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ABSTRACT 

Much attention has been ~aid to finding the means and 
variances of distributions of measured traffic, making 
various assumptions about t h e traffic and measurement 
processes. A full bibliography is given by Iversen [1] 
By comparison, the distributions themselves have been 
neglected. However, in the important special case of 
call arrivals forming a Poisson process, the measured 
traffic volume is a compound Poisson random variable. 
Results about the distribution then follow readily from 
standard compound Poisson theory. 

In this paper, a simple method is given for calculating 
the actual probabilities in the distribution when 
scanning is discrete. Explicit formulae are available 
for these probabilities when the holding-time distribu
tion is negative ' exponential or constant, and when there 
is no truncation of holding-times. These simple special 
cases can be regarded as approximations to the more 
realistic situation in which truncation does take place. 
The quality of such approximations is found to be very 
good. 

Other new results obtained include general formulae for 
cumulants of any order, and an improved way of finding 
approximate confidence intervals using the Normal 
distribution. 

1 INTRODUCTION 

1.1 MOTIVATION 

It is of obvious importance to have at least a rough idea 
of the accuracy of traffic m,easurements taken on circuit 
groups. For some time now expressions have been avail
able for the variance of measured traffic; these are 
generally used to construct approximate confidence inter
vals using the assumption that the actual distribution is 
Normal. It has not been known, however, to what extent 
the distribution does in fact resemble the Normal. 

The work presented here shows that for most practical 
purposes the Normal approximation is a good one. In some 
cases, though, particularly where very small traffics are 
of interest, the Normal approximation breaks down; the 
results given here can then be used to give accurate 
confidence intervals. They should also be applicable to 
the design of traffic measuring equipment and procedures. 

The original impetus for this work was an attempt to 
describe the distribution of day-to-day variations in 
the underlying mean traffic. In observations, day-to-day 
variations come inextricably mixed with random variations 
of the kind considered in this paper. Wi th a knowledge 
of the distribution of measured traffic, it becomes pos
sible for the first time to carry out standard sta'tistical 
goodness-of-fit tests for day-to-day variation on data 
with a significant component of random variability. 

1.2 ASSUMPTIONS 

We consider only full-availability circuit groups with 
negligible loss. Calls arrive according to a Poisson 
process of constant rate A. Holding-times are indepen
dent identically distributed random variables with the 
common probability density function (pdf) f(t) (cumula
tive distribution function (cdf) F(t)) and common mean h; 
the offered traffic is A = Ah. The , measurement procedure 
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is the one generally used in practice, that is, regularly 
spaced or continuous scanning for a fixed period, with 
portions of holding-times that fall outside this period 
being ignored. When scanning is continuous it lasts for 
a time T; when discrete, T scans take place unit time 
apart. The estimate of traffic is obtained by dividing 
the scan total by T. 

Measurement procedures without truncation (here we use 
Iversen's [1] terminology) are considered (in 4) only as 
approximations to their counterparts with truncation, 
since they are in themselves of limited practical interest. 
Measurement with truncation is illustrated in diagram (a) , . 
The circuit group is observed for a fixed length of time. 
The portion of any call's holding-time falling into the 
measurement period is recorded, regardless of whether the 
call arrives during the measur~ment period or is already 
in progress at the outset. By contrast, when measurement 
is without truncation (diagram (b)), only those calls 
which arrive during the measurement period are observed at 
all. To compensate, their total holding-times are 
recorded, instead of being truncated at the end of the 
measurement period. For obvious reasons, measurement 
without truncation will also be referred to as measurement 
'disregarding end effects'. 
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~~~hall often mention scaled Poisson distributions. A 
scaled Poisson distribution with parameter ~ and scale 
factor c takes the value nc (n = 0, 1, 2 ••• ) with 

-IJ n 

probabili ty ~. 
n· 

2 CALCULATION OF THE EXACT DISTRIBUTION OF MEASURED 
TRAFFIC WHEN SCANNING IS DISCRETE 

When scanning is discrete, the observed holding-time of 
an arbitrary call is an integer-valued random variable, 
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H say. We write Pit for the probabili.ty that H takes the 
value k (k = 0, 1, 2 •••• ) and then form the probability 
generating function (pgf) 

pes) L 
k=O 

The Pit can be calculated for most cases of interest; they 
will be discussed in detail in 2.1 below . 

Now when call arrivals are Poisson, the measured traffic 
volume is s 'imply the sum of a Poisson number of discrete 
rando~ variables representing observed . holding.-times., each 
having the above distribution. When there. is no trunca
tion, the mean of the Poisson distribution is AT (the 
expected number of arrivals during the measurement 
period); when there is truncation, the mean is A(T+h), 
since calls' already in p.rogress whEm measurement starts 
must also be taken into account. Writing T* for either 
T or T + h, the pgf for measured traffic volume becomes 

g(s) 
ATO(p(a)-I) 

e 

.using standard compound Poisson theory (see for example 
[3]) • 

Writing g (s) = 
k=O 

obtaining a measured traffic volume k, corresponding to 

a measured traffic of ~. 

Now g' (s) = AT*p t (s) g (s) • 

Differentiating the product on the right-hand side k - 1 
times and setting s = 0 we obtain 

AT* 
k 

gk L PJ gk-j ..... (1) 
k j = 1 

Together with 

go g(O) 
e - ATO( I-po) 

this recurrence relation provides a simple and practical 
way of generating successive gk. When the number of 
scans is fixed at T (as when holding-times are truncated), 
there are of course never more than T terms in the sum. 

It is interesting to note that g (s) can be rewritten in 
the form 

g(s) n ••••• (2) 
k =1 

ATOp (I k_l) 
Since e k is the pgf of a scaled Poisson random 
variable with parameter AT*Pk and scale factor k, this 
shows that the random variables representing the measured 
traffic contributed by calls whose observed holding
times are exactly k (k = 0, 1, 4 ... ) have mutually inde
pendent scaled Poisson distributions. 

The above method is equally applicable to measurement 
processes with an arbitrary distribution of the time 
interval between scans, but with measurement still 
lasting for a fixed total period, since the number of 
call holding-times observed will then still be a Poisson 
random variable. Iversen [2] calculates the Pk that 
should be used in some cases of this kind. 

2.1 THE DISTRIBUTION OF AN ARBITRARY OBSERVED HOLDING
TIME 

To use the recurrence relation (l) it remains only to 
calculate the I1c «k = 0, 1, 2 •... ). We consider first 
measurement without truncation. Scans are occurring unit 
time apart. Suppose a call arrives with time t still to 
elapse before a scan takes place (0 ~ t < 1). Then the 
probabili ty of the call lasting while at least k + 1 
scans take place is 1 - F(t + k) (k = 0, 1, 2 ..• ). 

ITC-9 

Since the arrival. process is Poisson, instants of arrival 
are uniformly distributed over 0 ~ t < 1, so 

J: (l - F (t + k) ) . dt 

The ~ (k = 0, 1, 2 ... ) can be calculated numerically for 
any F(t) which is known numerically, arid have simple ana
lytic forms in certain special cases. 

Now for k ~ 1 we have Pk = lk_l - ~, while Po = 1 - lo. 

Moving on to the practically important case of measure
ment with truncation, we have to consider separately calls 
arriving before and during the measurement period. Let 
the respective probabilities of having an observed 

hPk + 'I'J?k 
holding-time of k be i\ and i\; then Pk = -h-+-T--

(k = 0, 1, •.. ). 

By elementary reasoning it can be shown that 

so that we get 

lk 

h 

T-l 

1 - ~ L lk' 
k=O 

(k 0, 1, •••• , T - 1) , 

(k 1, 2, •••. , T - 1) , 

Pk h ~ T «T - k + 1) l k_l - (T - k - 1) lk) 

(k = 1' , 2, •••• , T - 1) , 

_1 (h-
h + T 

T-2 

1 
k = O 

Of course Pk o for k > T. 

2.1.1 CONSTANT HOLDING-THE 

For constant holding-times, there are three separate 
cases. Here and elsewhere we use the notation rh] for 
the i nteger part of h, and set oh h - rh] . 

1. h < 1 
1 

h + T (T 

~ 
h + T 

i1. 1 ~ h < T - 1: Po 

(T - l)h) 

1 < k. 

1 
h + T 

2 
h + T 

1 ~ k < h 

1 h+""T (Cl - oh) (T - rh] ) 

oh(T [h]) 
h + T 

+ 1 + oh} 

o h + 1 < k. 
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Hi. T - 1 ~ h 
1 

Po h + T 

2 
l~k~T- 1 Pk h + T 

PT 
_1_ (h - T + 1) 
h + T 

2.1. 2 NEGATIVE EXPOOENTIAL HOLDING-TI~S 

For negative exponential holding-times, writing q = e 

Po h ~ T (T - (T - l)h(l - q», 

qk-l h(l _ q) 
h + T «T - k) (1 - q) + 1 + q) 

(k = 1, 2, ••• , T - 1) , 

T-l 
~ 
h + T 

3 ~NERAL FORMULAE FOR CUMULANTS OF ANY ORIER 

3.1 DISCRE'lE SCANNING 

The nth cumulant of a scaled Poisson distribution with 
parameter ~ and scale factor c is ~co i the nth cumulant 
of the' sum of two independent random variables is the sum 
of their nth cumulants. It therefore follows immediately 

from (2) (putting c = ~ ) that the nth cumulant of 

measured traffic for discrete scanning is 

K 
o 

AT* \' 
Tn l.. 

k= 1 

Here the Pk are as defined in 2. 

(n 1, '2, 3 .... ). 

Some important special cases of this general formula are 
gi ven in Table 1, together wi th their continuous 
counterparts. Several of the formulae in Table 1 (last 
page) were previously found by D C LeCorney, using 
different methods from those given here. 

3.2 CONTINUOU:; SCANNING 

The cumulants are obtained by repeated differentiation 
of the logarithm of the Laplace transform of the distri
bution of measured traffic. This transform follows 
directly from compound Poisson theory once the distribu
tion of an arbi trary observed holding-time is known. 
For measurement without truncation, observed holding
times coincide with actual, holding-times. For measure
ment with truncation, matters are a little more 
complicated: using the fact that calls arriving before 
measurement starts are independent of calls arriving 
during the measurement period, these two classes of call 
are treated separately and then their cumulative genera
ting functions are added. In each case the distribution 
of the observed holding-time of a single call arriving at 
a particular instant is found. The Laplace transform of 
this distribution is randomised over all relevant 
instants of arrival. 

Writing F(t) [ feu) du for the cumulative distribu-
tion function (OOf) of call 
holding-times, 

L(z, t) .!. ( e-zu (1 - F(u»du 
h 

and (t) I: 0 f(u)du (n 0, 1, 2, ... ) , ~o U 

the log of the Laplace transform for measured 
traffic with continuous scanning and with truncation is 
found to be 
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From this 

K 
o 

_ ~ dL (~ T) 
T dz T' 

( 

~l (T) ) 
+ e -z 1 - -h- - ~ (1 - ~o (T» 

it follows that 

{

T ~o (T) 
A----+l 
, h Tn 

~l (T) 

--h-

-....!!.....:2. :!: (~O+ 1 (T) + 1 _ ~o (T) )11 (n >, 1). 
n + 1 h TO + 1 J 

This formula can be evaluated by integration for any 
holding-time distribution that is known numerically. 
Some special cases are shown in Table 1. 

When there is no truncation, the log of the Laplace 
transform is simply 

where q, (z) 
[ 

-zu 
o e feu) duo 

In 'this case K 
o 

, 
T ~ 0 

A - -- where 
h TO 

about the origin of f (t) (~' 0 

~' n is the nth moment 

~ ~o (T) ) • 

4 DISTRIBUTICNS OF MEASURED TRAFFIC DISREGARDING END 
EFFECTS 

4.1 DISCRE'lE SCANNING 

In 2 an algori thm was given for calculating the exact 
distribution of measured traffic when scanning is 
discrete. A recurrence relation was used. For the two 
simple special cases of constant and negative exponential 
holding-times, when end effects are disregarded, explicit 
solutions to the recurrence relation can be found. These 
solutions may be useful as approximations to the exact 
distributions (which take account of end effects), and 
are therefore given here. 

Figure 1 shows the ratio of the variance of this 
distribution (which in fact coincides with Hayward's 
formula [4]) to the variance of the exact distribution. 
It therefore gives a rough idea of the parameter ranges 
for which such an approximation is likely to be a good 
one. In this Figure the measurement period is taken to 
be T mean holding-times in length, with scans at ' 
intervals of a mean holding-times; thus a = 0 corres
ponds to continuous scanning. It can be seen that, 
particularly for fast scanning, the two variances will 
differ by as little as 10% only for rather long 
measurement periods. 

10 50 r
h 

FIG. 1. ACCURACY OF SIMPLE APPROXIMATIONS TO VARIANCE Y OF 
MEASURED TRAFFIC.O(:O:v'=2Ah 0<.>0: V'~2Ah 0( t' h~ 

T T 2CO 2 
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4.1.1 CONSTANT HOLDING-TIMES 

The pgf for measured traffic volume becomes 

which is recognisable as the convolution of two scaled 
Poisson distributions (parameters A(l - 5h) and Aoh, and 
scale factors [hI and [hI + 1, respectively). These 
reduce to a single scaled Poisson when h is an integer. 

4.1. 2 NEGATIVE EXPONENTIAL HOLDING-TIMES 

To find the distribution in this case, we divide the 
observed holding-time of any call into two parts: the 
first scan to observe that call, and all succeeding 
scans which observe that call. 

We write as before gk for the probability that a total 
traffic volume of k is observed. Then for k >, 1, 

k 

gk L prob (n calls observed at least once) x 
n=1 

prob (k - n units of traffic .volume observed 
beyond the first for each call, given n calls 
observed at least oncel.. 

Now the first factor after the summation sign can be 
found whatever the holding-time distribution: 

prob (n calls observed at least once) 

I. prob (i calls arrive during interval) x 
i = n 

prob (i - n calls leave before a scan, given i 
have arrived) 

00 i 
\' - AT ~( 

. L e i! i 
1 = 0 

Z ) i-n 
o i ) 

n 

( ATZ ) n 
- ATl 0 

e 0 --n-!-

The second factor, however, is in general complicated. 
For negative exponential holding-times, though, we are 
dealing with the convolution of n geometric distributions, 
which is a negative binomial. We o~tain 

( ~ = ~)cl - q)n qk-n, where q = e -ii In this case 

lo h(l - q), so for k ~ 1, 

k 
(AT(l - 9) n (~ - ~) k-n 

I -AT(I-q) (1 _q)n 
gk e 

n! 
q 

n=1 

k 

~) 
(AT(l _ 9)2)n -AT(I-q) I (k - k-n 

e 
n! 

q ..... 
n= 1 n -

Obviously go 
-AT(I-q) 

prob (0 calls observed at least once) 

= e 

4.2 CONTINUOUS SCANNING 

(3) • 

When scanning is continuous the pgf method is of no use, 
and we must rely on approximations if we wish to use the 
actual distribution of measured traffic rather than just 
its momen ts • 

4.2.1 CONSTANT HOLDING-TIMES 

The distribution obtained for traffic measured without 
truncation is simply scaled Poisson with parameter AT 

h and scale factor T. 
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4.2.2 NEGATIVE EXPONENTIAL HOLDING-TIMES 

The method is similar to that used above for discrete 
scanning, but simpler, since all calls that arrive must 
be observed. When n calls arrive during the measurement 
interval, the measured traffic x has a gamma distribut~on 
with pdf 

-- T Tx )n 
e h (h xn - 1 

(n - 1) ! (n 1, 2, •••• ). 

Since n has a Poisson dis tribution wi th mean AT, the 
required pdf is 

- AT 
e 

n=1 
(n - 1) 

T 

n-l 
X 

- h ( A+ x ) ( T )2 
e A h 

together with a point probability of e - AT at x = o. 

The righ t-hand side above can be rewritten in the form 

T 
- -(A+x) A 

h T A 
e - -

h x 

where 11 is a modified Bessel function. Standard 
package programs are available for computing such 
functions. This pdf is closely related to that of non
central X2

; it is not a member of the P~arson family of 
distributions. 

5 CONFIDENCE INTERVALS FOR UNDERLYING MEAN TRAFFIC, 
GIVEN MEASURED TRAFFIC 

Suppose x is a traffic measuremen t (if obtained by 

kT) discrete scanning, then in our earlier notation x = 

and p is a probability (typically, p might be 5% or 95%) . 
To find a p-confidence limit Ap for the underlying 
traffic, we must solve the equation in A 

pr (measured traffic ~ x \underlying traffic A) p . 

This can be done numerically, using the preceding theory, 
if the holding-time distribution f(t) is known numerically. 

For the special case of negative exponentially distributed 
holding-times with discrete scanning, fairly extensive 
calculations have been carried out to compare the confi
dence limits yielded by various approximations with the 
exact results. This work is described in 5.2. 

5.1 NORMAL APPROXIMATION 

We use the standard notation for the Normal cdf, 

~(y) 
1 --;, 

I
y yf2 

2; _ 00 e dy. 

Writing K for the coefficient of variance (variance-to
mean ratio), we are approximating 

pr (measured traffic ~ xlunderlying traffic A) 

by ~ ( x iAA
) • 

Thus 'we must solve for A the equation ~ ( ~ A ) 

or x ~ A = 4>-1 (p ) . 

p 
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It is straightforward to show that the solution is given 

A 
by.-.£. 

x 
!K -1 Ji ~ (p) ' ••••• (4) 

This is simple to compute, and should be used in EE.ef~f
ence to the more obvious approximation A = x - IKx ~ (p). 

A P 
tha t is, ~ = 1 - w. The two only give similar results 

if Iw I is very small. 

Since we have used none of the special properties of ~. 
any strictly increasing cdf on the real line, standardised 
to zero mean and unit variance, could be used in place of 
~. It is remarkable that Ap as ' given by (4) is always 
positive: this is a consequence solely of the fact that 
the variance of the measured traffic distribution is 
proportional to the mean. 

A A 
Note that'-'£'-2..:..£. 

x x 
1 whenever the fi tting dis tribution 

is symmetrical. 

Figure 2 shows the confidence intervals yielded by the 
Normal approximation (4) for six different levels of 
confidence . 

5.2 

n:~: ,..-------------------.f ~ 
95". 
90',. 
ao'/. UPPER CONFIDENCE LIMITS 

10 

0·1 

OL.-1-------------------1-~---------1-00--------.--~~0.01 
. K 

FIG.2. CONFIDENCE INTERVALS FOR UNDERLYING MEAN 
TRAFFIC (A) GIVEN SCAN-MEASURED TRAFFIC (xl 
USING NORMAL APPROXlMATlON TO DISTRiBUnON 
OF MEASVRED TIJAFFIC (MATCHING MEAN ' AND 
VARIANCE} 

SOM!: NUl-ERICAL RESULTS 

The distribution disregarding end effects given in 4.1.2 
(3) was used, with the value of h adjusted to 

1 

(

KT + 1 ) so as to make the variance equal to 

log KT - 1 

that of the exact distribution. 

For p = 0.5,0.8, 0.9, 0.95, ' 0.98 and 0.99, the 
A A 

confidence limits I-p and I; p were calculated for this 

approximation and for the exact distribution, as well as 
for the Normal approximation described in 5.1 (4). The 
other input parameters were 

x (erlangs) 
h 
T 

0.1 0.2 0.5 1 2 5 10 20 50 
0.1 0.2 0.5 1 2 5 10 

5 10 2050 lOO 

The general conclusions which emerge are: 

i. for fixed (x, h, T) the approximations both 
usually become worse as the confidence level p increases. 

T 
ii. for h ~ 5, and any of thes~ x, the confidence 

Hmi ts yielded by the approximation described in the 
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firs t paragraph above are all accurate to within about 5 % 

of "the exact values. As ~ increases for fixed x, the 
T 

accuracy increases rapidly: for most x and h ~ 20, the 

approximation is accurate to within 0.05%. 

T T 
iii. For h ~ 5 and x ~ 10, or for h ~ 100 and x ~ 1 I 

the Normal approximation gives rise to confidence limits 
which are within about 5% of the exact values. 

iv. Outside the regions specified in (ii) and 
(iii) , both approximations can be very poor. 

Figure 3 illustrates conclusions (ii) to (iv) by the 
particular cases p = 0.95, h = 1, T = 10 and 20 for 
0.1 ~ x ~ 10. The exact results are shown by full lines 
and the Normal approximation by broken lines; on this 
scale the results given by the other approximations are 
indistinguishable from the exact results. 

UPPER , 
CONFIDENCE 

LIMITS 

0·2 
LOWER , 

~IDENCE 

APPROXIMATION 

U~ITS ,. ~(H 
0~'1~~~------------~--~------------~'~ 

, X ERLANGS 
FIG.3. 9s"/.CONFIDENCE INTERVALS FOR UNDERLYING MEAN " 

, TRAFFIC lA) GIVEN SCAN-,~ASURSD TRAFFIC (x) 

h -1; T :: 10 , 20 ' 

For continuous scanning, there is no exact form against 
which to assess the quality of the approximations. Since 
continuous scanning is a limiting form of discrete scan
ning, though, it is reasonable to extrapolate the above 
conclusions to the case of continuous scanning. 

Thus it appears that for combinations of low traffi.':S with 
short measuremen t periods, the approximations may fail. 
Otherwise, the approximation (3) with adjusted h is a very 
good one, and the simpler Normal approximation (4) will 
usually be adequate. 
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M 
lIS 

:0 
~ 
t: 

TABLE 1 CUMULANTS OF MEASURED TRAFFIC DISTRIBUTION: NEGATIVE EXPONENTIAL AND CONSTANT HOLDING-TIf.£S 

Kn general cumulant of order n 

~ ~ A~T-l +(l~q) Tf qk-l kn ((T-k) (l-q) +l+q)l 

.~ w L T k=1 J 
+J Cl 

K2 variance 

~ T d All -h' 2 1 
- coth-- -- (l-e lcosech-T 2h 2T 2h 

K3 skewness 

~ T ~ T --
-- h A 3 h l-e 1 2 1 

- 1+-(1+e -(-)cOth-)cosech--T2 2 T 2h . 2h 

~r----t-----------------------------------1-----------------------------+------------------------------------->< 
r.l 

T 

2A(~ )2(~_ l+e h) 
T 

6A(~)( ~- 2+e -;(2 +~)) 
~ 
r.l r- t---~----------------------------+-----------------------~-----------------------------
~ 

oM 

~ ~ 
i lIS 

- l+-cosech -A( 3 21) 
T2 2 2h 

Z ~ 
Ip.or.-~------------------------+-------------------+-----------~----~_~--~ 
iE 

+J 
t: o 
U 

~ 
S s:: 

oM 
+J 

III b-l 
~ ~ A(%) n ~ o u 

tIl 

.t: 
1\ A 
M 0-1 

T 

7 Afi Tf(~)n +l_T-l] 
~ ~ k"'l T h 

.t: 

.t: A(~ y~1 (1-(~:~)~) l\-

E-t 

t: E-t 

A (1-(~:~)~) 0 
U ". 

~ _. 

~ i ~ Afi
T
-
n

n
-

1 ~l-.ti)(~y +!t(h~ly] 

2A~ 
T 

A 
T 

A~(1-31T(h-~)) 

A(1-3~(T-~)) 

A~(l-~} T 3T 

A(l-k) 

~ 1+11 (1-11») 
T2 h 2 

A 
2 

T 

A(~ )[l+h(~;h) (h+2.+1) 

- h~:l) (h(h
2
-1) +ti(2h+l») ] 

A(~)2 ( I-fr(h-~)) 

A(l-ih(T-~) ) 

A(~y (1-~) 

A (l-k) 

~2 (1+11 (~-11) (h+2h+l)) 
T h ~ ~ tIl L 

><~---4------------------------------------~---------------------------+-------------------------------------

~~ 
-~ ti ~ ~ (~)n-l 
Bo~AT 
u 

A(~} A(~ )2 

Note: In this table, h is written for rh] (integer part of h) andh for oh (=h-[h]), so as to save space. 
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