equally valid for 
slowly varying arrival rates, provided only that Co and 
Cl are replace~ by suitable averages. 
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Now the qualitative form of (9) is independent of the 
arrival rate: the only variability lies in the 'visi-

Cl 
bility' of the repeat attempts, Co. It follows that to 

detect repeat attempts, and indeed to obtain their distri
bution, it is not necessary to know the expected value of 
Co and Cl: and hence we need not restrict ourselves to 
analysing traffic in intervals of stationarity but can 
instead obtain better statistics by extending our summa
tions in (1) to the whole time period for which data are 
available. The only case in which this breaks down is if 
Q(s) is uniformly distributed over the range of values of 
s that we consider; but even in that case the repeat 
attempts are in principle resolvable, because to calculate 
the mean values of Co and Cl from the data it is not 
necessary to know a or Q • . 

3. DATA ANALYSED 

Three distinct types of call arrival data were available 
for analysis: on subscriber's lines; on register access 
relay sets; and on subscriber's lines in a telex exchange. 
The same measurement apparatus was used in each case: this 
accepted up to 1024 inputs, in 16 groups; and. gave as out
put a single figure, the total number of call attempts 
registered each second. The apparatus had a "dead" period 
of approximately 80 mS, during which a call attempt in the 
same group would not be registered. 

3.1 Telephone Subscribers 

The apparatus was connected directly to the lines of a 
group of 1024 business subscribers in a typical exchange 
in central England. This yielded 18 working days of good 
data, comprising 2 hours each morning with a mean calling
rate generally about 0.6 calls per second. 

3.2 RARS Data 

The apparatus was connected to the register-access relay 
sets of the trunk unit in a (different) Strowger exchange. 
Of the 560 relay sets present, somewhat over 200 were 
allocated to incoming junctions on a 1:1 basis, and the 
remainder were in own-exchange groups of 70-80 sets each. 

The good data comprised 20 mornings of about 3 hours each, 
with a mean calling-rate up to about 1.80, and 18 after
noons of about 2~ hours with a calling-rate up to about 
2.10. 

3.3 Telex Subscribers' Data 

1024 telex subscriber's lines in a large midlands city 
were connected. This yielded 23 working mornings of data, 
of about 2 hours each. The mean calling-rate was rather 
variable from one day to another, but generally in the 
range of 2.5-3.0 calls per second, although for short 
periods it exceeded 4.0. The analysis of this data 
revealed an abrupt dichotomy at the 2-week point, and so 
to verify the inferences drawn, some further data from a 
different telex exchange was analysed. This fully sup
ported all the conclusions drawn from the first half of 
the data. The · second half we regard as highly suspect. 
but are unable to fault categorically. 

4. ANALYSIS PERFOR!£D 

The l-second call counts on each day were aggregated in to 
periods of 10 minutes duration, which were then tested 
separately. Analysis of the overall mean calling-rate 
profile generally showed that some systematic behaviour 
was present, the traffic falling off at the beginning and 
end of each day's record; and 10 minutes was judged a 
suitable compromise between a period too long for station
ari ty and one too short for statistical treatment. 

For each of these periods, the mean arrival-rate was 
calculated, and the numbers of calls in consecutive T
second intervals found. T was· fixed for a particular type 
of data, and lay in the range 1-6. Two main statistical 
tests were then performed: 
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(a) A chi-squared goodness of fit against a 
Poisson distribution; and 

'" (b) a dispersion test. On the null hypothesis, the 
variance-to-mean ratio of the number of calls in each 
interval is distributed as 

-1 l 
(N - 1) X

N
_

l 
where N 600/T 

In addition to these, a check was maintained on the 
extreme value of the call-counts, in order to identify 
unusual events or bursts of actiVity. 

The entire data on each day was then subjected to a 
coincidence analysis USing the theory of Section 2. The 
coincidence counts C(s) for s less than 240 seconds were 
evaluated; and since the resulting statistics were of 
course highly variable, the pseudo-correlograms for each 
day were combined, to yield one single structure for each 
type of data. 

4.1 Telephone Subscriber's Data 

The mean calling-rate in the morning showed some 
systematic variation over the 2-hour period, while in the 
afternoon the effect was quite marked. Making allowance 
for this, the residual random variation of the numbers of 
call arrivals in consecutive l<rminute periods on a day 
was approximately twice that expected on the basis of 
pure chance. 

The main feature of the data was the presence of isolated 
intervals of a few seconds which contained what we may 
term "call showers". A typical example is one 32-second 
interval which contained no fewer than 108 call arrivals, 
embedded in a 10 minute interval with mean calling-rate 
0.70 calls/second. These showers were generally not 
picked up by the goodness-of-fi t tests, but were rather 
found by a check on the highest number of call arrivals, 
and frequently showed up in the dispersion test. This is 
instanced by the histograms of significance levels found 
in these tests, classified into 10\ cells: for the 
afternoon data, these were: 

G-O-F: 
D: 

35 
35 

'38 
32 

47 
42 

64 
50 

39 
45 

43 
37 

39 
36 

46 
36 

43 
54 

44 
71 

The goodness-of-fi t histogram is quite uniform, whereas 
the dispersion is significantly (0.1\) not so. 

FIG . 

SUBSCRIBER DATA 

The coincidence counts for this data showed no interesting 
features. Figure -l is a 24<rpoint plot of these statis
tics, and the only point to notice is the pronounced 
downward trend. This corresponds to about 400 coinci
dences over the 4-minute period: to put this in context, 
over 110,000 calls were monitored, and the expected num
ber of counts each second was over 33,000. The random 
variation is actually rather less than expected. Attempts 
to estimate this trend independently, and correct for it, 
gave results so variable that the only reliable conclu
sion was that small-scale fluctuations in calling-rate 
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could indeed well accoun t for it. The pa ttern of this curve 
is unaltered if the data for days with detected call 
showers is omi tted. 

4.2 RARS Data 

The mean calling rate profile here showed only very 
slight systematic behaviour, and, when this had been 
accounted for, the residual variation within a day was in 
quite good agreement with that expected on the basis of a 
steady underlying mean arrival-rate. 

The morning data followed a pattern exactly similar to 
tha t of the subscriber data discussed above, with the one 
exception that there was absolutely no evidence for "call 
showers". In the afternoon, however, when the calling
rate was generally higher, the situation was more 
interesting. Both the goodness-of-fit and the dispersion 
tes ts gave results well in the range of acceptability: 
out of 267 periods tested, 13(2) were significant at the 
5% (1%) level on the former test, and 6(4) on the latter. 
On the other hand, inspection of the actual histograms of 
significance levels showed some slight shift to the lower 
end. 

G-o-F: 
D: 

30 
47 

18 
26 

31 
33 

32 
29 

31 
23 

19 
21 

28 
28 

23 
17 

23 32 
24 19 

The dispersion histogram in particular is significantly 
non-uniform. 

It is not possible to ascribe this effect to the 80-ms 
dead time of the measurement apparatus (see Section 3), 
since numerical estimates show that the effect of that is 
entirely negligible at such l,ow calling-rates. Its 
interpretation is not perfectly clear, but it obviously 
corresponds to a smoothing of the arrival process; and it 
seems plausible to ascribe this to slight congestion. 
Another way of looking at the same phenomenon would of 
course term it a finite source effect. 

FIG . 2 

RRRS DRTR 

The coincidence-count plot (Figure 2) shows some 
anomalies too. Besides the overall trend of steady 
decrease, there is now a marked fall-off at the start 
of the plot, which takes about 18 seconds to rise to 
its "expected" value. Figure 3 shows the same figures, 
after smoothing by taking a 3-poin t moving average 
with weights 1:2:1. It is difficult to be precise, but 
rough estimates indicate that the fall-off is indeed 
approximately what would be expected if it represents 
the congestion arising from the actual traffic load -
somewhat under 2%. The time-scale of the effect too 
is reasonable. Congestion is frequently accompanied 
by repeat attempts, but there is little evidence of 
them here. 
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FIG. 3 

RRRS DRTR 

4.3 Telex Data 

The data here fell into two parts. The first two wee)cs 
were acceptable - ie, agreed with standard preconceptions
whereas the remainder did not, but displayed all the 
symptoms of "rough" data, with rapid intensity variations. 
Virtually every 10-minute period gave positive results on 
one or both of the standard tests, and the coincidence 
counts were all well below expectation, a generally 
reliable indication that all was not well. We were how
ever unable to find either any clear errors in the data 
or any satisfactory explanation of the phenomenon; so 
this section of data has been omitted from the account 
below. Similar measurements taken at other telex 
exchanges support en tirely our conclusion that the "good" 
data is typical, and the remainder anomalous. 

For the good days, then, the overall mean calling-rate 
profile showed a steady rise from 2.20 calls/sec at the 
beginning, to a broad maximum of 3.05 after 80 minutes, 
from which it declined again to 2.60 at the end. The 
residual random variation between periods within a day 
had a standard deviation about 4 times that expected on 
the basis of pure chance, indicating the presence of 
strong fluctuations in the arrival-rate. 

The goodness-of-fit test gave rise to a histogram of 
significance levels that was quite uniform; on the other 
hand, the dispersion test again gave one which was signi
ficantly eleva~d at the lower end. 

G-O-F: 
D 

21 
23 

14 
18 

13 
15 

8 
21 

14 
16 

15 
10 

14 
12 

13 
12 

19 
9 

13 
8 

Once again, this cannot be accounted for by the measure
ment dead time, and it is necessary to seek an alternative 
explanation. 

A possible one is that of finite sources. It is 
frequen tly the case that users of telex terminals have a 
li st of calls to make, and hence when active have a very 
high. calling-rate: if that is so, then at any particular 
time the effective number of sources may be rather small 
even though the overall calling-rate is quite high. 
Obviously this is rather speculative. 

FIG. 4 

TELEX DRTR 
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The coincidence-count plot is highly structured. 
Figure 4 shows a very sha:q> peak at 12 seconds, corres
ponding exactly to the minimum practicable attempt
reattempt interval; and an examination of the actual 
numbers on which the Figure is based allows one to trace 
at least 5 re-appearances of this peak at successive 12-
second intervals, as expected from Section 2.2, equation 
(8). This peak is so shaz:p that it makes it impossible 
to apply standard smoothing techniques. 

Three other features stand out from this plot. 

a. The usual downward trend characteristic of non
stationary data has apparently disappeared by about 
160 seconds. That may imply that this is the maximum 
duration of arrival-rate fluctuations; or we may perhaps 
infer that the first, decreasing., p·art of the curve 
represents repeat attempts with a pure chance inter-
a ttempt interval. There is no firm evidence for ei ther 
explana·tion. 

b. As with RARS data, the curve starts rather below 
its "expected" value in the absence of the repeat-attempt 
peak: that may imply that all the excess over this ini
tial value is repeat attempts of some kind, or it may be 
merely a finite-source effect. 

c. There is a very marked and highly regular 3-
second periodicity visible throughout the data. We have 
been unable to account for this definitely, but it may 
possibly arise from the fact that the analogue of busy 
tone is returned not continuously but rather wi th a 
definite cycle time. Alternatively, it may of course 
merely represent some sort of interference picked up by 
the measurement apparatus. 

Data from a second telex exchange showed very similar 
structure. The 3-second periodicity was rather less 
marked, and the gradual decay of the curve had entirely 
vanished rather earlier - by about 80 seconds; but these 
differences are at any rate ascribable to the different 
characteristics of the subscribers in the two very dif
ferent exchanges. Whatever the causes of these pheno
mena, however, it is worth emphasising that although the 
telex arrival process is very different from the tele
phone, conventional goodness-of-fit tests cannot 
distinguish between them. 
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5. SUMMARY 

The differences between arrival processes are frequently 
obscured by both the intrinsic stochastic variation and 
the non-stationari ty of the true mean arrival rate. An 
appropriate test however - one based on the correlogram
like "coincidence count" structure - can reveal them 
clearly. We have used this test to display the . strongly 
non-random repeat attempt structure of some telex data, 
and the slight congestion found at the register-access 
relay se ts of a busy exchange. By con tras t wi th this, 
tests based on conventional goodness-of-fi t statistics 
were entirely negative, and a dispersion test for calling
rate variability showed only that. 

We conclude that an arrival pr?cess can have a significant 
structure which is at the same time quite invis:Lble unless 
an appropriate statistical test is used. It is therefore 
clearly rather important to establish quite what statisti
cal properties of the arrival process are important to an 
exchange. 
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