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ABSTRACT 

A method of comparative studies of theoretical 
traffic distribution models is presented based 
on measurements of traffic on routes. In the 
method the optimal values of parameters of a 
model are computed, in particular the optimal 
weights of nodes /parameters relating to nodes/, 
which minimise the deviation of theoretical 
from empirical data. 

The results of empirical comparison of some 
theoretical traffic distribution models /the 
uniform distribution, the gravity model, the 
exponential model and the so called condition
ally asymmetric model/with regard to the Polish 
telex traffic data are presented. Iterative 
methods of determining weights of nodes from the 
originating and/ or terminating traffic values 
are shown. 

1. INTRODUCTION 

One of the basic problems to be solved in long
term forecasting of traffic flows in a tele
communication network is the choice of a suit
able traffic distribution model. Such a model 
determines the distribution of the traffic ori
&inated at different telecommunication centres 
/nodes/ over different directions and consequ
ently enables specifying the predicted traffic 
matrix, assuming forecasts of traffic characte
ristics for these centres being known. 

It is generally assurr.ed that the traffic flow 
between a pair of nodes r (i,j) /point-to
point traffic flow/ depends on some quantitati
ve characteristics of nodes and on the commu
nity of interest between them, measured in 
terms of internodal distance e. g . The general 
formula for models of this type is: 

where 

parameter describing quantitatively no
de i /sov.rce/ 
corresponding parameter describing node 
j /destination/ 

.. measure of community of interest between 
a .pair of nodes (i,j) 
normalising factor, 60mmon to all the 
elements of traffic matrix R 

Here will be assumed a measure of communi t y of 
interest kij being of the form: 

/2/ 

where 

DO j = distance between a pair of exchan-
~ ges (i,j) 

f(Dij , ? k) = func"tion expressing decreasing COID-
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munity of interest between a pair of exchanges 
with increasing interexchange distance, 
~k = parameters /constants/ of f-function, 
OOj = adjusting factor allowing for other 

~ than distance influences 

Construction of such a model -which could be ap
plied to medium- and long-term planning of te
lex network was one of the objectives of the 
study results of which are presented i n-this 
paper. 

The study was based on routine trcffic measure
ments carried out on all trunk groups in the 
Polish telex network. In the absence of other 
detailed measurement data the scope of the stu
dy was limited to interexchange traffic /local 
traffic was not considered/. 

The Polish telex network has a relati1telysim
ple topological structur~~~tWo-level hie
rarchy. In the period from which measurements 
date, there were 23 exchanges in the network. 
Exchanges of the higher hierarchical level 
/main exchanges/ are all connected directly bet
ween themselves. Each of the remaining exchan
ges is connected with two different main _ 
exchanges, one of which is always located in 
Warsaw /the capital of the country/. -From the 
above it follows that the network is rather 
"sparse". Traffic routing principles gr.e fi'xed. 

Due to the above mentioned circumstances it is 
possible to carry out a detailed analysis of 
data and to examine a major number of distribu
tion models. 

2. CONCEPT OF THE STUDY 

In the study a statistical model was needed, 
which could be used as a reference model for 
different theoretical models. For this purpose 
results of routine traffic measurements on 
telex trunk groups were used /such measurements 
are carried out twice a year in the months of 
May and November/. Four consecutive series of 
measurements were chosen dating from November 
1975 to May 1977; in this period the configu
ration of the network and its equipment were 
relatively stable. The empirical model was 
defined by averaging traffic values measured 
on every route in the above mentioned four 
series. 

Assume the following notations: 

r 

traffic flow measured on the m-th 
branch of the graph, or -in other 
words- on the trunk group between a 
pair of exchanges k and 1, 

set of branches of the telex network 
graph consisting of branches-(k,l), 
i.e. directed trunk groups ·from a 
node k to a node 1, 

Tr(i,j)= directed path from a node i to a 
node j, i.e. ordered sequence of 
nodes and branches determined by 
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routing principles in the telex -net
work. 

Then for a given vector F = {f 1 there exists an 
infinite number of matrices Rm which satisfy 
the set of equations given below: 

fm • fkl - l! ~ r ij /3/ 
(k,l)€ r 
(k,l)E Tr (i, j) 

From the above it follows that the derivation 
of the traffic matrix from the given set of 
route traffic values is not possible. Route traf
fic provides however the basis for investigating 
the degree of agreement between different theo
retical models and the empirical model defined 
above. The following method presents itself: 
From a given theoretical distribution model the 
traffic matrix is derived. Calculated point-to
point traffic flows are then routed in the graph 
of the network according to the relevant routing 
principles. Theoretical trunk flows obtained in 
this way can be then compared with empirical 
flows. As a comparison criterion the mean square 
root deviation may be accepted according to the 
following formula: 

. f1 = I'--~-_-_/-__ -:-ID-!_-:-_:-~-_-_~---:~=-'~ /4/ 
s J N 

or relative devia~on in percent: 

, ~ s 100% /5/ 

where 
fmT 

M 

-~-f:---
---fJl---

trunk traffic in theoretical and 
empirical model respectively, 

= number of unidirectional trunk groups 
in the network. 

Since the traffic distribution model is investi
gated, the normalising factor 0<. is so defined, 
that the sums of traffic flows ~n theoretical 
and empirical model are equal. 

Results of the comparison for the chosen' model 
obviously depend upon values being put under 
corresponding parameters. Here by term "parame
ters" constants of f-function as well as para
meters W (i) and VI (j) relating to nodes in for
mula/1/ °are under~tood. Parameters vi QC i), Wt (j) will be further on referred to as weignts of 
nodes, W (i) being called "originating" weight 
and Wt (j~ "terminating" weight respectively. . 
It is assumed that these weights will be nor
malised, i.e. the sum of all originating weights 
land similarly terminating weights/ will be 
equal to 100%. Thus, for example, weights of 
nodes may be accepted in proportion to the num
ber of subscribers at these exchanges /thus 
W (i)= Wt(i)= W(i)/. Another possibility is to 
a8cept W (i~ proportionately to the origin
ating traff~c~nd Wt(j) proportionately to the 
terminating traffic. Irt the first case a node 
is described by only one value - such a model 
will be called here symmetric. In the second 
case a node is described by two different values 
naturally characterising its generating and ter
minating traffic capabilities - a model of this 
kind will be called asymmetric. As the criterion 
of the rightness of choice the value of the 
deviation defined above may be accepted. And so 
putting to the formula /1/ values of outgoing 
traffic and incoming traffic under Wo and Wt respectively leads to a value of the deviatIon 
smaller than in the case of weights of nodes i 
and j, assumed both to be proportionate to the 
number of subscribers. So the asymmetric model 
will generally be more accurate than the sym
metric one. 

When comparing two different models /with dif
ferent shape of f-function/ the problem of the 
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choice of their parameters which guarantees 
their comparability remains valid. An obvious 
solution is to compare models with such parame
ters, by which the deviation from the reference 
model is minimal. These parameters /weights, 
parameters of f-function / will be called opti
mal. An examination of a given distribution mo
del consists then in def~ning its parameters 
W , W , ry t by which the cJ.eviation 
w£l£pt re~cRpt thek op minimal value~ on. 
Two different models are comRared betweWh them
selves on the corresponding~in comparison basi~ 

In this study an iterative optimisation method 
belonging to the family of non-gradient methods 
viz. Gauss-Seidel method was accepted for the 
purpose of determining the optimal values of 
parameters of any model, A simplified scheme of 
this method is shown in Figure 1. 

Accept the starting 
values 

Choose a subsequent 
parameter of the model 

Define 
value of 

NO 

For the model with 
I optimal" parameter 
define the traffic 

matrix 

Define the traffic 
flows on routes 

r--- ---, 
I Empirical mo~ 
L__ _ ___ I 

Define the de
viation from 
empirical mode 

~t 

NO 

Figure 1 Simplified flow diagram of the examin
ation of a model/determining the 
optimal parameters/ 
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'The computations within ~e ~teration are follow
ing: first the function ~(p)/where p is any pa
rameter of a given model! is examined and the 
value of p by which this function reaches its 
minimal va£B~ is found. The similar procedure is 
then repeated for the other parameters and in 
every case the optimal values of parameters 
previously examined withi~ thiS iteration are 
held constant. Sequences t p.} where t is '. a con
secutive number of iterat~on, defined in this 
way appear to converge to some limit values 
that are just the optimal parameters sought for. 

This computational procedure is stopped when 
further decrease of the deviation is no more 
possible, i.e. 

6 t - .1 _~t <: 6 
where6t-1 ,~~ are values of deviation obtain
ed in consecutive iterations t-1, t and 6 is 
some small number. 

It appears that these limits practically are 
invariant under change of the order of examin
ing parameters or under change of start values 
substituted for these parameters. The order of 
examining parameters has, however, a significant 
influence on the speed of convergence of the 
algorithm. It was stated that from th.is point 
of view it is better to examine first parameters 
of f-function and then weights of nodes set in 
order of decreasing numbers. 

3. SURVEY OF EXAMINED NODELS 

The following basic traffic distribution models 
differing in the shape of f-function were 
empirically examined with reference to the 
collected traffic data. Variants of these models 
including the cases of symmetric and asymmetric 
weights were also examined. 

1, The uniform di~tribution model, where . 
f~Dij' 7 'k) =1 and d .. =1 /flows are independent 
of dis~ances/ ~J 

/6/ 

2. The gravity model, where f ( D. j' ry k)=1/Di t: 
and er. =1 ~ J 

~j W (i) \'1 t (j) . 
r ( i, j) = OC __ 2_________ /7/ 

o D p 
ij 

3. The exponential model/the entropy model/, 
w~ere f ( Dij,r{ k ) =1/ epDij ... 1/ erdij and 
°ij ... 1, 

dij is the relative distance between nodes i 
and j , i.e. dij = Dij/ U where n is the 
average distance between nodes in the network, 
i.e. L L 

__ ! ___ j~L_~!j 
N/ N-1/ /8/ 

N being number of nodes in the network 
Wo(iJ Wt(j) 

r (i, j) ... ex. 0 ----F-a:--:- /9/ 
e ~J 

4. The conditionally asymmetric model 

This model requires some comment. The idea of 
such a model was formed basing on two premises: 

1. The main weaknes~ of asymmetric models, 
generally ncre accurate than symmetric ones, 
is the necessity of defining two parameters 
for each node connected with its originating 
and terminating traffic properties and 
consequently of forecasting two values 
strictly correlated between themselves. 
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It would be desirable to find a model 
guaranteeipg suffiCient accuracy in which 
a node would be described by only one 
number. 

2. !-1eas.urement data show a significant asym
metry between outgoing and incoming traffic 
values and the general tendency is that for 
subordinate nodes the outgoing traffic is 
greater than the incoming traffic whereas 
for superior nodes the opposite is true. 

These two facts were the starting point for the 
model called the conditionally asymmetric. 
This model starts from some symmet,ic distribu
tion and then the values of r (i,j) and r(j i) 
derived from this distribution/e.g.,negativ~ 
exponential distribution/ may be differentiated 
dependently of the reciprocal position of nodes 
i and j. The idea is to raise the value of flow 
r(i,j) in cases when the traffic is directed 
from a relatively small node i to some important 
node j. Conditions of setting up the so called 
"key" controlling the correction of the flow 
r(i,jlwere determined empirically~ So the flow 
r(i,j is corrected upwards when the following 
condi ion is satisfied: 

W (i)<'::\V (j)f(Dij ) /10/ 

.where fCDij)denotes like previously function 
describing decreasing community of interest bet
ween a pair of exchanges with increaSing dis
tance between them in the starting model. 
The final formula for the conditionally asymmet
ric model based on the exponential model is 
given below: 

W(i) W(j) 
r( i, j )::cXo ------a-- G+ er as] /11/ 

e r ij ~j 

where er ij = above mentioned key 

r. ={ 1 ~hen Vl(i)<:'Vl(j)/ er dij 
O~j 0 ~n other cases 

as - degree of asymmetry ranging bet
ween 0 and 1, to be defined from 
the data 

4. RESULTS OF THE STUDY 

Results presented in this section were obtained 
with the aid of a computer program written in 
FGRTRAN IV. The program was run on R-32 compu
ter under control of Operating System DOS/JS. 
The program received a modular structure and 
was realized as the set of exchangeable 
programs, which in a great measure facilitated 
the introduction of subsequent modifications 
during the study. 

The starting point was the uniform symmetric 
model with weights of nodes proportionate to 
the . number of subscribers. The value of devi
ation obtained was of order of 50%. The next 
non-optimised model was the uniform asymmetric 
distribution in which originating and termin
ating weights were proportionate to the out
going and incoming traffic respectively. The 
devi ation obtained in this case was si ~nifican-
tly better and amounted to 28,5 ~. w 

Results of optimisation stUdy for some of the 
examined models are shown in Table 1 in which 
for every model the values of deviation, para
meters of f-function and weights of Warsaw tor 
illustration/ are given. Warsaw was chosen for 
its great value of weight and its dominating 
influence on the deviation. This is also illustr
ated in Figure 2. The curves in this figure 
were obtained by p~ing the deviation against 
the weigptof node. These characteristics were 
obtained by independ~ ecamination of nodes 
i.e. when changing the weight of the examin~d 
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TABLE 1 

Results of comparison between different 
traffic distribution models 

~p Type of model Weight of Parameters Deviation 
Warsaw of f-func-

[%] [%] tion 

1 Symmetric VI =32.64 ------ 23.54 
uniform 

2 Asymmetric Wo=26.90 ------ 19.75 

3 

4 

5 

6 

90 

'0 

70 

60 

so 

uniform Wt =37.55 

Asymmetric W =26.72 p=0.71 10.72 
gravity W~=37.92 

Symmetric W =32.26 r=1.03 16.42 
exponential 

Asymmetric W =24.83 r=1.03 9.92 
exponential W~=36.16 

Conditionally W =28.31 r=0.93 11.45 
asymmetric as=0.5 
exponential 

~ 
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Figure 2. The deviation ~ as a function of 
the weight of a node for some cho
sen nodes 

node weights of -the rest of the nodes remained 
constant, being proportionate to the starting 
values. 

Comparing the numbers for consecutive models it 
should be noted that the best results are obtain
ed for the two asymmetric models:the gravity mo
del, and the exponential model which is slight
ly bett)r than the previous one. The deviation 
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in these cases amounts to some 10%. It is inte
resting to coml:are these values with the results 
obtained for the conditionally asymmetric model . 
In the last case the deviation by the optimal 
parameters figu~ed out at 11 % which is compa
rable with the~ received for the best asymme
tric models. The degree of asymmetry /parameter 
as in formula /11/amounted to 0 , 5 • Taking into 
axount that this model requires determining cnly 
one number for each node, in particular the ori
ginated traffic /the terminated traffic results 
fro~ a model/ this model is competitive with re
gard to the corresponding asymmetric model. 
It is also to notice that the individual fore
casts of inComing traffic introduce some addi
tional errors that will affect the quality of 
the forecast of the traffic matrix. 

It is to note that the values of determined op
timal parameters are interdependent, e.g. value 
of parameter r in the exponential model with 
weights of nodes proportionate to the outgoing 
and incoming tra f fic significantly differs from 
the value of r received for the model with the 
optimal weights. In;\the first case r was 0 ,63 
with the deviation~ =18,2% and in the second 
case these numbers amounte d to 1.r/; and 9 , 9% 
respectively. 

One question comes into notice: which model can 
be accepted as sufficiently accurate? The natu
ral limit is the accuracy of the empirical mo
del, representing a stochastic process of flows 
in a network. Moreover,there are problems of 
non simultaneous measurements, methods and accu
racy of mea surements that were not considered 
here. It was assumed that in the two-year period 
from which the measurements de.te the distribu
tion of traffic in the network was not signifi
cantly changed. It was evaluated that the devia
tion between different measurement series defi
ned accordingly to formula /5/ was within 7 
to 20 per cent and in relation to the averaged 
empirical nodel it was in order of 10% /8,7 to 
11,5% /. In view of these numbers it seems that 
the models with the least deviation can be ac
cepted as sufficiently accurate . 

5. RELATIONS BETWEEN THE OFTH'IAL WEIGHTS OF 
I':ODES AND THEIR CRIGINATING AND TERMINATING 
TRAFFIC CAfABILITIES 

The next step wa s to determine relations between 
the optimal weights found for nodes and other 
available values characterizing them aiming at 
establishing a method of their determination. 
Different parameters were considered here)e.g. 
demographical data , telecommunication data and 
some geographic data concerning the situation 
of nodes in the network. 

As the result, in particular for asymmetric mo
dels, the strict correlation was found between 
the originating and terminating weights and out-

going and incoming traffic respectively as ~_as 
some measure of relative distance of a node in 
relation to other nodes in the network. This is 
illustrated in Figure 3 which shows the optirral 
weights of node s as a function of the correspon
ding traffic for the asymmetric exponential mo 
del. A method of determining the optimal weights 
is evident based on condition of outgoing and 
incoming traffic equal to row and column totals 
respectively. This leads inevitably to indica
ting Kruithof's double factor transformation as 
the method of iterative calculating the optimal 
weights. Here row "scaling" defines a subsequent 
better approximation of originating weights 
Vf (i) and column 11 scalinG" gives better termi
n~H:.ing weights values Wt-( i) • The starting va
lues for Wand W may be accepted in propor
tion to thg outgoini and incoming tra ffic res
pectively and the calculations are stopped when 
the above mentioned equality of corresponding 
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Figure 3. Optimal originating weights of 
nodes as a function of the relative 
traffic originated at .these nodes 
for the asymmetric exponential mo
del 

totals is satisfied with r~quired accuracy. 

Similar procedure can be applied to symmetric 
models; in this case the intention is to obtain 
equality of row and column totals at each node 
/outgoin~ and incoming traffic are assumed to 
be equal/. 

The case of the c0~ditionally asymmetric model 
is dlfferent. Eer~ crieinating and terminating 
'v!eights 8 re:: 1y [1~lr; (';';. ' .181 to one another 
W:jJ .. Wii) ,. '1/ (i) , but lncoF.iing traffic is usu
a!ly dttferent from 0utBolng traffic and is de
ri ved from the rr,c.d~l itself. In this case, an 
iterative procedure of defining the optimal 
weights may be indicated that has some common 
features with Kruithof's method. The procedure 
implies knowledge of the outgoing traffic at 
each exchange O~). Starting values for weights 
W(i) may be accepted proportionately to this 
traffic O(i) • Then the traffic matrix can be 
calculated according to the basic formula /11/ 
for this distribution with parameters as,r de
fined previously. Subsequent calculations are 
repeated iteratively:the row total T (i) is 
defined and the former weights are m8ltiplied 
by O(i)/T CD. For the new weights the traffic 
matrix isocalculated and the process is conti
nued until the row totals T (i) agree with the 
assumed O(i) as closely as ~equired. 

The difference in comparison with Kruithof's 
transformation consists in the fact that the 
"scal~ng" is applied only to weights of nodes 
and the traffiC matrix must be calculated from 
the basiC formula in every iteration. 

The results of applying methods described here 
to the optimal weights determination for diffe
rent distribution models are presented in Ta
ble 2. In this table weights of Warsaw /for 
illustration/ and the deviation from the refe
rence model are given for the types of d'istri
bution corresponding to these specified in Tab
le 1. Comparing the corresponding values of we
ights and deviation for asymmetric models some 
relatively small differences c~n be noticed due 
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to the fact that in the first oase they are cal
culated from route traffic and in the other. 
from the o~otng and incoming traffic values: 

Lp 

1 

2 

3 

4 

5 <) 

6 

TABLE 2 

Results derived from originating and/or 
terminating traffic 

Type of model Weight of Deviation 
Warsaw 

SymmetriC uniform W =21.24 41.18 

Asymmetric uniform Wo=24.88 23.73 
Wt =35.47 

Asymmetric gravity \'I =25.96 
W~=37.~ 

12.86 

Symmetric exponential W =20.58 33.07 

Asymmetric exponential W =24.37 
W~=35.21 

12.11 

Conditionally asym- W =24.0 18.48 
metric exponential 

Figure 4 illustrates this comparison in re~ation 
to the weights of nodes. 

20 

10 , 
• 

Figure 

3 5 , 7 8 9 10 20 30 

\IT 0 opt(jJ 
4. Originating weights derived from 

Kruithof's procedure as a function 
of the optimal weights /for the same 
model/ 

For symmetric models the difference in the de
viation is Significant, which proves that the 
assumption about equality of the outgoing and 
incoming traffic at each exchange would lead to 
considerable errors. The result for the condi
tionally asymmetric model lies between the re
sults obtained for asymmetric and symmetric mo
dels. In this case, however, the deviation in 
route traffiC, defined according to ~he formula 
/5/ :.should not be the only criterion to decide 
whether a model is good or not. 

\ 

It is to note that the described models are ap
plicable for the forecast of the traffic matrix 
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only under the assumption that the shape and pa
rameters of f-function as well as the mechanism 
of differentiating r(i,j) and r(j,i) values in 
the conditionally asymmetric model remain con
stant during the prediction period. 

6. CONCLUSI.0NS 

Following conclusions can be formulated with re
gard to practical applications of the study: 
- the presented method enables the comparison 

between different theoretical traffic distri
bution models, subject to determined traffic 
flows on routes, and the choice of the opti
mal model under given circumstances, t aking 
into account the deviation from empirical da
ta and the number of parameters describing a 
model 

- an iterative procedure, parallel to Kruithof's 
transformation is indicated for determining 
optimal weights in a given model, assuming 
the outgoing and/or incoming traffic being 
known 

- the new model was presented viz. the conditio
nally asymmetric model which requires forecas
ting only one value for each node and is com
parable with other asymmetric models with re
gard to accuracy 

Conclusions concerning the specific case of the 
Polish telex network are as follows: 
- distribution of telex traffic is well descri

bed by an exponential model/asymmetric or 
conditionally asymmetric/ 
outgoing and incoming traffic are as a rule 
different from each other 
the distribution is in a great measure centra
lized 

There exists one capital centre in Warsav/, col
lecting in a great measure /about 30 ra/ traffic 
originated at different exchanges. Furthermore, 
there are also some local centres, in particu
lar the centres of great industrial areas. 
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