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ABSTRACT 

The concept of effective availability generally has 
been applied to link systems providing point-to.grou~ 
selection. Effective availability has been def1ned 1n 
terms of the access provided by a link system to a group 
of devices connected to its outlet terminals. 

In this paper, the blocking characteri~tics of a l~nk 
system providing point-to-point se1ect10n are cons1dered 
in terms of the effective availability of a group of k 
devices, links or junctors between a pair of stages in 
the link system. The effective availability kE of the 
group of devices is expressible as the product of an 
average availability M and an availability factor g. 

The group of inter-stage devices of interest divides .the 
link system into two subsystems. One subsystem con~lsts 
of the links and stages providing access to the dev1ces 
from an inlet terminal; the second subsystem consists of 
the links and stages providing access to the devices from 
an outlet terminal. 

Each subsystem alone has blocking characteristics ex
pressible in terms of an effective avai1ab~lit~ .. ~hese 
effective availabilities yield average ava11ab111t1es, 
M1 and M2, and availability factors, gl and g2' The 
average availability of the link system as a whole is 
given simply by 

M = M1M2Ik. 
The estimation of the value of g from knowledge of the 
values gl and g2 and of the topological characteristics 
of the link system is the problematic part of the effec
tive availability theory. Bounding values and a pro
cedure for ,estimating the value of g from a knowledge of 
the subsystem block characteristics are derived. 

1.0 INTRODUCTION 

The concept of effective availability generally has been 
applied to link systems providing point-to:grou~ selec
tion. Effective availability has been def1ned 1n terms 
of the access provided by a link system to a group of 
devices connected to its outlet terminals. A theory for 
this application of the effective availability concept 
has been provided in [3]. 

In this paper, the blocking characteristics of a link 
system providing point-to-point selection are considered 
in terms of the effective availability of a group of k 
devices, links or junctors between a pair of stages in 
the link system. The effective availability kE of the 
group of devices is expressible as the product of an 
average availability M and an availability factor g. 
The group of inter-stage devices divides the link system 
into two subsystems. One subsystem consists of the links 
and stages providing access to the devices from an inlet 
terminal; the second subsystem consists of the links and 
stages providing access to the devices from an outlet 
terminal. Each subsystem alone has blocking characteris
tics expressible in terms of an effective availability 
kE1 or kE2 . These effective av~ila~i~i~ies are express
ible as products of average avallabllltles, M1 and M2~ 
and availability factors, gl and g2' The average ava11-
ability M of the link system as a whole is given simply 
by 

M = MIM2/k 
In Section 2 a lower bound on the value of g is derived 
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that is based on the values of gl and g2. 

The blocking probability P of the link system depends on, 
among other things, the variance V of the accessibility 
of the group of interconnection devices in the link sys
tem. In Section 3, bounds are obtained for the value of 
g from consideration of the values of P corresponding 
to extreme values of V. 

Since the value of V is not readily available, but the 
values of the variances, V1 and V2, of the accessibility 
of the devices through the two subsystems can be ob
tained from knowledge of their blocking characteristics, 
an expression is needed for V in terms of V1 and V2 and 
the topological characteristics of the devices' inter
connection pattern between the subsystems. The needed 
expression is derived in Section 4 for a symmetric inter
connection pattern. 

Values of P and V are easily obtained for extreme values 
of V1 and/or V2. In Section 5 the equations for the 
values of P corresponding to extreme values of V1, V2 
and V are presented. These values of P yield a series 
of upper and lower bounds on the value of g. The appro
priate value of g is obtained by interpolation between 
the bounds. 

A numerical example is presented in Section 6 to illus
trate the determination of the bounds on g for a link 
system and to illustrate how the value of g is obtained 
by interpolation. 

A summary of the paper is presented in Section 7. 

The validity of the theory is tested by comparing its 
results with those obtained by using the theory of 
Jacobaeus [2]. 

2.0 GENERAL THEORY 

A two-sided mUlti-stage link system may be divided into 
two subsystems interconnected by a set of devices which 
may be links or junctors. One subsystem, say, subsystem 
#1, provides access to the devices to a call appearing 
on an inlet of the link system and the other subsystem, 
say subsystem #2, provides access to the devices from an 
outlet to which the call is to be connected. Let a1 be 
a measure of the traffic loading the links of subsystem 
#1, a2 be a measure of the traffic loading the links of 
subsystem #2, and p be the average occupancy per device. 
The blocking probability P for the link system is ex
pressible as 

P = P(p;a1,a2). 
Considering the two subsystems individually, let P1 be 
the blocking probabil ity for subsystem #1 achieved when 
no traffic loads the links of subsystem #2 and P2 be the 
blocking probability for -subsystem #2 achieved when no 
traffic loads the links of subsystem #1. The blocking 
probabilities P1 and P2 are expressible as 

P1 = P1(p;a1) = P(p;a1,0) 
P2 = P2(p;a2) = P(p;o,a2)' 

If the devices of interest are loaded with Bernou11i 
traffic in that each of them is independently made busy 
with probability p, the, as is shown in [3], the moment 
generating function (mgf) M(t) of the number of devices 
accessible for setting up a call through the link system 
is expressible as 

M(t) = M(t;a1,a2) = P(et ;a1,a2)' 
Considering the two subsystems independently, let M1(t) 
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be the mgf of the number of devices accessible through 
subsystem #1 when no traffic loads the links of subsys
tem #2 and Mz(t) be the mgf of the number of devices ac
cessible through subsystem #2 when no traffic loads the 
links of subsystem #1. The mgf's -M1(t) and M2(t) are 
expressible as t 

M1(t) = M1(t;a1) = P1(et;a1) 
Mz(t) = Mz(t;az) = Pz(e ;az). 

Let k be the maximum number of devices available for 
access in setting up a call through the link system. 
The quantity k is achieved when no traffic loads the 
links of both subsystems #1 and #2. Otherwise, the 
accessibility is "less than the availability k. The 
average accessibility is called the average avail
ability M and has the form 

M = vm(l-a) 
where a is a measure of the traffic loading the links 
of subsystems #1 and #2 and the quantities v and m are 
constants of the link system. 
Subsystem #1 provides access to the devices with an aver
age availability M1 achieved when no traffic loads the 
links of subsystem #2 and subsystem #2 provides access 
to the devices with an average availability M~ achieved 
when no traffic loads the links of subsystem '1. M1 
and Mz have the forms 

M1 = v1m1(l-al) Mz = vzmz(l-a2) 
where VI and m1 are constants of subsystem #1 and v 2 and 
mz are constants of subsystem #2. 

The average availabilities are obtained from the mgf's 
by differentiation with respect to t and setting t equal 
to o. Therefore 

Ml=M1(o;al) Mz=M~(o;az) M=M'(o;a1,a2) 
where the primes inaicate differentiation with respect 
to t. 

The value of k is simply obtained from 
k = M'(o;o,o). 

Therefore 

By differentiation of M(t;a1,a2), M will be found to 
have the form 

so that 
(l-a) = (l-a1)(l-az). 

Therefore, M is easily determined from Ml and Mz as 
~1 = M1M2 /k. 

For specified values of P and p, an effective availabi
lity kE with which the devices are accessed through the 
link system may be defined by 

P = pkE or kE = lnP/lnp. 
The effective availability kE may be expressible as 

k = Mg 
where M is the ~verage availability and g is called the 
"availability factor" and has a non-negative value not 
greater than one, i.e. O.O<g<l.O. ~herefore 

g = lnP/Mlnp ~TnP/lnp < 1.0 
Note that g equals 1.0 for P = pM. -

Effective availabilities, kE1 and kEz ' and availability 
factors, gl and gz' may also be defined for subsystems 
#1 and #2 as follows: 

P1=pkEl so that kE1=lnP1/p, 
kE1=M1g 1 so that gl=lnPl/Mllnp=lnPl/lnpMl; 

p~=pkE2 so that kE2 =lnPz/lnp, and 
~1 k =Mzg so that g2=lnP2/M 21np=lnP2/1np 2 

Ez 2 

M M Note that gl and gz equal 1.0 for P1=p 1 and P2=p 2 

Knowledge of the average and effective availabilities of 
the subsystems of a link system makes possible the de-
termination of a lower bound for the blocking probabi
lity P for the link system as a whole as follows: 
P can not be less than P1 or P2 so that P~max(Pl;P2). 

Therefore 
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or 
k(1-al)(1-a2)g<min(k(1-a1)gl;k(1-az)g2)· 

Therefore, g has-an upper bound go defined by 
g~go = min(gl/(1-a2),g2/(1-a1)) 

and the blocking probability has a lower bound Po defined 
by 

P~Po = pMgo. 
Noting that 

M = Ml (1-a2) = Mz(l-al)' 
go is expressible as M 

go=min(lnP1/Mlnp;lnP2/Mlnp)=min(lnPr/lnp ;lnp 2/ 1npM) 
and, since go is not greater than 1.0, we have 

P>P = pMgo > p~. 
-0 -

This is as far as the general theory has been developed 
for estimating the value of P from knowledge of the gross 
conditions giving rise to the values of P1 and Pz separ-
ately. Further development of the theory requires de
tailed knowledge of how the subsystems are interconnected 
by the set of links or junctors with reference to which 
the effective availabilities are determined. The fol
lowing simple example will illustrate the discussion so 
far. 

Figure lA is the Takagi graph [4] of a four-stage link 
system. Its blocking characteristics will be examined 
in terms of the blocking relative to the set of links 
between stages 2 and 3. 

An estimate of the over-all blocking probability P is 
given by m2 

P = m~ (~l)a (m1-i)(1_al)i E (m~)a(mz-j)(l_a )jpij 
i =0 1 1 j =0 J 2 2 

m 
• E 1 (~l ) a 1 (m 1 - i) (1-a 1 ) i (a 2 + ( 1-a 2 ) pi) mz . 
1=0 

- Ordinarily, an expression for P is not obtained so 
easily as expressions for the blocking probability Pl 
for the subsystem consisting of the link system stages 
1 and 2 and the blocking probability Pz for the subsys
tem consisting of the link system stages 3 and 4. They 
are m2 m1 

Pl=(a1+(1-a1)p) P2=(a2+(1-a2)pml )m 2 

The Takagi graphs of the two subsystems are shown in 
Figures lB and le. 

tn1 tn2 

C?5:'J 
1 Cl1 2 .p 3 Cl2 4 

A. COMPLETE LI NK SYSTEM 

W 
1 Cl 1 2 ..p 3 

W 
2 ..p 3 0.2 4 

B. SUBSYSTEM #1 C. SUBSYSTEM #2 

FIGURE 1. TAKAGI GRAPHS FOR FOUR-STAGE 
LI NK SYSTEM. 

The mgf's M1(t) and M2 (t) are 
m2t ml 

M1(t) (a 1+(1-a)e ) 
mlt m2 

M2 (t) (a 2+(1-a 2 )e ) . 
Fro~ th~s~ mgf's, we find, by differentiation, that the 
avallablllty and average availabilities are 

k = m1m2 Ml = k(1-a 1 ) M,- = k(1-a 2) 
M = M1M2/k = k(1-a 1)(1-a2). 

The availability factors gl and g2 are 
m2 

gl = In(a1+(1-al)p )/m2(1-a 1)lnp. 
( m1 92 = 1n a2+(1-a2)p )/m l (1-a 2)lnp. 
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The lower bound go of the availability factor g is 
go = min[lnP 1/Mlnp;lnP 2/Mlnp]. 

3.0 THE VARIANCE OF tHE ACCESSIBILITY 

The theory in the preceding section yields an expression 
for the average availability M.in terms of Ml and M2 and 
a lower bound Po for the block1ng probability P of a 
multi-stage link system. These results are based on the 
use of th~ average availabilities Ml and M2 and subsys
tem bl?ck1ng ~r?babilities PI and P2. Further refine
ment~ 1n. obta1n1ng ~stimates of P can be developed by 
cons1der1ng the var1ance of the availability with which 
the centrally.located group of devices is accessed 
thro~gh ~he 11nk system and its sUbsystems. Before 
cons1de~lng these refinements, a brief review of some 
propert1es of moment generating functions shall be 
made [3]. 

Let M~t) b~ the moment generating function (mgf) of a 
random var1able (rv) n whose mean and variance are M 
and Vo' respectively. Let X be a .function of n withO 

mean, variance and mgf expressed by M, V a~d MX(t). If 
X.~quals,the sum of m independent identically distributed 
(lld) rv s ni each of which is scaled by a factor v, i.e. 

then 

m 
X = v En., 

i=l 1 

M = vmMo V = v2mVo 

Mx(t) = M(vt)m. 
Note that, with Mo and Vo knowr., it is possible to infer 
the values of v and m from M and V. 
The above equations express the variance and mgf of m 
iid rv's. In the event that the m rv's are not inde
pendent, the variance V becomes 

V = v2m(l+(m~1)p)02 
where P is a correlation coefficient and 02 = V. The 
value of p is limited to the range from -l/(m-l~ to 1.0. 
For the extreme values of p, we have 

In any eV,ent, the means and variances are obtained by 
differentiation of the mgf's with respect to t at t=O 
as follows where a prime indicates first-order differen
tation and a double prime indicates second-order 
differentiation: 

Mo = M'(O) 
M = Mx'(O) 

Vo = 0 0
2 = M' '(O)-M0

2 

V = Mx t , (0) _M2 

If n (or ni) is the outcome of a Bernoulli trial with 
n=O occurrlng with probability a and n=l occurring with 
probability (l-a), then 

Mo = (l-a) .0 2 = a(l-a). 

The group of devices of interest for estimating effec
tive availability in a mUlti-stage link system is typi
cally arranged in m subgroups of v devices. The quanti
ties m and v may take different values depending on 
whether access to the group of devices is defined 1) as 
being from end to end through the whole link system, 2) 
as being from a link system inlet through a subsystem 
in which case the quantities are ml and VI, or 3) as 
being from a link system outlet through a complementary 
subsystem in which case the quantities are m2 and V2. 
In any case, the total number k of devices is 

k = VImI' = \12m2 = \1ITl 

Any attempt to set up a call through a mUlti-stage link 
system may be considered as an attempt to access a se
lect group of k devices between a pair of stages in the 
link system. The devices are provided in, say, m sub
groups of v devices. An attempt to access the devices 
corresponds to m Bernoulli trials made through the link 
system. Of these trials, m(l-a) trials are successful 
on the average when the probability of success for a 
single trial is (l-a). Consequently, the average num
ber M of accessible devices is 

M = vm{1-a). 

The blocking probability P depends on the variance V of 
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the number of accessible devices. If the number of ac
cessible devices is constant such that, if 

p = -l/(m-l) and V = 0, 
then P = pM. 

If the number of accessible devices varies as the out
comes of m independent Bernoulli trials such that if 

p = 0.0 
then 

If the number of accessible devices varies in such a 
fashion that either all devices are inaccessible with 
probability a or all devices are accessible with proba
bility (l-a) such that 

p = 1.0 and V = k202, 
then 

P = a+(l-a)pk. 
This last case yields another lower bound on the value 
of g. It is 

g~ln(a+(l-a)pk)/Mlnp=ln(a+(l-a)pk)/lnpR(l-a). 

In the next section we investigate how the variance V 
depends on the variances VI and V2 of the numbers of de
vices accessible through subsystems #1 and #2. 

4.0 THE VARIANCES OF THE SUBSYSTEM ACCESSIBILITIES 

Figure 2 is a representation in matrix form of the in
terconnection pattern of a group of devices connecting 
two subsystems of a link system. The dimension of the 
matrix is ml x m2. Entries in the cells of the matrix 
take the values of either 0 or v. The matrix contains 
m entries where m~mlm2. We also have ml~m and m~m. 

The entries in a row of the matrix correspond to one of 
m1 groups of devices accessible through subsystem #1. 
The marginal sum of the numbers of devices in a row is 
VI; therefore v<v 1• The entries in a column of the 
matrix correspond to one of m2 groups of devices access
ible through subsystem #2. The marginal sum of the num
bers of devices in a column is v 2 ; therefore V<V2' The 
sum of all entries equals k. Therefore -

k = vm = v 1m1 = V2m2. 

If the probability of any row of VI devices being ac
cessible through subsystem #1 is (l-a ), then the aver
age number Ml of devices accessible t~rough subsystem #1 
is 

Ml =v1m1(l-al) 
The variance V

J 
of the number of devices accessible 

through subsystem #1 is expressible as 
VI = VI 2m l(l+(ml- l )Pl)01 2 

where PI is a correlation coefficient and 01 2=a1(1-a1). 

Similarly, if the probability of any column of v 2 devices 
being accessible through subsystem #2 is (l-a2), then 
the average number M? of devices accessible through sub-

GROUP 
NU'Y1BER 

~", 

ltQ.. 
~ 

~o 
wO:: 
1-<-' 
en 
>UJ 
",~ 
CD> 
~w 
"'0 

m,1 

SUM 

1/ 

0 

~ 

SlESYSTEM #2 
DEVICE GROUPS 

2 

0 

1/ 

lI2 

m.2 SUM 

FIGURE 2. INTERCONNECTION PATTERN FOR 
SUBSYSTEM DEVICE GROUPS. 
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system #2 is 
M2 = v2m2 (1-0.2) . 

The variance V2 of the number of devices accessible 
through subsystem #2 is expressible as 

V2 = v22m2(l+(m2-1)P2)022 
where P2 is a correlation coefficient and °22=0.2(1-0.2), 

In order to obtain an expression for V in terms of VI 
and V2, let us begin by considering a derivation for V. 
Let (l-o,)i be the indicator function for the ith of m 
subgroups of v devices being accessible through the link 
system. If (l-o,)i equals 1.0 with probability (1-0.) and 
equals· 0.0 with probability a, then the expectation E 
of (1-o,)i is 

E(1-o,)· = (1-0.). ' 
Let (l-o,)ij be the indicat~r function for an arbitrary 
pair i and j of the m subgroups of v devices being ac
cessible through the link system. Let the expectation 
of (l-o,)ij be defined by 

E(l-o,)ij = p02+(l-o,)2 
where P is a correlation coefficient and 02=0.(1-0.). If, 
for the sake of generality, we have i=j, then P = 1.0. 

Let Vo be defined by 
m m m 

Then 

V = E E E (1-0.) . ,- ( E E (1-0.) , ) 2 . 
o i=l j=l lJ i=l 1 

m m 
Vo=m(02+(l-0,)2)+ E E E(l-o,)iJ'-m2(l-o,)2 

i1j 
= m(l+(m-l)p)02. 

Since Vo is the variance of the number of groups of v 
devices accessible through the link system, the vari
ance V of the number of devices is 

V = V2Vo' 

Let (l-0,1)s be the indicator function for the sth of m1 
groups of v devices being accessible through subsystem 
#1. If (1-0.1 ) equals 1.0 with probability (1-0.1) and 
equals 0.0 Wlt~ probability (1-0.1), then the expectation 
of (1-0,1)S is 

E(l-o,l)s = (1-0.1)' 
Let (l-o,l)st be the indicator function for an arbitrary 
pair sand t of the m1 groups of VI devices being ac
cessible through subsystem #1. Let the expectation of 
(l-o,l)st be defined by 

E(l-o,l)st = P101
2+(l-0,I)2 

where PI is a correlation coefficient and 01 2=0.1(1-0.1)' 

Let (1-0. )u be the indicator function for the uth of m2 
groups ot ~2 devices being accessible through subsystem 
#2. If (1-0.2) equals 1.0 with probability (1-0.2) and 
equals 0.0 wit~ probability 0.2, then the expectation of 
(l-0,2)u is 

E(1-0,2)u = (1-0.2)' 
Let (l-0,2)uV be the indicator function for an arbitrary 
pair u and v of the m2 groups of V2 devices being ac
cessible through subsystem #2. Let the expectation of 
(l-0,21uv be defined by 

E(1-0,2)uV = p202
2+(l-0,2)2 

where P2 is a correlation coefficient and °22=0.2(1-0.2)' 

If the ith of the m groups of v devices is in the cell 
at the intersection of row s and column u of the matrix 
in Figure 2, then its indicator function (l-~)i is 

(l-o,)i = (l-0,1)s(1-0,2)u' 
This is so because, if any group of v devices is to be 
accessible through the link system, then it must be 
accessible through both of subsystems #1 and #2. Fur
thermore, if 

then 
E(1-0,I)s(1-0,2)u=E(1-0,I)sE(1-o,a)u, 

E(l-o,)i = (1-0.) = (1-0.1)(1-0.2), 

Any distinct pair of groups of v devices has one of 
three possible arrangements in the matrix in Figure 2. 
They may lie at either 1) the intersection of one row 
and two columns, 2) the intersection of two rows and one 
column, or 3) the intersection of one row and one 
column and the intersection of another row and another 

ITC-9 

column. 

The number of ways of arranging a pair of distinct 
groups of v devices so that they lie in the same row of 
the matrix is 

m1 (vl/v )(v1 /v-1)=m(v 1-v)/v. 
The indicator function (l-o,)ij for such an arrangement is 

(l-a )ij = (1-0,1)s(1-0,2)uv' 
Its expectation is 

E(1-o,)ij=(1-0,I)(P202+(1-0,2)2. 

The number of ways of arranging a pair of distinct 
groups of v devices so that they lie in the same column 
of the matrix is 

. m2 (v /v)(v 2 /v-1)=m(v 2 -v)/v. 
The indicator function (l-o,)ij for such an arrangement is 

(1-o,)ij=(1-0,I)st(1-0,2)u' 
Its expectation is 

E(1-o,)ij=(PloI 2+(1-0,I)2)(1-0,2)' 

The number of ways of arranging a distinct pair of the 
m groups of v devices so that they do not lie in the 
same row or column is . 

m(m-1)-m(vl-v)/v-m(v -v)/v=m(k-v 1 -v +v)/v. 
The indicator function (l-o,jij for such an

2
arrangement is 

(1-o,)ij=(1-0,I)st(1-0,2)uv' 
Its expectation is 

E(1-0,)ij=(PloI2+(1-0,1)2)(P202+(1-0,2)2). 
The sum of the expectations of (l-o,)ij for all distinct 
pairs of groups of v devices is 

m m 
E E E(1-o,)ij=m(m-l)(p02+(1-o,)2) = 
i1j 

m(vl-v)(1-0,I)(P2022+(1-0,2)2)/v+m(V2-V)(1-0,2)(PI012+ 
(1-0,I)2)/v+m(k-vl-v+v)(PI012+(1-0,I)2)(P2022+(1-0,2)2)/v 
which yields after a rearrangement of terms, 

m(m-l )p02=m(vl(mI 1 )Pl+(V1-V» (1-0,2)201 2jv 
+m(v2(m2-1)P2+(v2-v»(1-0,I)2022jv 
+m((v2-v)Pl+(Vl-v)P2+(k-vl-v2+v)PIP2)oI2022. 

Using the relationshi~ 
02=(1-0.2) °12+(1-0.1)2022+°12°22, 

we get 
Vo=m(1+(m-1)p)02=(1-0,2)2Vl/v2+(1-0,I)2V2/v2 + 
m(v+(v2-V)Pl+(vl-v)P2+(k-VI-V2+V)PIP2)oI2022/v. 

The variance V of the number of accessible devices 
equals v2VQ. Therefore, the desired expression for V 
in terms ot VI and V2 is 

V = (1-0,2)2V1+(1-0,I)2V2+ 

k(V+(V2-V)Pl+(VI-V)P2+(k-VI-V2+V)PIP2)OI2022. 

5.0 LIMITING VALUES OF THE BLOCKING PROBABILITY 

It has been pointed out in [1] that knowledge of M and 
V is, in general, insuffici~nt for the determination of 
P and, therefore, of g. However, for specific values of 
V, P may be uniquely defined and these particular 
values of P may be used to define a curve of P versus 
V for the purpose of obtaining a value of P for speci
fied V by interpolation. An alternative method to 
working with P and V is to work with g and P which is 
what we shall do here. 

We shall consider a number of cases determined by 
specific values of p, PI and P using the formulas de
rived in the preceding section§. Those cases yielding 
values of P that provide values of g that are lower 
bounds on g are marked with an asterisk; those that 
provide upper bounds on g are marked with double 
asterisks. 

Considering P alone, we have three special cases: 

Case 1.* P = -l/(m-l) V = 0.0 
In this case, the number of devices accessible through 
the link system is constant. Therefore 

P = pM and g = 1.0 

Case 2. p = 0.0 .. V=v 2ma 2 

In this case, the m group of v devices are accessed by 
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a sequence of independent B~rnou11i trials. Theref6re 
P = (a+(l-a)pv)m 

Case 3.** P = 1.0 .. V = k2a2 
In this case, the group of k devices are either inac
cessible with probability a or accessible with proba
bility (l-a). Therefore, 

P=a+(l-a)pk and g=ln(a+(1-a)pk)/M1np. 
g has its minimum value for this case. 

In a similar way by considering PI and P2 alone, we 
have six special cases. 
Case 4.* Pl= -1/(m1-1) .. VI = 0.0 

. : V = (1-al)2V2+k(mlv-v2)(1-P2)a12a22/(ml-l). 
In this case, the number of devices accessible through 
subsystem #1 is constant. If, in particular, m1v=v2, 
then V = (l-a 1 ) 2 V 2 
and therefore (1- ) 

P=P2(p a1 ;a2)· 
Case 5. PI = 0.0 .. VI = v12mla12 
:. V=(l-a 2 )2v1 2mla12+(1-al )2V 2 +k(v1 +(V 1-V)P2 )a1 2a

2 
2 

In this case, the ml groups of VI devices are accessed 
through subsystem #1 by a sequence of m1 independent 
Bernou11i trials. Therefore, if P2(p;a2,i) is the pro
bability of blocking in the link system when exactly i 
groups of VI devices are accessible through subsystem 
#1, then 

m1 m (ml-i) ,. , . 
P = E (:1) a1 (l-al) P2(p;a2"). 

i=o 1 
Case 6.** . 2 2 P1=1.0 .. VI =k a1 

V = k2(1-a2)2012+(1-al)V2 
In this case, all ml groups of V devices are either 
inaccessible through subsystem #t with probability a 
or accessible with probability (l-a). Therefore 1 

P = al+(1:a1)P2(p;a2). 
Case 7.* P2=-1/(m2-1) .. V2 = 0.0 
.~ V = (1-a2)2Vl+k(m2v-vl)(1-Pl)a12a22/(m2-1). 
In this case, the number of devices accessible through 
subsystem #2 is constant. If, in particular, m2v=v1, 
then 

V = (1-a2)2V1 
and therefore 

P = P1(p(1-a2);a1). 
Case 8. P2 = 0.0 .. V2 = v 2 2m2a2 2 
~. V=(1-a2)2Vl+(1-al)2v22m2a22+k(v+(V2-v)Pl)a12a22. 

In this case, the m2 groups of v 2 devices are accessed 
through subsystem #~ by a sequence of m2 independent 
Bernou11i trials. Therefore, if P1(p;a1,j) is the pro
bability of blocking in the link system when exactly j 
groups of v 2 are accessible through subsystem #2, then 

, m2 (m2-j) . 
P= E \m~)a2 (1-a2)J P1 (p;a1,j). 

j=l J 

Case 9.** P2 = 1.0 V2 = k2a2
2 

. V=(1-a2)Vl+k2(l-al)2a22 
i~ this case, all m2 groups of v 2 devices are either 
inaccessible through subsystem #2 with probability a2 
or accessible with probability (1-a2). Therefore 

P = a2+(1-a2)P1(p;a1)· 

By considering particular values of PI ' and P2 jointly, 
we have nine special cases. 
Case 10.* P =-l/(m -1), P2=-1/(m2-1) :.Vl=O.O V2=0.0 

1 1 

... V=v2m(mlm2-m)a12a22/(ml-1)(m2-1). 
In this case, the number of devices accessible through 
each of subsystems #1 and #2 is constant. In particular, 
if m=m

t
m2, then V=O.O and this is the same as Case 1. 

The va ue of P is given by 
P = -1/(m-l)+(mlm2-m)ala2/(m-1)(ml-1)(m2-1)a. 

Case 11. P1=-1/(m1-1),P2=0.0 .·.V=0.O,V2=v/m20/ 
:. V=( 1-a1) 2V2 2m2 0:2 2+k(m1 V-V 2 )01 2a2'2 / (m 1-1 ). 
In this case, the number of dev~ces accessible through 
subsystem #1 is constant and the devices are accessible 
through subsystem #2 by a sequence of indepp.ndent Ber
noul1i trials. In particular, if mlv=V2' then 

V = (1-al)2V22m2a22 
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and therefore v2(1-al) m2 
P=(a2+(1-a2)p ) 

Case 12. P1=-1/(m1-1),P2=1.0 ,:. V1=0.0, V2=k2a2
2 

•.. V=(l-a1)2k2a/. 
In this case, the number of devices accessible through 
subsystem #1 is constant and they are either inaccess
ible through subsystem #2 with probability a2 or ac
cessible with probability (1-a2). Therefore 

P = a2+(1-a2)pk(1-a1). 
Case 13. p1=0.0, P2=-1/(m2-1) :. Vl=v12mlo12,V2=0.0 
:. V=(l-a2 )2v/ m1 O:12+k(m2v-v1) 01 2 02

2/ (m2-1 ) . 
In this case, the devices are accessible through sub
system #1 by a sequence of m\ independent Bernou11i 
trials and the number of devlces accessible through sub
system #2 is constant. In particular, if m2v=vl' then 

V = (1-a2)2v12mlo12 
and therefore V (l-a ) m 

P = (a1+(1-a1)p 1 2) 1 
Case 14. p1=0.0, p2=0.0 :. Vl=v12mlo12,V2=v22m2a22 
:. V=( 1-a2) 2Vl 2ml a1 2+( 1-a l ) 2V2 2m2 a 2 2+v2mol 2a2 2 
In this case, the devices are accessible through sub
system #1 by a sequence of m1 independent Bernou11i 
trials and through subsystem #2 by a sequence of m2 
independent Bernou11i trials. In particular, if VI 
m2V, v2=m1v and m=m1m2, then 

m1 m1 (ml-i) i vi m2 
P= E ( .)a1 (1-a1) (a2+(1-a2)p ) 

i=o ' 
Case 15. Pl=O.O, p2=1.0 ... VI = V1 2mld,.2, V2 = k2a2 2 

:. V=(1-a2)v12mla12+(1-al)2k2a22. 
In this case, the devices are accessible through sub
system #1 as a sequence of m1 independent Bernou11i 
trials and they are either inaccessible through sub
system #2 with probability a2 or accessible with pro
bability (l-a2). In particular, if v1=m2v, V2=mlV 
and m=m1m2, then m2V ml 

P = a2+(1-a2)(al+(1-al)P ) 
Case 16. Pl=1.0, P2=-1/(m2-1) :. Vl=k2a12, V2=0.0 

:. V = (l-a2)2k2012 
In this case, the devices are either inaccessible 
through subsystem #1 with probability al or accessible 
with probability (l-al) and the number of devices ac
cessible through subsystem #2 is ~onstant. Therefore 

P = al+(1-al)pk~1-a2). 
Case 17. Pl=1.0, P2=0.0 :. Vl=k2a l

2, V2=v22m2a22 
... V = (l-a2)2k2a/+(1-al)v22m20/. 

In this case, the devices are either inaccessible 
through subsystem #1 with probability al or accessible 
with probability (l-al ) and are accessible through sub
system #2 by a sequence of m2 independent Bernou11i 
trials. In particular, if vl=m2v, v2=m lv and m=m1m2, 
then mlV m 

P = a1+(1-a l )(a2+(1-a2)p ) 2 
Case 18.** p l=1.0, p2=1.0 :.Vl=k2ol2, V2=k2022 
.~V=(1-a2)2k2a12+(1-al)2k2a22+k20 20 2. 
In this case, the devices are eit~er2inaccessib1e 
through subsystem #1 with probability a} or accessible 
with probability (l-al ) and they are either inaccessible 
through subsystem#2 wlth probability a2 or accessible 
with probabflity (1-a2). The value of P equals 1.0 
which is the situation for Case 3. Therefore 

P = a+(l-a)pk. 

A summary of the blocking probability equations obtained 
for all of the above cases is presented in Table 1. The 
cases provide the following lower and upper bounds on g 
min (Case 1, Case 4, Case 7, Case 10»g> max (Case 3, 
Case 6, Case 9, Case 18). The actual-value of g is 
estimated 'by interpolation between these bounds. 

6.0 AN EXAMPLE 

Figure 3A is the Takagi graph of a five-stage link sys
tem. The link system's blocking probability P is to be 
estimated in terms of the access to the set of links 
between stages 2 and 3. An estimate of P is provided by 
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Case PI P2 P Probability Conditions 

1* -1/ (m-l) p=pM 

2 0.0 P= (a+( l_a}pv}m 

3,18** 1.0 1.0 1.0 P=a+(l-a}pk 

4* -l/(ml-l) p=P2(p11-a l};a2} m1v=v2 

5 0.0 m1 m (ml-i) 
a. i P2(p;a2"i) P= L ( .1)( l-ai ) 

i=o 1 1 

6** 1.0 P=a1+(1-al)P2(p;a2) 

7* -1/ (m2-1) P=P
1 
(p(l-a2 );al) m?v=v 1 

m2 m2 (m2-j) j . 
8 0.0 P= L (j )a2 (l-a2) Pd p;al'J) 

j=o . 
9** 1.0 P=a2+(1-a2)P

1
(p;a1 ) 

10* -l/(ml-l) -1/(m2-1) -l/(m-l) p=pM . m=m 1m2 
11 -l/(ml-l) 0.0 P=(a2+(1-a2)pv2(1-al )}m2 m1v=v2 
12 -l/(ml-l) 1.0 P=a2+(1-a2)pk(1-al) 
13 0.0 -1/(m2-1) P= (ai +( l-al ) p VI (1-a2) )m 1 m2V=V l 

P= ~1(~I)a (ml-i)(1_al)i(a2+(1_a2)pVi)m2 vl-m2v,v2-mlv 
14 0.0 0.0 . 1 m=ml m2 

1=0 
0.0 1.0 P=a2+(1-a2)(al+(1-al)pm2V)ml Vl.:m2v'V2-mlV 15 

m=m m? 
16 1.0 -1/(m2-l) P=a l+(1-al )pk(1-a2) 
17 1.0 0.0 P=al+(1-al)(a2+(1-a2)pmlV)m2 vl=m2v,v2=m1v 

m=mlm2 

TABLE 1. Blocking probability equations for unique values of correlation coefficients P1,P2 and p. 
(*lower bound on P, **upper bound on P) 

n1 n2 n3 

~ 
A. COMPLETE LINK SYSTEM 

W 6l5:\ 
1 111 2 .p 3 2 ~ 3 b2 4 (12 5 

B. SUBSYSTEM #1 C. SUBSYSTEM #2 

FIGURE 3. TAKAGI GRAPHS FOR FIVE-STAGE 
LINK SYSTEM. 

where a1 is the average loading per link between stages 
1 and 2, a2 is the average loading per link between 
stages 4 and 5, b is the average loading per link be
tween stages 3 ana 4, and p is the average loading per 
link between stages 2 and 3. 

Figures 38 and 3C are the Takagi graphs of the two sub
systems providing access to the devices of interest, 
i.e. the links between stages 2 and 3. Subsystem 1'is 
obtained by letting a2 =b

2
=O.O and subsystem 2 is ob

tained by letting a l =O.O. Blocking probability esti
mates and mgf's for thensubsystems are 
P1(p;al )=(a 1+(1-a 1)pn2) 1 
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n3 n (n3-j) . n n2 
P2(p;a2)=.L (1}a 2 (1-a2)j(b2j+(1-b2

J )p 1) 
J=O n2t nl 

Ml (t)=(a l+(l-a l )e ) 
n3 n (.) . j j nIt n2 

M
2

(t)= L ( :)a2 n3-J (1-a 2)J(b2 +(1-b2 )e ) 
j=o ,J 

By differentiation of M (t) and M2(t), the average 
availabilities of the sabsystems are found to be 
Ml=n 1n2(1-a l ) M2=nln2(1-(a2+(1-a2)b2)n3). 
Therefore, we find by inspection that 
k = nln2 al=a l a2=(a 2+(1-a?,}b2)n 3. 

By further differentiation of the mgf's, the variances 
of the availabilities are found to be 

n3 
Vl=n22niol2 V2=n12n2(1+(n2-1)((a2+(1-a2)b22) -

( 2
2)/o22)022 where 

01 2=al (1-a1 ) °22=a2(1-a2)· 
We find by inspection that 

v1=n 2 v2 =n 1 • 

The correlation coefficients in the above variance 
expressions are n3 
p1=O.O P2=«a2+(1-a2)b22) -(22)/o22. 

Inspection of the Takagi graph in Figure 3A reveals 
that the multiple number of the edge between nodes 2 
and 3 equals 1.0. Therefore 

v=l and m=k/v=nl n2. 

From the expressions for P1 (p;a1) and P2 (p;a
2

) we 
also have 

. n 
P1(p;a1,j) = (a1+(1-a1)pJ) 1 

P2(P;(l2,i)= ;3 (".3)a2 (n3-j)(l-a2)j(b2j+(1-b2 jJp i)n2. 
j=o J 
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Now let nl=n2=n3=8 a
1
=a 2=b2=p=0.40 

Therefore a 1= 0.40 a2=0.02815 a=0.41689 
m1=8 m2=8 k=m=64 

vl=8 v2=8 v=l 

Mi=38.40 M2=62.1986 M=37.3191 

Pl=O.O P2=0.10495 p=0.11220 

Pl=Pl(p;a1 )=0.0006053 

kEl = 7.99142 

P2=P2(p;a2)=0.0006606 

kE2 =7.99135 

gl = 0.20811 g2 = 0.12848. 

From the results in Section 2, an .upper bound go on the 
value of g is 

go=min (gl/(1-a2), g2/(1-a1 )) = 0.21413. 
This yields the following lower bound P on the value 
of P: 0 

P =0.000661. 
o 

The use of pM as a lower bound on the value of P yields 
pM= 1 .410 x 10- 15 

which corresponds to g=l.O. This is the same as Case 1 
treated in Section 5. 

The results in Section 3 yield a lower bound on g given 
by 

g>ln(a+(1-a)pk)/M1np=0.02559 
which corresponds to an upper bound on P of 0.41689. 
This is the same as Case 3 treated in Section 5. 

Considering all other cases in Section 5 and Table 1, 
the pairs of cases, Cases 7 and 13, 8 and 14, and g and 
15 are identical because P

1 
equals 0.0. The condition, 

m=m
1
m2, is satisfied for Case 10, therefore Cases 1 and 

10 are identical. Furthermore, since the conditions, 
mlv=v2 and m2v=v l , are also satisfied, all cases in 
Table 1 are appllcable to the example. 

Calculations were made of P and g for all of the cases 
listed in Table 1. All results of the calculations ex
cept for Case 5 are presented in Table 2. The results 
of Case 5 are not presented because the case corre
sponds to the problem in .the example. 
Bounds on g are obtained from 

min (Case 1, Case 4, Case 7, Case 10) = 
min (1.00, 0.2141, 0.2141, 1.00) = 0.2141 
>9> max (Case 3, Case 6, Case 9) = max 
(~.~256, 0.0268, 0.1038) = 0.1038 

Case Pl P2 P 

T,lO -0.1429 -0.1429 -0.0159 

2 0.0 

3,18 1.0 1.0 1.0 

4 -0.1429 0.1049 -0.000695 

6 1.0 0.1049 0.9463 

7, l3 0.0 -0.1429 0.1025 

8,14 0.0 0.0 0.1081 

9,15 0.0 1.0 0.1471 

11 -0.1429 0.0 -0.0107 

12 -0.1429 1.0 0.0253 

16 1.0 -0.1429 0.9314 

17 1.0 0.0 0.9399 

Similarly, bounds on P are obtained from 
max (1.41x10- 1s , 0.000661,0.000662, 1.41x10- 1S

) 

0.000662 
<P< min (0.41689, 0.40039, 0.02879)=0.02879. 

Finally,~ounds on P are obtained from 
max (-0.0159, -0.000695, ~.1025, -0.0159)=0.1025 

~P~ min (1.00,0.9463,0.1471)=0.1471. 

Thus, g and. P lie within bounds given by 
0.2l41>g> 0.1038, 0.1025<p<0.1471. 

For the example, calculation yTeTds p=0.11220. Inter
polation of g versus p between their bounds yields the 
estimate g=0.190l. Therefore, the effective availa
bility kE is Mg=7.0944 and the estimated value of P is 
0.00150. The calculated value of P is 0.00133 which 
corresponds to g=0.1937. 

7.0 SUMMARY 

A theory has been presented for estimating the blocking 
characteristics of a multi-stage link system providing 
point-to-point selection using a novel ap'p1ication of 
effective availability theory to a group of inter-stage 
devices such as links or junctors. The group of devices 
of interest divide the link system into two subsystems, 
each of which provides point-to-group access to the 
devices. 

Throughout the paper the devices of interest have been 
assumed to be loaded with smooth traffic. If the de
vices are to be assumed to handle random traffic, then 
the effective availability obtained by use of the smooth 
traffic assumption may be used with the Palm-Jacobaeus 
formula or the modified-Palm-Jacobaeus formula to esti
mate the blocking characteristics of the link system 
when the devices of interest are loaded with random 
traffic. The method is illustrated in [3]. 
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