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ABSTRACT 

As is known, the natural traffic imbalance between the dif
ferent subscribers connected to a telephone exchange affects 
its traffic congestion performance. Normally, equipment 
provision is made, using dimensioning rules and grade of 
service, based on ' the assumption of identical subscribers 
(balanced traffic). The impact of traffic imbalance on the 
gr'ade of service has both positive and negative aspects; 
the control of the negative imbalance effects and the con- , 
sequent optimization of the equipment installed in an ex
change are objectives of both the system design and the 
traffic administration practices. In this paper, that 
framework is maintained, i~e ., the system traffic capaci
ties are defined assuming balanced traffic throughout. The 
study ,provides suggestions for both an "a priori" approach 
to the problem, i.e., criteria for system design, and for 
an "a posteriori" approach; guidelines for traffic adminis
tration practices. 

The effect of traffic imbalance is studied over subscriber 
stages with independent and unbalanced traffic sources. The 
systems under study are lost calls cleared ones with sub
scriber matrices having concentration and full availability. 

The paper describes methods of analyzing the problem and 
gives numerical results quantifying the effect of traffic 
±mbalance, both in order to gain in the understanding of 
the phenomenon, and to have a basis for the definition of 
performance criteria to take into account the effect of 
traffic imbalance. 

The two classical traffic administration procedures, first 
assignment of subscriber lines and traffic balancing by _ 
line reassignment, are analyzed and their usefulness quanti
fied. 

The approach to the problem followed in this paper begins 
with a theoretical model, but is basically oriented to 
obtaining practical conclusions. The numerical evaluation 
covers a wide range of matrix sizes and offered traffics. 

1. INTRODUCTION 

The following effects of the traffic imbalance are qualita
tively well known: 

a) the traffic imbalance between subscribers connected to 
the same network access group improves the average call 
congestion of those subscribers. 

b) the traffic imbalance between network access groups 
deteriorates the average call congestion of the sub
scribers of these groups. 

c) the closer the stage to the subscriber matrices, the 
greater the effect of the unbalanced traffic. 

However, the authors' opinion is that the system design 
and the traffic administration practices are not suffi
ciently supported in this aspect due to the lack of figures 
quantifying the effect of traffic imbalance. 

The paper presents a method which quantifies the joint 
effect of the two first points. These two effects are 
studied in the first stage, i.e., the subscriber stage, in 
accordance with point c). 
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The natural traffic imbalance between subscribers is taken 
into account in a statistical way by assuming distribution 
functions of the actual offered traffic of each subscriber. 
Then, when the subsc:z;iber side is treated, the term "Popu
lation" appears. A population is defined by the distribu
tion function G (a) of the average offered traffic a of each 
independent subscriber during the busy hour. The actual 
subscribers (a set of offered traffics {a i }) connected to 
a matrix are a random sample of one or more well-defined 
populations. The set of -;ffered traffics {a i} are assUl'llErl 
as constants in the time. 

From the generalized Engset formula of r ,ef. [ 1 ] and from , the 
t,raffic imbalance studies, of ref. [2] and [3 ] , a computer 
algorithni to calculate ' the call congestion of each subscriber 
in a set of full-availability matrices qas been developed. 

Based on the above algorithm three work areas have been 
explored: 

- Definition of means for quantifying the effect of traffic 
imbalance on subscriber congestion performance. 

- A sensitivity study of the impact on subscriber congestion 
performance of several physical parameters, such as the num
ber of subscribers ' in each matrix, average offered traffic, 
etc. 

- Effect of the manipulation of the subscriber lines on sub
scriber congestion performance. This effect has been 
examined in two separate studies. One is a 'study comparing 
the effect of considering several subscriber categories 
when assigning the lines, with the effect of making no such 
differentiation. The other is a study of the effect on 
congestion performance of balancing the carried traffic in 
each subscriber , matrix by reassigning subscriber lines. 
This study is made for several degrees of balancing. 

2. CALCULATION ALGORITHM 

Given the nature of the problem itself, a statistical inves
tigation method is followed to quantify the traffic imba
lance effects. From a given subscriber population, N indi
vidual subscribers are randomly selected to be connected 
together in an NxR matrix. The chosen N subscribers are 
identified by the set of offered traffics {ai} 

The random selection assumes that no specific assignment 
procedure is used. Once the traffic offered by each sub
scriber connected to the matrix is known, the call conges
tion for each subscriber and the average call congestion for 
N subscribers are calculated for the NxR matrix. For the 
same given subscriber populatiqn and the same ~atrix size, 
this procedure is repeated often enough to ensure good 
statistical figu~es. This procedure has been implemented 
in a Monte-Carlo simulation with ' the following characteris
tics: 

- Subscriber generation: Infinite subscriber population 
quantified by the corresponding distribution function G(a) 
of the traffic offered a by each subscriber is assumed. 
Random numbers (0 ~ RN ~ 1) are generated to ,determine the 
traffic offered a by each of the N subscribers connected 
to the NxR subscriber matrix according to the equation: 

G(a) = RN 
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- Call congestion calculation: In order to achieve the 
objectives of this paper it is mandatory to know the actual 
call con~estion of each subscriber in a matrix. In refe
rence [1J the stationary state distribution is calculated 
for a matrix with N distinct and independent traffic sources 
offering traffic to R devices with a full accessibility 
scheme. If we denote {a.} the offered traffics of the sub
scribers in the matrix, €he probability ~f the state {ji} 

is given by the formula: .N b~i 
~=1 ~ 

N . 
L IT Jk 

(L)k=1 k 
where: 

denotes that the subscriber i is free. 

denotes that the subscriber i is busy. 

ji= 0 

ji= 1 

(L) denot~s all possible states of occupation {ji}with 

O~ L j .~ R 
i=1 ~ 

b. 
~ 

is the traffic offered by the subscriber i when 
it is free. 

C . 
~ 

Thus: 
b . = 
~ 

a . 
~ 

is the call congestion for the subscriber i. 

The call congestion of the subscriber i can be calculated 
as a function of the above terms by the formula: 

where: 

( I\. ) 

b. 
C . = --~ 
~ a . 

~ 

denotes all possible states with ji=O 
N 

l. j =R 
k::1 k 

and 

For the calculation of Ci = C (a
i 

,b1 ' ... bN
), where 

b i = b( a i,Ci ), an iterative procedure is necessary. 

average call congestion in a matrix is given by: 
N 
\' a i Ci ik1 

The 

The nurnprical application has been made over matrices with 
sizes NxR of 8x4, 16x8, 32x8 and 32x16, which are most 
common sizes in modern systems. The offered traffic in
vestigated for each matrix size are those that give Engset 
loss probabilities in the range of 0.001 to 0.01 

On the subscriber side, populations with pure negative ex
ponential distribution of the offered traffic 

a 
G(a) = 1-e- a-

where a is the average offered traffic per subscriber of 
the population. Therefore, a population is completely 
defined by its average offered traffic per subscriber. 

The negative exponential law seems to be a good practical 
approximation of the real traffic distribution of sub
scriber lines, in any case it can be considered as a test 
population. 

3. CONGESTION PERFORMANCE CONSIDERATIONS 

Several parameters could be defined in order to quantify 
toe congestion performance of a set of subscribers 
under traffic imbalance conditions. Some of them are de
fined and discussed is this section as the most practical 
ones in the authors' opinion. 

In agreement with the model adopted, the loss probability 
for a subscriber ~ue to the full occupation of the outlets 
in the subscriber matrix is a function of the subscriber'-s 
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own offered traffic and the set of offered traffics of the 
remaining subscribers in the matrix. 

C . = C (a . , U) 
~ ~ 

where U denotes the set of offered traffics of the subscri
bers in the matrix. 

Given that a i and U are statistical variables, Ci is a sta
tistical congestion function, where no attention is paid to 
the actual allocation of the subscribers in the matrices. 

From a practical point of view, the congestion of the worst 
served subscriber in each matrix may be of interest. There
fore, a new statistical function of congestion is defined: 

C = w 

In matrices with stochastically independent subscribers and 
full availability schemes, the worst served subscriber is 
the one with lowest offered traffic; then: 

Another practical congestion function is defined as the 
weighted average congestion for all the subscribers in a 
matrix: 

C i=1 C (U) 
N 

L a . 
i=1 

~ 

Any of the three above-mentioned congestion functions can 
be used to define the grade of service under unbalanced 
traffic situations. In the rest of this section, compara
tive considerations among them are carried out. Engset call 
congestion for fully balanced traffic and Engset call con
gestion applied to each unbalanced matrix are very useful 
for this comparative study. The notation used is: 

- Engset call congestion for fully balanced traffic: 

E = F (N-1 , R , Cl ) 
R 
L (Ni1 ) oi 

i=O 

where: 
ex ----- and 

1- a (1-E) 

a is the average offered traffic per subscriber. 

- Engset call congestion applied to each unbalanced matr~x: 

where: 

C* = F (N-1, R , i 
N 

A = L 
i=1 

a . 
~ 

{a.} is the set of offered traffics in the matrix. 
~ 

' Given that A is a statistical function** of the statistical 
variable {a.} = U , C* is a statistical function of the trcf
fic offered~by the various subscribers. 

For a given matrix, the following relations hold: 

Ci~ C 
w 

C ~ c 
w 

C ~ c* 

N 

** The function A = L a. is the object of ref. [2J 
i = 1 ~ 
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Any other ordered relations between the congestions are not 
generally valid. Si~ce the Engset loss probability E does 
not always dominate C, Ci or Cw ' the c'ongestion E, which 
is used in dimensioning , cannot be used as a pessimistic 
estimate for these traffic congestion indicators . 

On the other hand, C* , which could be taken as a peSS1m1S 
tic approach to the global traffic imbalance effect by con
sidering only the negative effect of the traffic imbalance 
between matrices, is not a valid upper bound for Ci or for 
Cw. However, C* is an upper bound for C in each matrix; 
but no practical application can be made of this because 
very significant differences usually separate these figures. 

Given that it has not been possible to find a practical 
function to limit any of the types of congestion under 
unbalanced traffic conditions , this paper has been based 
on a pure statistical analysis through the complementary 
distribution functions of the statistical congestion func
tions already defined . Thus, the ' following are defined: 

- The C distribution function for "call congestion for the 
worst subscriber in each matrix" 

- The C distribution function for "call congestion for all 
subscribers" 

F 2 (C) = Pr (Ci~ C) 

- The C distribution function for "average call congestion 
for each subscriber matrix" 

- The C distribution function for "Engset call congestion" 

Figure 1 shows a ' picture of these C distribution functions 
for the case of matrices of 16 sources and 8 outlets where 
the subscribers belong to a single population with 
Cl = 0.16 erlangs per subscriber as an example. The rela
tions F

3
(C) < F

2
(C) < Fl (C) < F(C) are satisfied for each 

value of C. 

n-----.. 
4 ill I Ill· ' 1 4 i 111" 4 ill I • ID 

.9~~~~~-~+---+-----+-----+---+-----+--~ 

.8~~~~+-~~~~~-------+-----r----+-------i---~ 

.7~------~~~~~~--~---+-----r----+-------+---~ 

1
·5 

.4~------;---;----+-~~~+-~-+-~-+-----+---4 

~ .3 ~---~-----+---+-----·~ r~~-f~--'~---~~-~ 
A 
u 
~ .2-r-----r----+---~------.r-_J~~._-J~---~---+-----~ 

11 

~ .. 1 +------~----_+----_t------~----_+ 
u.. 

FIGURE 1 

The probabilities of having congestion values greater than 
the Engset loss value for C* , C , C . and C are obtained 
from figure 1 and appear in tabIe 1.1 

TABLE 

C C* C C. C 
W 1 

Pr(C ~E) 0 . 47 0 . 32 0.22 0.17 

The figures in table 1 emphasize and clarify several of the 
ideas presented in this section . 
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In order to support numerically the traffic administration 
practices and/or the system traffic imbalance performance, 
criteria for quantifying the traffic imbalance effect must 
be defined. Practical c.riteria based on the congestion 
figures defined above may be defined by giving the probabi
lities that some of the congestions C*, C , C . and Care 
greater than certain values. Those prob~iliEies can be 
obtained directly from the complementary distribution func
tions F, F 1 , F2 and F3 for specific matrix size and the 
subscriber population assumed. The objectives of the traf
fic administration practices and system design could be to 
assure that some of the above probabilities are lower than 
specific values. The pros and cons of using different traf
fic imbalance performance criteria are discussed in refe
rence [31 

Normally the call congestion in the subscriber stage is a 
part of a broader concept of grade of service, e .g., pre
selection loss, selection loss, etc. Therefore, the fi
gures given in this paper can only be an estimation of the 
variation of a grade of service under unbalanced traffic 
conditions, when that grade of service can be defined by 
the addition of the call congestion in the subscriber stage 
and other congestion functions which are independent of the 
subscriber stage. This is justified by the assumption that 
traffic imbalance affects only the congestion of the sub
scriber stage, which is the normal case for most systems in 
practice. 

In any case, the figures for the call congestion in the 
subscriber stage may be a good estimate of the variation 
of the grade of service under unbalanced traffic conditions, 
taking into account the relative weight of the subscriber 
stage call congestion in the total grade of service, since 
the larger the relative weight of the blocking on the sub
scriber stage, the larger the possible imbalance traffic 
effect . 

4. NUMERICAL RESULTS 

Numerical results have been obtained for four matrix sizes 
NxR: 8x4, 16x8, 32x16 and 32x8. Each matrix size has b een 
investigated for two traffic levels: the lower l e vel corres
ponds to a loss near 0 . 001 and the higher corresponds to a 
loss near 0 . 01 . For each matrix size and traffic load, the 
three complementary distribution functions F

1
, F2 and F3 

were obtained . 

Tables 2 and 3 show those functions for four specific values 
of congestion: Engset loss E, twice Engset loss 2E, SE, 10E, 
in general nE. These numerical applications have been made 
by assuming in each case that the subscriber lines belong 
to a single subscriber population with negative exponential 
distribution defined by its average offered traffic per 
subscriber . 

As can be seen from tables 2 and 3, there are no clear t e n
dencies in the variation of the F functions when the matrix 
size and the traffic vary. However, for low congestion rro
babilities (low value of n), the probability of exceeding 
that congestion decrease s as the matrix size increases . On 
the other hand for high congestion probabilities , high 
value of n, the probability of exceeding that cbngestion 
increases as the matrix size incre ases, except for the case 
32x8 , which is explained later. This, in any· case, confirms 
that there are no clear tendencies in the variation of F . 

Because the above tendencies are opposite, a transition 
zone of the value of n must exist. This transition zone 
depends on the congestion function (C , C. and C ) and the 
average offered traffic. For the range of matrices and 
traffic investigated, this transition zone is between twice 
and five times the Engset loss probability . 

From the comparison of the two last columns (32x16 and 
32x8 configurations) of tables 2 and 3 , it can be estab
lished that the concentration factor in the matrix affects 
the grade of service in the following sense: the higher the 
concentration, the greater the probability of exceeding l ow 
congestion values, and the lower the probability of exceed
ing high congestion values. 
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TABLE 2 

Values of the complementary distribution functions F
1

, F2 
and F3 for several matrix sizes . 
Trafflc ~evels for an Engset call congestion E near 0.001 

MATRIX SIZE : NxR 

8x4 16x8 32x16 32x8 
-
Cl .075 .160 .255 .072 

E -4 -4 -3 -3 8.76x10 8.14x10 1.15x1 0 1 . 0x10 
P (C ~ 
r w 

E) 
.425 .318 .250 .385 

P r (Cw~ 2E) . 235 .198 .147 .178 
P (C ~ 5E) 

r w . 075 .081 .063 . 035 
P (C ~ 

r w 
10E) 

.022 .030 .031 .005 
P (C .~ 

r l 
E) 

.266 .220 .179 . ~12 
P (C.~ 

r l 
2E) 

.132 .124 .102 .131 
P (C . ~ 5E) 

.034 r l .046 .043 .024 
P (C. ~ 10E) 

r l . 009 .015 . 020 .003 
P r(C , ~ .E) 

.180 .1 69 .138 . 259 

Pr(C ~ 2E) .079 .088 . 076 .098 

Pr(C ~ 5E) . 018 . 026 . 032 . 015 

Pr(C ~ 10E) .003 .007 . 014 . 001 

TABLE 3 

Values of the complementary distribution functions F1 ' F2 
and'.F 3 for several matrix sizes. 
Trafflc l e vels for an Engset call congestion E near 0.01 

MATRIX SIZE : NxR 

8x4 16x8 32x16 32x8 

Ci .150 .240 .315 .108 

E 1x10- 2 1x10- 2 9.5x10- 3 1x10- 2 

Pr(Cw~ E) .445 .359 .297 .417 

Pr (Cw~ 2E) .241 . 212 .187 .167 

Pr (Cw~ 5E) .063 . 065 .061 . 0 15 

Pr'(Cw~ 10E) . 011 .014 .017 . 000 
P r(Ci~ E) .290 . 254 .224 . 342 
P r(Ci~ 2E) .138 .134 .123 .126 

P r(Ci ~ 5E) .029 .037 .040 . 010 

Pr(Ci~ 10E ) .004 . 006 . 008 .000 

P r(C ~ E) .201 . 195 .179 .284 

Pr(C ~ 2E) 
.081 .093 .090 .095 

Pr(C ~ SE) . 010 .021 .026 .005 

Pr(C ~ 10~) . 001 .002 . 001 . 000 

With respect to the traffic level, the following is true: 
the higher the traffic, the higher the probability of ex
ceeding low congestion values and the lower the probability 
of exceeding high congestion values. 

In any case, significant values of the F functions (we say 
higher than 10%) are found for congestion figures lower 
than twice the Engset loss probability . In this range of 
specified congestion values, the following statements sum
marize the above discussions: 

The greater the matrix size , the better the traffic im
balance behaviour . 

The lower the concentration factor, the better the traf
fic imbalance behaviour. 

The lower the traffic level, the better the traffic im
balance behaviour. 

The opposite statements are true for congestion figures 
higher than five times the Engset loss probabilities. It 
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should be kept in mind that the values of the F are very 
low in that case. 

5. STUDY OF TWO POPULATIONS 

A first ste~ in the traffic administration practices is to 
give rules for the first line assignment among the sub
scriber matrices in order to tackle the traffic imbalance 
problem. A common practice for assigning lines is to clas
sify the subscribers into categories (residential, business, 
etc.) and to distribute the lines in each category evenly 
among the subscriber matrices. This practice is inspired 
by the different average traffic per line of each category. 
Under this condition the assignment procedure reduces the 
variance of the average offered traffic per matrix and in
creases the variance of the offered traffic per line within 
a matrix . Both previous effects tend to improve the line 
unit behaviour against the traffic imbalance phenomenon. 

The objective of this section i s to prove the validity of 
this assignment practice and to quantify the improvement, 
if any, under certain traffic hypotheses. 

The approach followed contemplates two subscriber popula~ 
tions representing two different subscriber categories. 
Each one of them has its offered traffic per line distrib
uted according to a negative exponential law. The average 
offered traffics of each population are ;1 and u2 res
pectively . A comparative study is made of two situations: 

- In each matrix a fixed number of subscribers, N1 , come 
from one of the populations and the r emaining N2 (N-N1) 
subscribers come from the other one. This represents 
the case of assignment according to the rules under study. 

- The subscriber connected to each matrix is a pure random 
sample of the combined population of the two pure negative 
exponentially distributed populations. The complementary 
distribution of the combined population is given by: 

-.2:... - a 
G( a ) P

1 
e '0 1 + P

2 
e (12 

whete: 

P
1 

N1 

N 

N2 
P

2 
= 

N 

this reprp.sents the case in which no special rules of 
assignment are applied. The numerical comparisons are 
made in terms of the congestions C , C . and C, already 
defined. Several practical cases ~ave lbeen analyzed for 
different matrix s~zes, N1 ~nd N2 values , Engset loss 
probabilities and ci

l 
and a

2 
average traffics of the 

two populations. 

Tables 4 to 8 show some of the results obtained. 

An improving effect is observed whe n first assignment rules 
are applied; however only slight differences are noted. The 
greatest differences appe ar in the cases of largest conges
tion values. Although from a statistical viewpoint these 
differences have no practical significance, the first assign
ment rules reduce chances of matrices with extre me conges
tion figures. 

The conclusions of this section can be summarized as follows: 

- Better results are obtained from the application of first 
assignment rules when: 

the matrix size is larger 
the difference between the average traffic of each 
category is greater 
the numbers of subscriber lines of each category are 
more balanced. 
the traffic dispersion in each category is lower 
the number of categories is larger 

the two last statements can be declared from an intuitive 
extrapolation , but they have not l::een proved at the time in 
which the paper has been written. 
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TABLE 4 

Values of the complementary distribution functions F1 ' F2 
and F3 show the effect of using first assignment rules 'for: 

- . -4 - -
Matrix Size=8x4 , 0:= . 0 75 , Engset loss=8.7xlO , 0:

2
/ 0:

1
=2 

\VITH I WITHOUT WITH .1 WITHOUT 
FIRST ASSIGNMENT RULES FIRST ASSIGNMEUT RULES 
N1/N2=1 P 1/P

2
=1 N1/N2=3 P 1/P2=J 

P (C ) E) 
r w .401 . 400 .387 .389 

P (C ) 2E) 
r w . 214 . 239 . 221 . 226 

P (C 
r w 

~ SE) 
.068 . 078 .071 . 080 

P (C ~ 10E) 
r w . 015 .024 . 017 . 022 

P (C . ~ r 1. 
E) 

. 245 .255 . 245 . 247 
P (C. ~2E) 

r 1. .11 6 .134 .12 4 .1 28 
P (C . ~ SE) 

r 1. .029 .0 35 .032 . 038 
Pr (Ci ~ 10E) 

. 006 .009 . 006 . 009 
Pr(C ~ E) .1 5 1 .172 .1 66 .166 
Pr(C ~2E) . 06 1 . 079 . 068 .076 
Pr(C ~ SE) 

. 007 . 016 .012 . 0 17 

Pr(C ~ 10E) . 001 . 003 . 002 . 003 

TABLE 5 

Values of the complementary distribution functions F 1 , F2 
and F3 show the effect of using first assignment rules for: 

- -4 - -
Matrix size=8x4 , 0:= .075 Engset loss=8.7xlO , 0:

2
/0:

1
=3 

WITH 1 WITHOUT WITH I WITHOUT 
FIRST ASSIGNMENT RULES FIRST ASSIGNMENT RULES 

N,IN2=1 P
1
/P

2
=1 N

1
/N

2
=3 P

1
/P

2
=3 

Pr(CW ~ E) 
.350 . 361 .34 3 .356 

Pr(c\., ~2E ) 
.189 .220 .186 .214 

Pr(G,.. ~ SE) 
.057 . 080 .056 .079 

P r(G,.. ~ 10E) 
. 016 . 028 . 012 . 028 

Pr(C i ~ 
E) 

.21 0 .2 34 .205 . 228 

Pr(Ci~2E) .100 .1 25 . 098 .12 2 
P r(Ci ~ SE) . 027 .040 .023 . 040 
P(C.~10E) 

r 1. . 006 .013 . 005 . 014 
P (e 

r ~ E) 
.116 .151 .1 20 . 148 

Pr(C > 2E) . 046 . 064 .042 . 06 7 
P r(C ~ SE) 

. 007 . 019 . 006 . 017 
P r(C ~ 10E) 

. 001 . 005 . 002 . 005 

TABLE 6 

Values of the complementary distribution functions F 1 , F2 
and F3 show the effect of using first assignment rules fo r : 

Matrix Size=8x4 , 0:= .1 5 Engset loss=1x10-
2 

, a2/a 1
=2 

WITH I WITHOUT WITH .! WITHOUT 
FIRST ASSIGNMENT RULES F IRST ASSIGNMENT RULES 

N,IN2=1 P,IP 2=1 N,IN2=3 P';P2=3 

P (C ~ 
r w 

E) 
.429 .428 .422 :413 

P (C ~ 
r w 

2E) 
. 231 .242 . 235 .223 

P (C p 
r w 

SE) 
. 054 . 068 .066 .072 

P r(Cw P 10E) 
. 009 .015 . 011 . 015 

P (C . ~ 
r 1. 

E) 
. 270 . 279 . 272 .264 

P (C . ~ r 1. 
2E) .125 .139 .1 33 .131 

P (C . ~ 
r l 

SE) 
. 026 .033 . 030 . 036 

p (C . p 10E) 
. 003 . 006 . .004 . 007 r 1. 

P r(C ~ E) .173 .188 .1 83 .1 71 

Pr(C ~ 2E) . 063 . 076 . 068 . 075 

Pr(C ~ SE) .008 .013 . 009 . 014 

Pr(C ~ 10E) . 001 . 001 .001 . 003 
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TABLE 7 

Values of the complementary distribution functions F , F2 
and F3 show the eff~ct of using first assig~2nt ~Ul~~ for: 
Matrlx Size=8x1 , 0:= .15 , Engset loss=1x10 , 0:

2
/0:

1
=3 

WITH I WITHOUT ~HTH I WITHOUT 
FIRST ASSIGNMENT RULES FIRST ASSIGNMENT RULES 
N,/N2=1 P1/P 2=1 N1/N2=3 P 1/P2=3 

P (C ~ E) 
.368 .367 . r w .377 .390 

P (C ~ LE) 
.194 .209 r w .199 .230 

P (C ~ SE) 
r w .053 .071 .05 7 .083 

P (C ~ 10E 
r w . 0 11 .021 . 012 .023 

p (C . ~ E) 
. 22 5 r 1. .2 37 .232 .254 

P (C. 9 2E) 
.105 .124 r 1. .111 .138 

Pr (Ci ) SE) 
.024 . 037 .028 .043 

Pr (Ci ~ 
10E 

.004 .009 .005 . 011 
P (C ) E) 

. 122 .1 49 .133 .169 
P (C ) 2E) 

.046 .068 .053 .077 
P (C ~ SE) 

. 005 .015 .006 .016 
P (C ~ 10E 

. 000 . 001 .001 .003 

TABLE 8 

Values of the complementary distribution functions F
1

, F2 
and F3 show the effect of using first assignment rules for: 

Matrix size=32x16 , ~=.255 , Engset losS=1X10- 3 , a
2
/a

1
=3 

,-----.. 

I WITHOUT WITH I WITHOUT WITH 
FIRST ASSIGNMENT RULES FIRST ASSIGNMENT RULES 
N

1
/N

2
=1 P 1/P

2
=1 N,IN2=3 P

1
/P

2
=3 

P (C 9 E) 
r r .149 .177 .151 .171 

p (C ~ 
r r 

2E) 
. 091 .114 . 088 .113 

P (C ) 
r r 

SE) 
.038 .053 .036 .056 

Pr (C r ) 10E 
. 0 15 . 028 .015 .029 

P (C . ::-
r 1. 

E) 
.1 03 .129 .103 .126 

P r (C i ~ 
2E) 

.059 . 080 .059 .081 
Pr (Ci ~ SE) 

. 022 . 036 .022 .038 
P (C . ~ 10E 

. 009 .017 .008 .017 r 1. .. 
P (C ~ E) .072 .096 . 071 .094 r 
P (C ~ 2E) 

.036 .056 .036 .057 r 
P r(C ~. SE) . 0 13 .023 .012 .023 
P r(C ~ 10E . 005 .009 .003 .008 

6 . TRAFFIC BALANCING STUDY 

This analysis is based only on a single negative exponent~l 
distribution of the offered traffic since results of tables 
4 to 8 indicate small differences for the case of initial 
assignment of different populations . 

The main activity of the traffic administration practices is 
traffic balancing, as a means of controlling the negative 
effects of the natural traffic imbalance, in order to opti
mize the equipment installed in an exchange . The negative 
effect is produced by the traffic imbalance between matrices 
and it may be thought, in an intuitive approach, that the 
worst congestions are in the highest traffic loaded matrices . 
In effect, either of the congestions, Cw or C, can func
tionally be expressed as follows: 

Cw = Cw (O:min ' U) 

C = C (U) 

where 0:. is the traffic offered by the lightest traffic 
subscri~~~ in the matrix and U is the set of traffic offered 
{ail by the subscribers in the matrix. 

By means of the variable change: 
L A 0:. 

1. 

U {;. } -;:- U {a.l A } 
1. 1. 

where: 
.A Q;i 
a. "'T 1. 
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The functions mentioned before take the form: 

C 
w 

C 

Both of the above congestion functions increase when A 
increases, but their actual value s depend also on the 
random variables a min and U. Thus C and C, for a given 
total offered traffic A, are random ~unctions of the actual 
set of offered traffics in the matrix . However, given that 
the total traffic carried by each matrix is a practical 
measurable parameter and that in many of the practical 
cases the total carried traffic is a realistic approxima
tion of the total traffic offered b y a matrix, all practi
cal traffic balancing procedures are based on that para
meter. A correlation analysis between the congestions Cw 
and C in a matrix and the total traffic offered by that 
matrix justifies these traffic-b'alancing practices. 

Table 9 shows the linear and exponential correlation coef
ficients for the practical case s studied in this article. 

TABLE 9 

CORRELATION COEFFI- CORRELATION COEFFI-
CIENT BETWEEN Cw AND CIENT BETWEEN C AND 
THE 'TOTAL' OFFERED THE TOTAL OFFERED 
TRAFFIC PER MATRIX TRAFFIC PER MATRIX 

NxR 
-

LINEAR 
EXPO- EXPO-a NENTIAL LINEAR NENTIAL 

8x4 
0.750 0.796 0 .936 0.745 0.882 
0.150 0.873 0.936 0.805 0.882 

16x8 
0 .1 60 0 .703 0.940 0.646 0.915 
0 .240 0.806 0.939 0 .762 0.916 

32x16 
0.255 0.605 0.942 0.568 0.928 
0 .315 0.780 0 . 942 0.744 0.929 

32x8 
0.072 0 .848 0 . 977 0.834 0 . 970 
0.108 0.913 0.973 0 . 896 0.967 

The higher correlation coe fficients for the exponential law 
can be e xplained by the fact that the exponential law ap
proximates better the actual function r e lating the conges
tion and the total offered traffic than does the line ar law, 
at least in the traffic range considered in this study . 

The high correlation coefficients support the traffic
balancing practices based on measurements of the carried 
traffic per matrix, but they do not give any idea about the 
effectiveness of that practice. The objective of this 
section is to prove the effectiveness of these traffic
balancing practices by numerical evaluation of the effect 
of limiting the traffic offered by each matrix. In this 
meaning, statistical samples have been taken of the conges
tion values in the subscriber matrices whose offered traf
fic do not exceed thresholds of 5%, 10%, 15% and 20% above 
the average traffic per matrix A (Nx~). This evaluation 
is made over the same matrix sizes and traffic levels al
ready studied in section IV. The results are shown in 
tables 10 to 17. 

TABLE 10 

Values of the complementary distribution functions F1 and 
F3 show the effect of limiting the total offered traffic A 
in the matrices for: 
Matrix Size=8x4 , a =0.075 , Engset loss=8 .76xl0 - 4 

Ml . 05A A ~ 1.10A A~ 1.15A M .1.20 A rfJlfI~Wla; 
P (C 

r w 
~ E) 

. 087 .135 .194 . 235 .425 
P (C ~ 

r w 
2E) 

. 008 . 013 .020 .031 . 235 
p (C 

r w ~ SE) 
. 000 . 000 . 000 . 000 . 075 

p (C 
r w ~ 10E) . 022 

p r(C ~ E) . 000 .001 . 009 . 0 18 .180 
P r(C ~ 2E) . 000 .001 . 002 . 079 
P r(C ~ SE) .000 .000 . 018 
p r(C ~ 10E) .003 
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TABLE 11 

Values of the complementary distribution functions F and 
F3 show the effect of limiting the total offered tra!fic A 
in the matrices for: 

Matrix Size=8x4 

A~ 1. 05A 

P (C ~ E) 
.098 r w 

P (C ~ 
r w 

2E) 
. 009 

P (C ~ SE) 
.000 r w 

P (C 3- 10E) 
r w 

Pr(C ;. E) . 000 
P r(C ;. 2E) 

P (C 
r ;. SE) 

P r(C ;. 10E) 

U= .1 5 

A.(1.10A 

.158 

.015 

.000 

. 003 

. 000 

TABLE 

-2 
Engset loss=1x10 

A~1.15 A A .. 1.20A LfJlfIZrflloN 

.212 .257 .445 

.020 .034 .241 

. 000 . 000 .063 

.011 

.013 . 025 .201 

.001 .002 .081 

. 000 .000 .010 

.001 

12 

Values of the complementary distribution functions F and 
F3 show the effect of limiting the total offered tra!fic A 
in the matrices for: 

Matrix Size=16x8 

~~ 1 . 05 A 

P (C ~ E) 
.013 r w 

P (C ~ 2E) 
r w .001 

Pr (Cw ~ 
SE) 

.000 
P (C ~ 10E) 

r w 
P r(C ~ E) . 000 
P r(C ~ 2E) 

P r(C ~ SE) 

P r(C ~ 10E) 

a= .1 6 

A~ 1.10A 

.050 

.005 

.000 

. 000 

-4 
Engset loss=8.15x10 

A~1.15 A A~ 1 .20A WITHOUT 
LIMITAT~CTh 

.098 .154 .318 

.014 .037 .1 98 

.000 .000 .081 

.030 

. 007 . 028 .169 

.001 . 003 .088 

.000 . 000 . 026 

. 007 

TABLE 13 

Values of the complementary distribution functions F1 and 
F3 show the effect 6f limiting the total offered traffic A 
in the matrices for: 

Matrix Size=16x8 

A~ 1.05A 

Pr (Cw ~ 
E) 

.030 

Pr (Cw ~ 
2E) 

.003 
P (C ~ 

r w 
SE) 

.000 
P (C ~ 

r w 
10E) 

P r(C ~ E) .000 
P r(C ~ 2E) 

Pr(C ;. SE) 

P r(C 3- 10E) 

A~1 .10 A 

. 083 

.008 

.000 

. 002 

.000 

TABLE 

-2 
Engset loss=1x10 

A~1.15 A A~ 1.20A WITHOUT 
LIMITATION 

.142 . 195 .359 

.015 . 038 . 212 

.000 . 000 .065 

. 014 

.012 . 035 .195 

. 001 .003 .093 

.000 .000 .021 

. 002 

14 

Values of the complementary distribution functions F and 
F3 show the effect of limiting the total offered tra!fic A 
in the matrices for: 

Matrix Size=32x16 

A~ 1.05A 

P (C ~ E) 
. 002 r w 

P (C 
r w 

3- 2E) 
. 000 

Pr (Cw ~ 
SE) 

p (C w ~10E ) r 
p r(C ~ E) .000 
p r(C ~ 2E) 

P (C 
r ~ SE) 

P r(C ~1()E) 

0:= .255 

A~ 1.10A 

. 028 

. 003 

.000 

.002 

. 000 

-3 
Engset loss=1.15x10 

A.( 1.15A A~ 1 .20A LIM~¥A~ct~t 
. 088 .147 .250 

.013 .041 .147 

.000 .000 .063 

.031 

. 011 . 035 .138 

.001 .005 .076 

.000 .000 .032 

. 014 
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TABLE 15 

Values of the complementary distribution functions F1 and 
F3 show the effect of limiting the total offered traffic A 
in the ma,trices for: 

Matrix Size=32x16 

A~1.051\ 

Pr(Cw ~ E) 
.010 

Pr(Cw ~ 2E) 
.001 

P (C 
r w .. SE) 

.000 
P (C 

r w ~ 10E) 

Pr(C ~ E) .000 
P r(C ~ 2E) 

P r(C ~ SE) 

P r(C ~ 10E) 

a=.315 

A~1. 10 1\ 

.058 

.005 

.000 

,003 

.000 

-3 Engset loss=9.5x10 

A~1 .151\ A~1.20 A ~1JlTl}..~UlOb 
.130 .194 .297 

.022 .064 .187 

.000 .000 .061 

.017 

.023 .067 .179 

.002 .007 .090 

.000 .000 .026 

.001 

TABLE 16 

Values of the complementary distribution functions F; and 
F3 show the effect of limiting the total ' offered tr~ffic A 
in the matrices for: 

Matrix Size=32x8 

M1.05A 

P (C r w ~ E) .043 
Pr(Cw 

~ 2E) .004 
P (C ~ r w 

SE) 
.000 

P (C r w ~ 
10E) 

PrO: ~ E) .000 
P r(C ~ 2E) 

P r(C ~ SE) 

P r(C ~ 10E) 

0=.072 

M 1.10 A 

.148 

.014 

.000 

.019 

.002 

.000 

-3 Engset loss=1x10 

A~1.15 A A~1.20A WITHOU~ , 
IMITATION 

.236 ' .294 .385 

.023 .059 .178 

.000 .000 .035 

.005 

.084 .150 .259 

.008 .014 .098 

.000 .000 .015 

.001 

TABLE 17 

Values of the complementary distribution functions F1 and 
F3 show the effect of limiting the total offered traffic A 
in the matrices for: 

Matrix Size=32x8 

M1.05A ' 

P (C 
r w ~ 

E) 
.090 

P (C r w ~ 2E) 
.009 

P (C 
r w ~ 

SE) .000 
Pr(Cw 

~ 10E) 

Pr(C ~ E) .000 
P r(C ~ 2E) 

P r(C ;" SE) 

P r(C ~ 10E) 

a=.108 

A~1.10A 

.200 

.019 

.000 

.039 

.004 

.000 

-2 Engset loss=1x10 

~~1.15 A M1.20A WITHOUT 
LIMITATIOb 

.278 .332 .417 

.026 .052 .167 

.000 .000 .015 

.000 

.114 .180 .284 

.011 .017 .095 

.000 .000 .005 

. 000 

The tables show a clear effectiveness of limiting the traf
fic offered by the matrices for all the configurations and 
traffic levels. This effect is · very significant even when 
the traffic offered to a matrix is permitted to be as much 
as 20% higher than the nominal value~ 

The actual situation after balancing by reassignment of 
lines will not be exactly the situation shown in tables 10 
to 17 , because the matrices that exceed a specified traffic 
threshold will be handled in terms of removing their 
heaviest traffic lines and assigning them to other less 
loaded traffic matrices. This transfer of lines involves 
also the transfer of light traffic lines in the opposite 
direction. Consequently the resulting matrix pattern will 
differ from the random pattern on which the present study 
is based. The real complementary distribution functions 
for the worst served subscriber F1 and the average call 
congestion F3 depend on the particular reassignment proce
dure. The present numerical "'evaluation can be taken as an 
estimation of the order of magnitude of F1 and F3 and, in 
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any case, it demonstrates the dramatic effect of a balancing 
practice which is based on limiting the offered traffic per 
matrix. . 

From a practical point of ' view, a measurement of the effort 
required for a reassignment practice is of interest. Such a 
measurement is presented in table 18, ' baow. 

TABLE 18 

u=5% u=10% u=15% u=20% 

N=8 39.8 34.7 30.0 25.8 

N=16 38.9 31.9 25.6 20.2 

N=32 36.8 27.2 14.2 13.0 

The figures in the table give the expected percentage of ma
trices whose offered traffics exceed the value (1+u/100)N n 
as a function of the number of subscriber lines per matrix 
and the figures have been obtained assuming a pure negative 
exponential distribution of the offered traffics (ref. [2 ] >:. 
In practice, a maximum traffic threshold must be defined, in 
order to reassign subscriber lines. This traffic threshold 
must be obtained from the dimensioning traffic capacity in
creased by the maximum percentage allowed of traffic imba
lance. Then, the load balancing problem is more critical 
when the actual traffic in the line unit is closer to its 
dimensioning traffic capacity. 

7. CONCLUSIONS 

A conclusion of the paper is the quantification itself of 
the effects of traffic imbalance at the subscriber level 
and of the results of a manipulation in the subscriber lines. 
From this numerical evaluation, it is worth noted that of 
the traffic administration practices normally used, the pro
cedures for balancing traffic by reassignment of lines are 
shown to be good way to tackle natural traffic imbalance 
problems even when the degree of balancing is not very 
refined. 

On the other hand, the use of first assignment rules for 
subscriber lines has not proved effective from a statistical 
point of view, and it has only a limited effectiveness of 
preventing extreme congestion situations. 

In any case, the numerical evaluations, under the traffic 
hypotheses on which they are based, show the actual dimen
sions of the traffic imbalance problems. Design and opera
tion engineers could evaluate the weight of these problems 
in their particular cases and establish the required opera
tion facilities. 

From a practical point of view, it would be possible to 
deduce from this article criteria for: 

a) traffic balancing through first assignment and reassign
ment rules, and 

b) definition of system design objectives in relation to the 
system reaction against traffic imbalance and to the traf
fic administration requirements . 
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