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ABSTRACT 

Overflow teletraffic systems have traditionally 
been studied using the following two approaches. 
The first is the overflow 'stream' description 
involving Laplace-Stieltje transforms of the 
input stream, whereas the second is the overflow 
'traffic' view which considers occupancy 
probabilities in steady state. 

This paper combines features of both views, 
enabling all moments of t4e overflow traffic to 
be expressed as functions of the mean overflow 
from a varying number of trunks. The functional 
form of these moments provides a new measure of 
traffic load, called the traffic 'weakness'. 

The simple recursive nature of all the moments, 
but in particular the variance, is basic to the 
formulation of the Equivalent Non Random (E.N.R.) 
method. This method extends the applicability 
of Wilkinson's E.R. method to all input streams 
which are renewal in character. In particular, 
emphasis is given to those input streams for 
which the 'peakedness' is less than unity. 

Charts similar to the well known 'Wormald' chart 
are produced to provide estimates for the offered 
input traffic intensity and the number of trunks 
necessary to produce given values of the mean 
and variance of the overflow traffic. 

The methodology of the E.R. method, without the 
Poisson input traffic assumption, but allowing 
for any assumed renewal form of input, can 
therefore be applied to teletraffic systems. 

INTRODUCTION 

Explicit formulae for all overflow traffic 
moments of the Kosten and Brockmeyer Systems 
with renewal input are discussed by Potter (Ref. 
7). In that paper an overflow renewal stream 
G was considered as the input stream for either 
a G/M/~ or G/M/L queuing system. This 
overflow stream occurred when an input stream 
F overflowed from a primary group of N trunks. 
Two different representations were used. for all 
the overflow traffic moments of both systems. 
The first involved a finite difference 
representation of the weakness of the overflow 
traffic from the primary group. The second, 
an expansion of this 'weakness' version , 
involved Laplace Stieltje transforms of the 
input stream. Both forms are basic to this 
paper. An inversion of the traffic weakness 
formulation is given to provide insight into 
the effect of fixing a finite numher of overflow 
traffic moments of a system with an arbitrary 
renewal input. 

The E.R. method was originally applied to rough 
input traffic, however the methods 'developed by 
Bretschneider (Ref. 1) and Nightingale (Ref. 4) 
permitted smooth input traffic. Their 
assumption of a negative exponential input stream 
resulted in the possibility of a negative 
number of primary trunks . By conside~ing a 
specified smooth renewal input stream, the E.N.R. 
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method determines a positive equivalent 
primary group. Deterministic and various Erlang 
input streams are used to produce charts similar 
to the well known t'lilkinson (Ref. 1,)) and 
Worrnald (Ref. 4) charts. Features of these 
charts relating to the overflow traffic's 
peakedness and the marginal occupancy of the 
equivalent primary group are discussed. 

SECTION 1 

The overflow traffic moments, an' used through
out this paper are the factorial moments of the 
continuous time steady state occupancy 
distribution, q, on an infinite secondary 
group; whereas the carried overflow traffic 
moments, an' are the factorial moments of the 
corresponding distribution, q, on a finite 
secondary group of L trunks. He assume the 
input stream F, with Laplace Stieltje 
transform ~(s), when offered to a primary 
group of N trunks, overflows as the overflow 
stream G, with Laplace Stieltje transform 

. ~(s), see Potter (Ref. 7). The service 
distribution is assumed to be negative 
exponential parameter ~. 

The weakness, fN' of the overflow stream, a 
concept introduced by Potter (Ref. 7), is 
defined as the reciprocal of tae overflow 
stream's intensity or equivalently (see Pearce 
and Potter (Ref. 5)), the mean overflow traffic, 
UN· Hence 

fN -~ ~~ (0) 

or equivalently 
-1 

fN = MN 

Potter (Ref. 7) equation (22) states that 

where (i) 
stream F, 

the weakness, f, of the input 
is given by 0 

f = 0 -~ ~'(O) 

(ii) 1 (~) 

C' 
f.-~(j~) r > 1 

r ~ (J~) 

r = 0 

~(s) 
I~ -s x dF(x) = e 

0 
(iii) 

The 'weakness' representation of the an is 
given by equation (33) of Potter (Ref. 7) 

Equation (7) can be expanded in terms of the 
~s to give equation (41) of Potter (Ref. 7), 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7 ) 

POTIER-1 



n 

n! [ I 
r = 0 

Inverting equation (7) gives the following 
expression for the weakness of the overflow 
traffic from (N+r) trunks as 

f = N+r 

r 

I 
n = 0 

(8) 

(9) 

In the special case of F being negative 
exponential intensity A, equation (8) can be 
simplified to give equation (75) of Potter (Ref. 
7), that is 

n 

a ~ : 1 =A -n M~ 1 [ (-1) n An + I 
k = 1 

{(N+k)! IM I (N+k)! Ak • r}] 
N! -~r = 1 (N+k+l-r) ! 

This expression for a n+ 1 is simpler than 
equation (43) of Scherer (Ref. 8). 

(9a) 

Since many quantities, relating to overflow 
systems, for example the probability of 
~ongestion, TI L , the mean, ~. L and variance 
VN, L of overflow traffic on a rinite secondary 
group, can be expressed as functions of fN' 
~ee Potter (Ref. 7», it is quanti ties such as 
these which are affected when a finite number 
of the an are given specified values. Explicit 
expressions for these quantities are g~ven in 
the Appendix 1. Holtzman (Ref. 2), showed that 
restricting 0.1 and 0.2, fixed ~(~) whereas 
this paper will prove that such a restriction 
means the marginal occupancy of the primary 
group is fixed, regardless of the form of the 
input renewal stream. This is one factor in 
the effectiveness of the E.R. method. 

1.1 TWO OVERFLOW TRAFFIC MOMENTS SPECIFIED 

When r=l in equation (9), the quantity f N+
1 is defined by 0.1 and 0.2 only, hence 

f 
N+l 

( 10) 

Thus any quantities which are functions of f 
and fN only, are completely determined byN 
~he siveh value~ of 0.1 and 0.2, for example, 
TIl, MN 1 and VN 1. The marginal occupancy 
HN, 15 used in telephony to describe the 
decrease in overflow traffic when the number 
of trunks in the primary group is increased by 
one, that is 

(11) 

But HN can be expressed in terms of 0.1 and 
0.2 by using equation (10), giving 

(12) 

Equat~on (12) shows that the specified values 
of 0.1 and 0.2 completely determine the 
marginal occupancy of the primary group regard
less of the interevent distribution of the 
input stream. 

An alternate interpretation is that TIl is 
determined completely by 0.1 and 0.2. Hence 
the congestion probability of the overflow 
stream from N trunks when offered to a t 
secondary group of one trunk (i.e. the (N+l)s 
trunk), is fixed. Equation (12) is an inverted 
form of the equation (37) of Potter (Ref. 7) 
for the variance, VN, of the overflow traffic, 

(13) 
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It is equation (13) which is the basis of the 
E.N.R. method to be described in the next 
section. 

1.2 THREE OVERFLOW TRAFFIC MOMENTS SPECIFIED 

When 
both 
with 

0.1' 0.2 and 0.3 
fN+ 1 and fN+ 2 

r=2 gives 

are given fixed values, 
are fixed. Equation (9) 

f 
N+2 

(14) 

and satisfies equation (10). 

A conseguence of equation (14) is that TI2, 
M ,V and H are fixed as well as N, 2 N, 2 N, 1 

TIl, M and V • Therefore the congestion 
proba~1iity, i 2 ,N, 1 occurring when the overflow 
stream from N trunks is offered to a secondary 
group of 2 trunks is fixed as well as ~1. 
E~uivalently, the mean and variance of the over
flow traffic carried on two trunks is fixed for 
any renewal input stream. Equations (10) and 
(14) can be obtained directly from the overflow 
traffic's factorial moment theorem, see Potter 
(Ref. 7), equation (29), which states 

1.3 THREE OVERFLOW MOMENTS SPECIFIED FOR 
NEGATIVE EXPONENTIAL INPUT 

(15) 

When F is negative exponential with weakness 
fo, where 

Then 

(16) 

(17) 

(18) 

0.3 = 2A 2al [A2-2(N+l)A+(N+l) (N+2)-Aal+(N+2~lrl 

(19) 
Equations (18) and (19) follow from equation 
(9a) with n=l and 2. 

A rearrangement of equation (19) gives 

N = A(l + ~) - (0.1 + 1). (20) 
0.2 

The following closed form expression for A is 
obtained by su~stituting equation (20) into 
equation (19) and simplifying, 

1 - at + ~ 
0.2 0.2 

A (21) 
2~ - (~)2 

0.3 0.2 

The existence of equations (20) and (21) implies 
that an exact dimensioning procedure exists 
when F is assumed to be negative exponential 
and three overflow traffic moments are known. 
These expressions for A and N are a 
rearrangement of equations (25) and (27) of 
Nightingale (Ref. 4). 

SECTION. 2 

A departure from the conventional way of 
treating smooth input streams using modified 
versions of the E.R. dimensioning technique is 
to prescribe an interevent distribution for the 
input renewal stream and dimension the overflow 
system by means of charts. The distributions 
considered in this paper are the Erlang 
distributions E3, E6, EI0 as well as a 
deterministic distribution D. 
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The form of MN, used by the E.N.R. method is 
that of equation (19) with n=O, that is 

N 

[fo l (~) lr(~t}]-l (22) 
r = 0 

where fo and ~ (~) satisfy equations (4) and 
(5) respectively. 

When the input stream is an Erlang order 
distribution, 

F(x) = l-e->..x 

IP(s) 

k - I 

l 
I ;= 0 

(Ax) R. 
-R,-!-

fo k/A where A 

, x ;;;. 0 

k 

(23) 

(24) 

(25) 

N k· I 
~ = [(k/A) l (N) ~ j ( l (A+j)1 Ak- I-I) ]-1. (26) 

r=O r ;=1 1=0 

tfuen th7 input stream is deterministic, 
separat~on a = ) , 

IP (s) 
-s a 

e 

fo 1 where A = A/~ A N 
MN =[A- l l (N) 1T (e; \.la - 1)] -1 

r 
r = 0 j = I 

(27) 

(23) 

(29) 

Values for MN+I are calculated using equation 
(22) with N = N+l. The variance V is 
calculated using equation (13), and the ove~flow 
traffic peakedness, ZN satisfies 

Values of ~, VN and Z 1 computed for a 
range of values. of A an~ N, can be 
tabulated. However, it is more convenient to 
produce charts which can then be used in the 
traditional way to dimension the overflow 

(30) 

system, than use computed tables. Each specified 
input stream has a corresponding chart. Figures 
1,2,3,4 are examples of such charts for El, E3, 
E10, ~ input streams. These E.N.R. charts are 
produced by superimposing two families of curves, 
typified by figures 5a and 5b. The curves 
illustrated in figure Sa correspond to 
increasing the intensity of the input stream 
for fixed N values, whereas those in figure 
5b correspond to increasing the size of the 
primary group for fixed A values. 

2.1 FEATURES OF THE E.N.R. CHARTS 

(i) All the charts have a common shape. 

The invariance of the marginal occupancy for a 
mean overflow traffic of 7.7 is illustrated in 
figure 6 when F is E3. However this 
property has been shown in the first section 
to hold for any renewal input stream. The 
property holds for any given value of the mean 
overflow traffic. 

(ii) As the Erlang phase k increases, the 
peakedness of the overflow traffic for a heavy 
input stream, decreases. The minimum value 
occurs for the Deterministic input stream. 
Table 1 gives the peakedness taken as the 
reciprocal of the slope of curve corresponding 
to one trunk, for different input streams. 
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Phase k 1 2 3 6 10 

Overflow 
peakedness 1.0098 .7569 .6714 .58706 .5533 .5015 

TABLE 1 

Pearce and Potter (Ref. 5) section 7.2 showed 
that the overflow traffic peakedness is bounded 
below by ~ and this limiting value occurs for 
deterministic very heavy input traffic. 

(iii) The following result obtained by Pearce 
(Ref. 6) relating ZN+I with ZN' 

ZN + I > min ( 1 , ZN) (31) 

is observed for any curve with fixed A and 
varying N. 

(iv) A linearity condition relating the mean and 
variance of the overflow traffic, i ·s shown in 
Figure 7, and can be expressed by 

MI +k (A+k) - MI (A) = SA [VI +k (A+k) - VI (A)] 

The slope of such lines is a function of the 
input intensity, A. Table 2 shows the decrease 
in slope with increasing input intensity, 
calculated for F = E 2 • Such tables can be 
calculated for every E.N.R. chart. 

A 8 9 10 11 12 13 l~ 

SA .1459 .12811 .11402 .10266 .0933 .08544 .0789 

TABLE 2 

CONCLUSION 

This paper uses two explicit representations 
for overflow traffic moments to study the 
constraints imposed on overflow systems when 
two or three overflow moments have specified 
values. One important constraint is that the 
nagnitude of the marginal occupancy of the 
equivalent primary group is the same for any 
renewal stream. Formulae involving the first 
three o.f. traffic moments thus allowing exact 
dimensioning procedures for assumed Poisson 
input traffic were given. The existence and 
simplicity of such formulae questions the need 
of an E.R. method. Maybe techniques for 
more accurately measuring three overflow traffic 
moments should be the concern of future tele
traffic engineers. 

The basis and formulation of the E.N.R. 
dimensioning procedure was discussed. To 
illustrate E.N.R. charts, E 3 , EI0, D were 
considered typical smooth input streams. 
Properties of the peakedness of the overflow 
traffic as well as the marginal occupancy 
restriction considered in the first section, 
were features of these charts. 

APPENDIX 1 

The following expressions are taken from 
Potter (Ref. 7). 

a.n n! F(N:L,n) [n fN!:.n- 1 fN]-1 (eqn (54)) 

n· I 

where L 
r = 0 

(32) 

(33 ) 
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n. 1 

F(N,L,n) = fN[l-iT L]- iTL L (t)t!R. fN (eqn (50)) (34) 
J = 1 

(eqn (56)) (35) 

M 
N, L 

(eqn (49)) (36) 

V 
N, L 

M [l-M +f [t!f ]-1 - L iT!] (eqn 55) (37) 
N,L N,L N N I-iT " 

L 

Equation (36) is a generalization of equation 
(3.1.35) of ~lallstrom (Ref. 9). 

REFERENCES 

1. BRETSCHNEIDER, G. "Extension of the Equivalent 
Random Hethod to Smooth Traffics" 7th ITC, 
Stockholm, 1973, paper 411. 

2. HOLTZMAN, J.M. "The Accuracy of the Equivalent 
Random Method with Renewal Inputs" 7th ITC, 
StockhollT." , 1973, paper 414. 

3. MINA, R.S. "Th~ Rigorous Calculation of the 
Blocking Probability and its Appiication 
in Traffic Measurement" Sth ITC, r-1elbourne, 
1976, paper 263. 

4. NIGHTINGALE, i).T. "Computation with Smooth 
Traffic and the Wormald Chart" ATR, Vol. 11, 
1977. 

5. PEARCE, C.E.M. and POTTER, R.B. "Some Formulae 
Old and new for Overflow Traffic in Telephony" 
ATR, Vol. 11, 1977. 

6. PEARCE, C.E.M. "On the Peakedness of Primary 
and Secondary Processes" ATR, Vol. l2 ~ 1973 
no. 2, pp. 18-24. 

7. POTTER, R.M. "Explicit Formulae for All 
Overflow Traffic Moments to the Kosten and 
Prockmeyer Systems with Renewal Input" 
Submitted to A.T.R. 

S. SCHERER, R. "On Higher Order Moments of 
Overflow "Traffic Behind Groups of Full 
Access" Sth ITC, Melbourne, 1976, paper 422. 

9. WALLSTROM, B. "Congestion Studies on 
Telephone Systems with Overflow Facilities" 
Ericsson Technics, Vol. 22, 1966, no. 3. 

10. WILKINSON, R.I. "Theories for Toll Traffic 
Engineering in the U.S.A." Bell System 
Technical Journal, Vol. 35, 1956, no. 2. 

ITC-9 

z 
~ 

15 

14 

13 

12 

~ 11 

Z 
et 
~ 10 

U 

IL. 
IL. 
et 
a: 
~ 

:t 
g 
IL. 7 
a: 
w 
> o 

I NPUT STREAM : El 

3~--~ __ ~ __ -4 ___ ~ ____ ~ __ ~ __ ~ __ ~ __ ~~ 

z 
~ 

15 

14 

13 

12 

~ 11 

Z 
et 
~ 10 

u 
t;: 9 
LL 
et 
a: 
~ 

;,: 
g 
LL 7 
a: 
w 
> o 

2 6 10 12 14 16 111 

OVERFLOW TRAFFIC VARIANCE (VN ) 

FIGURE 1 

-'"" - - -,-- - ..... --.-----r-----,----r----r-----r---~ 

INPUT STREAM EJ 

I I 
10 11 12 13 

OVERFLOW TRAFFIC VARIANCE (V N ) 

FIGURE 2 

POTTER-4 



z 
,; 

IS 

13 

12 

~ 11 

z 
4( 
UJ 10 
,; 

~ 
g 
u. 7 
a: 
UJ 
> o 

INPUT STREAM E 10 

32L---J---~'----~S----L---~7~--~--~9--~I~0--~ITI~ 
OVERFLOW TRAFFIC VARIANCE (V ... > 

~ g 
u. 
a: 
UJ 
> o 

IS 

ITC-9 

FIGURE 3 

4 5 6 7 e 9 10 

OVERFLOW TRAFFIC VARIANCE (VH ) 

FIGURE 4 

z 
,; 

14 

13 

12 

~ 11 

z 
~ 10 
,; 

~ 
g 
u. 
a: 
UJ 
> o 

z 
,; 

14 

13 

12 

~ 11 

z 
4( 

~ 10 

u 

E 9 
4( 
a: 
..... 

~ 
g 
u. 
ri. 
UJ 
> o 

E 10 - CONSTANT TRUNKS 

FIGURE Sa 

E 10 - CONSTANT INTENSITY (20,6) 

3~2--~----~--~--~--~--~----~--~--~~ 

FIGURE 5b 

POTTER-5 



IS 

14 

13 · 

12 
~, 

z 
~ 

11 

Z 
« 
~ 10 . 

u 
u. 
u. 

.« 
er: 
.... 8 . 

~ 

~ 
u. 7 -
er: 
w 
> 
o 6 . 

5 --

El0 -
(15 . 1) __ ....-.~-(20 . 6) 

(14 . 1 ) _ ___ -----(20. 7) 

-.-------------
..... _-------------

. ~ 
----~ • _ ~ -o _________ (20 . 16) 

. 0 - - _________ 

4(5 . 1)~ _ o . o. ~ 

00' - ___ .--_0- .______-
32 4 5 6 7 

OVERFLOW TRAFFIC VARJA_NCE 

FIGURE 6 

ITC-9 

z 
~ 

z 
et 
UJ 
~ 

u 
u. 
u. 
et 
0:: ..... 

~ 
0 
-' 
U. 
0:: 
UJ 
> 
0 

9 

8 

7 

6 

E3 
MARGINAL 

OCCUPANCY 

4 5 
OVERFLOW 

6 
TRAFFIC 

FIGURE 7 

7 8 
VARIANCE (VN) 

POTTER-6 


