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ABSTRACT 

This paper describes some methods to model the 
control system of a SPC-station. The processor 
system ofAXE-lO is used as a wellsuited 
example. A multiclass Queueing Network Model 
with switching is employed. An open, restricted 
and closed network is considered. Further, some 
approximative analysis to calculate different 
cielays within the processorsystem are presented, 
e.g. the pre-dialling-delay. And finally, a 
possible extension of the Queueing Network 
Model is discussed. The case of one interrupted 
center in the network is considered. 

1. INTRODUCTION 

The control systems of modern telephone-exchanges 
aretoday almost uniquely constructed of digital 
computers. These systems tend to be complex, 
often with a multiprocessor configuration. This 
calls for a special capacity-analysis of the 
control system. In this paper a Queueing Net
work Model (abb. QNM) of the processor system 
of the . AXE-IO is employed. The use of this model 
is certainly not restricted to AXE-fO, but it 
serves as an excellent example. 

A waste amount of litterature exists in the 
field of Queueing Network Theory. Often mentio
ned are e.g. the works by /2, 5, 6, 12/. Also 
in /8/ there is an excellent presentation of 
this. item. Most of the works are directed to
wards modelling of computer centers and packet
switching networks. But - comparatively, very 
little has appeared concerning SPC-systems. 

From the QNM we will make use of the concept of 
classes and class-switching. The possibility of 
employing three different types of Queueing 
Networks will also be discussed: 

1. 02en Queueing Networks (abb.OQN) 
2. Open Restricted Queueing Networks (abb.RQN) 
3. Closed Queueing Networks (abb.CQN) 

The RQN-model appears to be the most natural app
roach since SPC-systems have a flow-control 
mechanism restricting the number of calls. But 
when calculating different distributions of delay 
within the system the OQN-model is almost a ne
cessary approximation. The CQN-model, often used 
in the modelling of Computer Cen~ers, is as we 
shall see, very useful for computing parameters 
for the BQN-model. It also has its usefulness 
when studying systems with flow control at heavy 
load. 

Some problems arise when computing different 
quantities in the RQN- and the CQN-model. For 
example the calculation of. the normalization 
constant is very time-consuming and memory-de
manding. These demands increase rapidly as a 
function of the number of customers, the number 
of classes and the number of service centers. An 
algorithm which cuts the demand of time is 'pro
posed in this paper. 
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In order to calculate e.g. ~e pre-dialling-de
lay (abb. POD) are some results from L. Taka~s 
/19, 20/ concerning feedback queues used. Al
though his results are exact the total POD ends 
up in an approximative formulae. The formulas 
in /20/ are very complicated to compute, but 
for a M/M/1 case, the results are compared to 
more crude approximations. The density of the 
POD is calculated by means of a rather accurate 
Laplace-inversion algorithm /18/. 

We end up the paper with a discussion about pos
sible extensions of the QNM. One approach in 
this direction is pOinted out by A.W. Shum and 
J.P. Buzen /17/, who introduce a so called Ex
tended Product Form (abb. EPF). At last it is 
important to note that no attention at all is 
paid to eventual blocking in the switching net
work. 

2. THE AXE-10 PROCESSOR SYSTEMS 

The processor system is a hierarchical multi
processor system, see fig 1. The main control 
system consists of a Centralprocessor (CP), dup
licated for reliability. Interfacing towards 
the switching network is controlled and sur~ 
veyed by several Regional Processors (RP). 

TELEPHONE SWITCHING NETWORK 

Figure 1 

Extension modules (EM) serve as hardware inter
faces between different RP:s and the switching 
network. The communication between the CP and 
all the RP:s is established through the Regional 
Processor Handler (RPH). It has an outgoing 
buffer RPH-O and an incoming buffer RPH-I. 
Messages for communication are put in both buf
fers. These messages are called signals and 
will be dealt with in the next part. Besides 
~eglecting the blocking in the switching net
work, the complex scheme which controls the 
scan of the RP:s is also neglected. Under normal 
operation conditions,no significant error will 
be introduced in the calculations that is not 
small compared to other approximations. The 
signals from the RPH-I are put in different cp
buffers. Two buffers are assigned to signals 
concerning traffic activities, JBA and JBB. JBA 
has a preemptive resume priority over JBB, but 
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the majority of signals are put in JBB. The dis
cipline within each buffer is FCFS. For more de
tailed information about AXE-10, see e.g. Erics
son Review, No. 2, 1976. 

3. SIGNALS AND FUNCTION BLOCKS 

These concepts do best describe the function of 
the AXE-10 system. The signals could be regar
ded as messengers carrying information, about a 
call, from one function block to another. For 
each call, depending on its state, one or more 
signals are, at any moment active. Function 
blocks which are made in CP-and/or RP-soft
ware and/or any hardware will be activated by 
these signals and then deliver new signals and 
so on. 

The fate of an individual call has the following 
story. As soon as a call is discovered, it is 
turned into a signal which is put into JBB. The 
signal is then, after some eventual wait, pro
cessed in a CP function block, which delivers 
a new signal to either JBB or RPH-O. And so the 
process continues until the call is completed. 
Fig 2 gives a schematic idea of the process. We 
identify Si=signal no 1 and F-Bj=Function Block 
no j in CP. 

from 

RP1 

S, : call recieved 

from 
RP2 

send 
tone 

to RP2 

1: st digit 

Fig 2 

4. THE QUEUEING NETWORK MODEL 

The proofs and theories underlying the QNM are 
thoroughly revised in e.g. /2, 12/, so these 
will not be dealt with in this paper. 

Let us consider a network consisting of M ser
vice centers '( abb. SC) and R classes of custo
mers (jobs, tasks, signals, packets, .. ). Custo
mers are allowed to travel through the network 
visiting different SC:s and to change classes. 
These changes are made according to 

p, ,=Prob (a class r customer " leaving center 
lr,]S i enters center j and switches 

to class s) 
which forms a transition matrix P=(Pir,js)' It 

can be regarded as defining a Markov chain with 
the states labelled (i, r) , i=1 , .. ,M and r=1 , .. , R. , 
and v:hich is decomposable into U<R subchains. 
This means that customers belonging to different 
classes that communicate, are merged into new 
classes called subsets, EC 1 , ... ,ECU' U~R. 

Since we are interested in equilibrium distri
butions which have product form, the SC:s must 
be of the following types; (see e.g. /2/ ,). 

1. FCFS'/M/1 
2. PS or RR'/G/1 

3 . LCFS-PR·!G!l 
4. . /G/oo 

(Processor-Sharing or 
Bound-Bobin 

or IS=Infinite Server 

(This notation is due to L. Kleinrock /8/) 
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They are referred to as type 1, 2, 3 or 4 SC. 
Loaddependent types 1, 2, 3 SC are not consider. 
red here, see /1, 2/. 

The state of the network is denoted~=(~1 ""~M) 

where ~i = (ni1 ,··,niR)· 

Thus 

p(n) 

where 

and X . lr 

and X. lr 

M 
I fi (~i) 'C 

i=1 

R n . 
n. ! IT x,~r / l r=-1 lr 

R n. 
IT X. lr 

/ n. ! 
r=1 lr lr 

A. lr 
/~ir when SCi is 

A. 
lr/ 

~i when SCi of 

(1 ) 

n. ! lr type 1 , 2, 3 

(2) 

type 4 

of type 2, 3 , 4. 

of type 1 

Air is the arrival rate to SCi class r and ~ir . 

the service rate of that SC. A. is calculated lr 
as Air = Yir + IAjsPjs,ir' where Yir is the 
exogenous arrival rate to SCi class r. 

If we consider open networks, the normalization 
constant C is easy to compute, see /2/. In case 
of RQN and CQN the problem is more complicated. 
Several authors have dealt with this problem, 
e.g. /1,8,9,10,12/. 

-1 
For a CQN we denote C as G (N 1 , .• ,N

U
)' which is 

defined as 

M 
G(N 1 ,··,NU) = I IT fi(!}i)' (3) 

all.states , i=1 
G(~) 

A direct computation of this eXpression is of 
course out of the question. The technique once 
proposed by J. P. Buzen, see /4/, for networks 
with one class, is to consider a network with 
m<M' SC:s and n <N customers. His results have 
been generalized by e.g. Balbo et al /1/ to the 
following recursive convolution 

n" 
I (If (n ». 
v =0 m _m 

1 Inmr=v i 

re:EC i 

where GM(~)=G(~), m=1 , .. ,M,r=1, .. ,R,n.t=1 , .. ,N l 

and l=1, •• ,U. The computation time of (4) in-
I M 2 

creases as approximately M IT , Ni , plus the time 
l=1 

to compute the expression within paranthesis. 
Discrete transforms seem to be one cure for im
proving speed. A more direct approach, see /13/, 
is to treat load independent servers separately. 
Thus for networks containing type 1-3 SC:s is 
in /13/ obtained 

U 
Gm- 1 (!}) + I (IX ). 

L=1 mr 
re:ECL 

. G(n 1 ,··,nl -1, .. ,n
U

) 
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Eq. (5) can be seen as a generalization of the 
algo,xi thm 'in /4/. The number of additions and 

U 
multiplications are approximately M IT Ni. 

l=1 ' 

A mix of load independent and load dependent 
SC: s in the network d.s handled wd.th a mix.ed 
algorithm of (4) and (5). Normally the compu
tation is started by setting the vector 
G(N)=(l,O,O, .• ) or G(N)=(f 1 (0),f1 (1), •• ). With 
0- 1 "-

only one load dependent or type 4 SC ' it is pos
sible to skip the convolution, by labelling 
that SC no 1. 

The speed of (4) may ~urther be increased if 
we set 

u v 
vi! IT O::Xmr ) s/v ! ( 1-;3) 

s=1 rr::EC 
s 

s 
(If (n » 
m~ 

(6 ) 

Inmr=vi 
U v 
IT (IXmr ) s/v ! (4) 

rr::ECi s=1 rr::EC 
s 

s 

U We denote eg. (6) f m (v1 , .. ,v
U
). A proof for 

eq. (6) is give? in /14/. 

Measures of performance using G(N)are derived 
in e.g. /1/ and they are somewhat' e~ab9ra~ed 
in /14/. For example the tl1rouqhput of SCi 
class r: 

The utilization of SCi class: 

N1 
.• I (I P(!}i)· 

v 1=0 

n. l.r 
n. l. 

If the SC is of the type 1, 2 or 3, then 

(8 ) 

( 9) 

And the expression for the mean number at SCi 
of class r is, rr::ECq , 

n. l.r 

NU 
I . . 

vU=O 

N q 
I .. 

v =1 q 

N1 X. 
I ~.V. 

(IX.) q 
v 1=0 l.r 

rr::EC 
q 

( 10) 

Xir ·G(N1 , .. ,Nq -1, .. ,NU)/G(~:> (type 4) 

M 
I IT f. (n.). This func-

all states j=1 ]-] 
j:f=i 

tion could be said to delete SCi. It is calcu
lated almost as (4) or (5), see /1/ and /14/. 

Using Little's theorem, we get the mean delay
time of SCi class r as Tir=nir/Air. (11) 

And of ,course we may obtain the total perfor
mance of a SC, e.g. 

R R R 
n . = I n ir ; U.= I U. ; Tl.·=r=I

1 
Air/Al..Tl.' r . 

l. r=1 l. r=1 l.r 
( 1 2) 
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The normalization constant of a RQN, denoted 
H(N), can be calculated from the above results. 
For simplicity, let us at first consider a 
single class RQN. We note that 

H(N) I 
M 
I n. <N. 

i='1 l.-

N, 
I 

n=O 
I 
M 
I n.=n 

i=1 l. 

M 
IT f. (n.) 

i=1 l. l. 

N 
I G (n) (l!3) 

n=O 

The same result may be obtained by the follo
wing convolution 

n 
H (n)= I f (j)·H 1 (n-j) ,HM(N)=H(N), (14) 

m j=O m m-

which is started by setting HO(~)=(1,1,1 .. ). 

As examples of measures of performances, we 
find that the blocking probability of the net
work is 

B(N) = p(~ni=N) = G(N)/H(N), (15 ) 
l. 

and that the throughput of SCi is 

Ai = lAr· H (N-1)/H(N) (16) 

A generalization of eq. (13) to U subsets and 
R classes leads to 

N 1 

H(~)= I GCV1'·~ ,VU). 
v 1 =0 

(17) 

Eq. (17) gives us an additional 
U. 
IT (Ni +1) addi

i=1 
tions besides the computations needed for (4) 
and/or (5). However, we are still better off 
than with a generalization of eq. (14), since 

U 
that is a ° ( IT N~) problem. 

i=1 

5. AXE-10 AS A QNM 

The functional structure in AXE-10, defined by 
Signals and function blocks, lends itself extre
mely well to a QNM .. First, let us consider a 
station with only one traffic-case, e.g. Incoming 
Local. An arriving call is turned into a signal, 
which we call a job of class 1. This iob ~sig
nal)~s then routed 'via RPH-I into JBB and the C~. 
where a new job (signal), see part 3, 4, for that 
call is generated. The class 1 job has now tur
ned into a class 2 job, and so on. Class switc
hing does only occur when a job is routed 
through the CP. Fig 3 shows the QNM of AXE-10 l.n 
the one traffd.c-case, thus we have only one sub
chain. 
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New signals generated to the CP 

Fig 3 

All other traffic cases will be introduced as 
new independent subchains with the similar class 
switching structure. In this way we get direct 
correspondence between one subchain and one 
traffic case, and one job class and the state 
of a call. 

The CP works as a FCFS center with approximate 
exponential service times. It is interrupted by 
JBA and the job table~ Their load is approxi-

mately 5-10 %. This we model as a "back-log" 
of the service time , (X), i.e. i/(1-load higher 
levels). Another approach is suggested in part 
7 of this paper. The RPH-I-P also works as 
FCFS centers and they have a Rect service dis
tribution with a comparatively very small mean. 

Finally we model the RP:s as ·/Rect/oo SC:s 
since "no queue" will occur in them. Fig 4 
shows, somewhat simplified, a QNM with several 
traffic cases. 

CP 

local-traffic (EC,. class 1) 

1----<IIIt--+-+-- transit-traffic (ECz. class 1) 

Fig 4 

6. DELAY DISTRIBUTIONS 

Calculations of delay-and waiting-times in net
works are complicated, especially when more 
than mean values are wanted. This is due to 
correlation between the SC: s in a ' network. In 
case of Poissonarrivals and independent exponen
tial service times at each SC, E. Reich ,t.16/ 
;:;hows, for queues in tandem, that the Laplace 
transform of the the total delay is the pro
duct of each centre's transform of delay. This 
is also true for a feed forward network, see 
e.g. /20/. But for waiting-times, under the 
above assumptions, J. P. Burke, /3/, shows that 
the correlation exists. The QNM of AXE-10 does 
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not fulfil all of these premises, e.g. signals 
are routed back several times to the CP at 
each v~sit. Nevertheless, some possible approxi
mations are outlined in the following. 

The problems with delays in feed back queues 
having a Round-Robin or other related time-sha
ring discipline are treated by many. A survey 
is found in /8/. B~t since the exact number of 
revolutions at each visit to the CP is known, 
another technique is more appropriate. L. Takacs 
treats in a report /20/, a M/G/1 system with 
feedback. Customers are fed back with the proba
bility a. To achieve the total qelay,it is neces
sary to find the Laplace transform of the total 
delay u~ to the k:th service of the n:th custo
mer, (Dk(S)). In the M/G/1 case the transform is 

very complicated to evaluate, even moments 
higher than one are difficult. (In the appendix 
is a short presentation and a proposed modifi
cation of the formulae.) But for the M/M/1 system 
Takacs finds a formulae that is a trifle simpler: 

(18 ) 

where 

fk (sl = r"+~+S) -f [1 l, S=1-a 
~k(S) ~/" .J A/S"I 

When k=1,2,3 explicit formulas are obtained, 
see the appendix. Otherwise a numerical Laplace
inversion must be used. We have tried one by 
H. Stehfest /18/. It gives rather accurate 
results and is "quite" insensitive to variation 
in parameters. 

Eq. (18) was compared to two crude approxima
tions: 

1. Let the delay up to and incl. the k:th ser
vice be independent of earlier del~Y. Thus 

* k Sk ( s) = (y / ( s+y)) , ( 1 9 ) 

where y=~(1-p) and O=A/a~. Ipterestinq to 
note is that (18) arid (19) have the same mea~ 

E(delay after k services)=k/(~(1-p)) (20) 

2. Let the delay be exponentially distributed 
with the same mean as (18) and (19) = 

* Tk = (y/k)/(s+y/k) (21) 

The coefficients of variance (C~ (k)) corre

sponding to eq. (18) are e.g. 

k=1 C~ (1 )=1, k=2 = C~ (2)=1/2+p/2, 

k=3 C~ (3) =1/3+4p/9+2 p2/9. For eq. (19) we 

have c; (k) =1 /k and ·for eq. (21) C~ (k) =1 . 

In fig 5 we see a comparison of density func
tions when k=2 and p=.8. 
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dlt) p:: 0.8 1. eq. (16) 
2. eq. (19) 

0.1 3. eq. (21) 

0.05 

o 5 10 15 20 25 t 

Fig 5 

If we compare some values in the tail, table I, 
the result is quite interesting. Eq. (18) and 
(21) are very close, but as expected eq. (19) 
is f 'ar 6ff. 

t:eq ( 18) (19 ) (21 ) 

20 -2 -2 -2 1.35·10 1.46"10_~ 1.35·10 
50 -3 -3 5.70 ... 10_

5 
9.07.10_

8 
6.73.10_

5 10 2.90·10 8.24·10 4.54·10 
15 -7 5.60;10- 12 3.05.10- 7 1.48·10 
29 1.02'10- 13 0 3.10'10- 13 

Table I 

Eq. (18) is now used to calculate the Laplace 
transform of the pre-dialling-delay (PDD) 

D;DD(s).The same assumptions .apply as in part 5. 

Thus we qet the following approximate formulae. 

* 
NRP 

DpDD (s) IT (e -st 1 (RPn) -e -st z (RPn) ) /s. 

n=l 

where 

NYCP 
IT 

m=1 
* DI (m) (s) (22) 

Rect(t (RPn) ,t z (RPn» is the delay of RPn. 
NVCP=Nfrmber of visits at the CP 
NRP=Total number of visited RP:s 
I (m)=Number of services at the m:th visit 

at. the CP. 

(The contribution from the RPH is here neglec
ted,) Since the first term contains disconti
nuities, which ~re malicious to numerical 
inversion, this evaluation is done separately. 
Anyway, it will only give', us an "almost" con
stant delay. Because NRP is large, this contri
bution will thus be neglected in the following 
computations. And PDD calculated according to 
(19) leads to 

* * M NVCP 
SPDD(s)=IT1(Rect~ .».(S (s» ,M= L I(m) (23) 

m=l 

Finally, the corresponding expression for (21) 
gives us 

* NVCP 
TpDD(s)=llL(Rect(.)). IT (y/I(m»/(s+y/I(m» 

m=f 
(24-) 
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Table 11 contains a comparison of the three 
presented formulas,where p=.8,I(m)=1,2,3,NVCP=7 
and M=14. 

eeq (22) (23) (24) 

8 3.86·10 2 1.56.10- 2 4.21'10- 2 

10 6.14 4.88 6.07 
12 7.36 8.36 6.96 
14 7.36 9.96 6.85 
16 6.49 9.17 6.07 
20 3.94 4.40 3.82 -3 
30 .4.68'10- 3 -4 9.60 '·10 5.68·10 
40 2.42"10- 4 -6 4.29.10- 4 4.57'10_ 9 50 1. 52 9.40 '·10 1.23 _ 5 
60 -4 1.04,10 0 9.25·10 

Table 11 

We see a slight difference between the results, 
e.g. that (22) and (24) have earlier maxima 
than (23), that the tail of (23) is shorter 
than the tails of (22) and (24) As with eq. (18) 
and (21), they follow one another rather tight. 
This could be expressed in terms of the co
efficient of variance: 

1 2(2k
3
+k z )p+2k

3P
z 

Eq.(22)~C~DD(1) 3k
3
+2k

z
+k

1 
+ (3lc3+ 2k z+ k l)Z 

ki=number of visits when I(m)=i 

Eq. (23) C~DD (2) =1 /t-I 

Eq. (24) C~DD (3) =(9k 3 +4k z +k 1) / (3k
3 
+2k z +k1)Z 

Using the above parameters: C~DD(1)=.141; 

C~DD (2)=.0702r C~DD(3)=.163 

7. AN EXTENSION OF THE ONM 

A. W. Shum and J. P. Buzen suggest in /17/ a 
what they call "An Extended Product Form" (EPF). 
The idea is to exchange one or more SC:s with 
M/G/1 or M/G/1/N centers, having e.g. a FCFS 
service disCipline, and still withholding the 
product form. A suggestion is here made, how 
to apply this idea to Queueing Networks con
taining one SC, which is interrupted by higher 
level tasks. 

Let us first consider a M/M/1 system with a ser
ver which is interrupted by some external pro
cess. The distance between interruptions is 
exp(1/A 1 ) and the length arbitrary. But in 
this example we assume that the interruption
time may be fitted to a H2-distribution, its 

first three moments. The server could thus 
be regarded as a switch with two closed states 
(0 1 ,0 2 ), and one open state (1), see fig 6. 

During closing time no service is given to the 
job occupying the server or those waiting. 
(The server-switch originates from the idea of 
IPP-generators.) 

.A.1 = T1 + 72 = total closing intensity 

1/Wi = mean closing time in 
state i 

Fig 6 

Thus we obtain the following state diagram of 
the , · ~ system (Az=arrival rate to the interrupted 
system and 1/~2=its mean service time): 
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Fig 7 

and z-transform of the number of customers. 

P (z) :c: l: Prob (N=n) . zn= 

Prob(N=n) may be calculated from (25) by a re
cursive algorithm proposed by prof. B. Wall
strom. 

If the interrupting process is a M/G/1 system, 
the parameters of the switch should be fitted 
to the moments of the busy-period of a M/G/1 
system. This gives g.ood results compared to 
the exact ones. Exact formulas are found in e.g. 
/7, 21/. Note that the fitting of three moments 
to the H2-distribution is impossible for p be
low spec.i .fic values, depending on the service 
distribution chosen. (E.g. exponential and 
hyper~exponential service time ~ p>O, determi
nistic ~ p > 0.5). 

We may also express the Laplace transform of the 
delay encountered by customers at the interrup
ted system, D~(S). For this we use a well-known 
M/G/1 property, thus 

D~(S) ~ p(A~:S) (26) 

And if the interrupting process is a M/G/1-
system, are also in this case good results 
achieved, compared to the exact ones. See 
tables III and IV for comparison 

Parameters: PI=.1, P2=.7, mean-delay=5.56 

t q. 

1 
2 
5 
10 
12 
15 
20 
30 
40 
50 
60 
70 
80 
90 
100 

(26) 

-1 
1.54·10 
1. 24 -2 
7.09·10 
2.94 
2.07 
1. 22 _ 3 
5.10.10_ 4 
8.85,10 
1.54 -5 
2.67.10_ 6 
4.63.10_ 7 
8.03,10 
1.48 -8 
3.70'10_ 9 
1.37·10 

Exact 

-1 
1.54·10 
1. 24 -2 
7.09·10 
2.94 
2.07 
1.22 -3 
5.10.10_ 4 
8.85,10 
1.54 -5 
2.67.10_ 6 
4.64.10_ 7 
8.03,10 
1.53 -8 
3.66'10_ 9 
1.76·10 

1.64.10- 1 

1.34 2 
7.36,10-
2.71 
1.81 
9.96.10- 3 

3.66 -4 
4.96'10_ 5 
6.70~10_6 
9.08·10 
3.34 -7 
1.66.10_

8 
2.25.10_ 9 
3.00.10_ 10 
4. ·10 

Table III 

Parameters: PI=.5, P2=.25, mean-delay=24 
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e'q· (26) Exact Exp(x/(1-Pl)) 

1 4.46.10- 2 4.45.10- 2 4.76.10- 2 

2 4.12 4.11 4.52 
5 3.44 3.42 3.89 
10 2.68 2.69 3.03 
12 2.44 2.46 2.74 
15 2.14 2.16 2.36 
20 1. 74 _ 3 1. 75 _ 3 1.84 _ 3 

50 5.16'10_ 4 
5.15'10_ 4 4.10'10_4-

100 6.88'10 6.88'10 3.37,10 
120 3.07 5 3.08 5 1.59 -5 
150 9.17'10- 9.21'10- 2.77'10_ 6 
200 1.24 6 1.25 2.27.10_

7 
220 5.67'10- 5.74'10- 6 8.35'10 
250 1.76 7 1.79, 7 1.86 8 
300 1.51'10- 1.62'10- 1.53'10-

Table IV 

The idea is now to put the Pr.ob(N=n) from 
eq (25), but not normalized, into the equilib
rium distribution of the Queueing Network, still 
maintaining the product form, see eq. (1). The 
next step is to calculate G(N)or H(N)and then 
the other quantities wanted.-Note, that when 
Ai = 0, the solution is exact. 

There exists no general proof of the accuracy 
of the EPF, so a lot of trials have to be 
carried out. 

In a sense, we can say that the delay-calcula
tions in part 5 are an extension of the QNM, 
since we allow an independent treatment of cor
related variables. 

Finally note that other types of server-switches 
may be obtained by rearranging the transition 
between the states of the switch. Additional 
states could also be incorporated. 

8. SUMMARY 

Some methods for modelling SPC-systems as the 
AXE-10 has been presented. Due to the complexity 
of such systems the approximations are sometimes 
rather crude. Although the multiclass QNM seems 
to be a promising possibility, especially when 
considering the good results obtained for models 
of computer centers and packet-switching net
works. 

But, it is easy to see one important limitation 
of the CQN- and RQN-model, the need for lots of 
storage. For example, a station capable of hand
ling 4 different traffic cases and a maximum 
of 400 calls, implies a need for - 10 8 states 
to be stored. 
This calls for ap2roximation of the existing 
formulas for these QNM: s. Otherwise the O.QN and 
limited application of these models are the 
only ways. 

During the preparation of this paper, I found 
in /23/ that Kobayashi and Reiser derived much 
the same results as those in eq. (4) and (5) 
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APPENDIX 

L. Taka~s defines in /20/ the simultaneous 
transform 

(k) N(k) 
Uk(S,z)=E(exp(-sdn ) Z n ), where 

d(k)= the delay of the n:th customer up to 
n and including his k:th service. 

N(k)= the number of customers the 
n tomer leaves after his k:th 

(or meets when he joins the 
the k+1: th time) 

Thus he finds 

* Uk+ 1 (s, z) =H (s+ A (1- z) ). 

. Uk ( s, (S+Cl z ) H * ( s+ A ( 1 - z) ) , 

k=1 ,2, .• 

* 

n:th cus
service, 
queue for 

(A1 ) 

where H (s)=L(h(t», is the Lanlace transform 
of the service time. U1 (s,z) is in the general 
case calculated from U(s,z), see /19/. When 
H* (s) =ll/ (S+ll) we get eq. (18}, U

k 
(s, 1) =D:(S» . 

For k=1,2,3 are obtained 

* 0
1 

(s) 1l(1 -p)/(S+1l(1-p» (A2) 

* ~2 (s) 112 (1-p)/( (S+ll) 2-All (1-Cl/S» (A3) 

* . ,1)3 (s) 113 (1-p) / ( (S+ll) 3+ (S+ll) 2 A-2 All (S+ll)-

(A4) 

. P=A/Sll 

In the AXE case, not only the the number of re
volutions (fed-back signals) at each visit at 
the CP are known, but also the exact execution 
time of each signal. 

We modify eq. (A1), by setting ti=execution time 

of a job at its i:th revolution. By employing 
the same technique as in /19/, the following 
conditional transform is calculated: 

-sd (k+1) N (k+1) I k 
E (e n z n d (k.) '= w+ Lt.,N (k) =j) = 

n i=1 1. n 

k+1 

=e- s i~1 tie-sw (S+ClZ) j f e-sy -A (1-z) • 

o 

(A5) 

where w is the waiting time up to and including 
the the k:th service. And H, (y) is the convolu-

J 
tioh of j services distributed as het). 
dHj(y)®o(y-tk ) is the total time spent during 

the k:th revolution. Removing the conditions 
leads to 

k+1 
U (s z)=e- s ( L ti+tk A(l-z». 
k+1' i=1 

ITC-9 

* Wnen e.g. H (S)=ll/(S+ll) and k=2 we get 
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