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ABSTRAcr 

'Contiolmechanisms which regulate 'the acceptance of new 

calls are needed in a Stored Program Controlled 

telephone exchange to prevent processor overloading. This 

paper presents a model which contains most of the 

essential quantities that determine throughput and 

processor loading. Using an optimal control approach, the 

problem of maximizing throughput under a processor 

loading constraint can be formulated as an optimization 

problem with a great deal of structure. It is proven that 

the corresponding optimal control is of a particularly 

simple form, which is important for practical computation. 

1. INTRODUcrION 

P~ocessor loading in a Stored Program Controlled telephone 

exchange is mainly determined by processing tasks which 

are generated by calls during the set-up phase (digit 

scanning, path finding, etc). Under conditions of high 

traffic load, tha~ is, a high arrival rate of new 

calls, the number of calls ,in the set-up phase becomes 

large, thereby generating many tasks for the central 

processor per unit of time. In the absence of control 

mechanisms it may come to the point that the waiting 

times of time-critical tasks for the central processor 

are so long that some of the call set-ups fail. Reaching 

this point must be prevented, otherwise processor 

capacity would be wasted when needed most. 

The need for a control mechanism has also been discussed 

in earlier publications ([lJ - [2]), together with an 

analysis of some particular control mechanisms. In this 

paper we want to follow an optimal control approach to 

determine the best control law for the given model, 

which eliminates some arbitrariness in the. choice of the 

control law. 

The main purpose of this paper is to illustrate the 

usefulness of elementary ideas of optimal control - in 

fact we do not go further than chapter 10f [3] - in 

queuing systems. Questions arising on implementation 

of the optimal control law, e.g. how should the refusal 

of new arrivals be effectuated or how should some 

parameters be estimated, are not discussed here. 
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Figure 1. Flow of calls and tasks. New calls arrive 

according to a Poisson process, with intensity A. 

Depending on the value of control variable u, they are 

accepted or refused. Each accepted call occupies a call 

register during the set-up phase; x being the total 

number of call registers occupied. The Poisson stream of 

tasks, with intensity B.x, fl~ws toward the Central 

Processing Unit; y being the number of tasks waiting 
I 

for the CPU. 

An outline of the model is given in fig. 1. The arrivals 

of new calls are assumed - as usual - to form a 

Poisson process of intensity A. The control that can be 

exercised is to either accept or refuse new calls. When 

the control variable u = 1 then new calls are accepted 

when u = 0 , they are refused. 

For mathematical convenience we shall also admit values of 

u sucn that o<u<l; in that case u is to be interpreted 

as the probability that a given arrival will be accepted. 

Each accepted call occupies a call register during the 

set-up phase with an expected holding time H. 

The holding times of the call registers are 
* ) 

assumed to have a negative exponential distribution. 

Integer x denotes the number of call registers that are 

occupied. The total number of available call registers 

*) 
This assumption is not so important for the remaining 

analysis. It can be dropped if it is decid~d that the 

control law will not depend on the age distribution 

of the occupied call registers. 
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is limited to M, although this is not a real 

limitation since generally the control law will keep x<M. 

During the set-up phase each call generates tasks for the 

central processor. Therefore, we introduce another Poisson 

process, this one with intensity B.x, which models the 

arrival of tasks at the CPU. The CPU operates with clocked 

service, this means that on each clockpulse min{y,N} tasks 

are taken from the queue, where y is the number of tasks 

waiting in the queue and N is the number of tasks that 

can be processed by the CPU in a clockpulse interval. 

There is a certain queue length YM, beyond which the 

processing delay for tasks becomes too high for successful 

call processing. We will later introduce a cost function 

which is expressed in terms of the probability Pr{y>Y }. 
M 

After proper definition of the control law, x(t), y(t) 

and u(t) become well defined random processes. For the 

purpose of model description we found it sufficient to 

write simply x, y and u, later on we will use x, y and u 

to mean x(m), y(m) and u(m) respectively, i.e. the random 

processes in their infinite horizon steady state 

distribution. 

The aim is now to find the control law that per unit of 

time accepts as many calls as is possible under a given 

cost constraint. This will be worked out in the following 

sections. 

3. OPTIMAL CONTROL FORMULATION 

3.1 STATE AND CONTROL VARIABLES 

Roughly speaking, the state of the system at time t is 

the information, which summarizes the history up to time 

t, and from which the future is statistically determined. 

In our case this information is x(t), y(t) and T = time 

elapsed since last clockpulse. Future events are 

statistically independent of any additional information, 

due to our assumptions of negative exponential distributed 

holding times and Poisson streams. 

Consider the ·system in an interval between two successive 

new call arrivals, at tl and t2 respectively, and let 
+ x(t
1

) be the number of occupied call registers throughout 

this interval. The expected number of tasks arriving at 

the CPU , in this interval is orders of magnitude larger 

than 1, since each call set-up consist of many 

processing tasks. Furthermore, in this interval the value 

of the control variable has no influence on the arrival 

process of tasks at the CPU. This implies that the 

probability of exceeding a queue length of Y
M 

is almost 

completely determined by the steady state distribution 

corresponding to a~ arrival intensity B.X(t~) and that 

the dependence on y(t) and T can be neglected. Therefore, 

for the purpose of controlling the system the state 

variable is just x(t). The state space X = {0,1,2, ••••• M}, 

then, is the range of x(t). The role of ' y(t), being - for 
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given x(t) - an autonomous random process, is discussed 

further in paragraph 3.3. 

According to the model definition in section 2, control 

variable u(t) controls the acceptance of new calls in the 

way that if a new call arrives at time t then it will be 

accepted with probability u(t). The control space 

U = [0,1) is the range of u(t). 

Having defined the state space and control space, we can 

now state that a (stationary) feedback control law is 

a map g : X U, or, in Simpler terms, u(t) = g(~(t)) . 

We shall use notation ui for g(i). 

3.2 EQUILIBRIUM DISTRIBUTION 

When a control law g is specified, x(t) is a well defined 

random process with state transitions as indicated in 

fig. 2. 

Figure 2. State transitions. The quantities along the 

arrows - when multiplied by dt - give the probability 

of observing a corresponding state transition in a 

randomly chosen time interval of infinitesimal length dt, 

given that at the beginning of the interval the system 

is in the state which happens to be at the tail of the 

arrow. 

The product form solution of the steady state 

distribution Pi = Pr{x = i} i = 0,1,2, ••••• M for a 

birth-death process as in fig. 2 is well known and is 

given by 

i 0, 1, 2, •••• , M-l (1) 

The set of equations which determines the steady state 

distribution is completed by the norm equation 

(2) 

3.3 OBJEcrIVE AND COST FUNcrION 

The objective is to admit as many calls per unit of time 

(throughput) as possible while at the same time the cost 

constraint, due to limited processor capacity, is 

satisfied. Since the arrival process is a Poisson process 

which is independent of the state of the system, the 

throughput is directly proportional to the fraction of 

time that calls are admitted. Thus we define as our 

objective function 
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L 
o 

M-I 
L 

i=O 
(3) 

Not every call can be admitted because, when too many call 

registers are occupied, so many tasks for the CPU are 

generated that a too long queue can build up. We consider 

the queue length at point~:just before the clockpulse. On 

every clockpulse the CPU takes N tasks from the queue 

- or less if the queue is shorter - to be processed. 

Tasks that are further back in the queue than YM must 

wait too many clock cycles before being processed by the 

CPU to guarantee proper call processing. We therefore 

want to limit the probability of exceeding queue 

. length Y
M 
t~ sa~ 1%. The calculation of this probability 

of exceeding queue length Y
M 

for a queue with Poisson 

arrivals of intensity B.x and clocked batch service, is 

a full problem in itself and will be discussed elsewhere. 

Starting from the : same generating function as in [41, on 

page 50, we constructed an algorithm to calculate 

c(B.X,N,y
M

) = Pr {y>Y
M 

I arrival rate B.x, batch size N}. 

The function c(., ., .) is increasing and strictly convex 

in its first argument. The cost associated with the state 

x=i can now be defined as 

c : 
~ 

Let K be the small permitted probability of exceeding 

queue length Y
M

' .then the cost constraint is 

Mathematically the problem is now reduced to 

max 

O<u <1 
- i-

LO such that (1), (2) and (5) are 

satisfied and 

for i=O, ••• , M 

3.4 FORM OF OPTIMAL CONTROL LAW 

The constrained maximization over u
i

' i=O, 1, ••• , M, 

(4) 

(5) 

(6) 

as presented in (6) above, is very non-linear since the 

objective function contains sums of products of u
i

• By 

reformulation in terms of a constrained maximization over 

Pi' i=O, 1, ••• , M., we fortunately get a linear program

ming problem, as will be shown below. Besides being 

interesting as an example how controlled queueing 

systems relate to linear programming problems, the new 

formulation makes the proof, that the optimal control 

law is of a particularly simple form, almost' straightfor

ward. Given the form of the optimal control law, compu

tation of the optimal control law becomes even much 

simpler than executing the simplex method of linear 

programming. 

Observing that the u i 's are limited to the interval [0,1] 

and that the Pi'S. are non-negative, the set of 
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equations (1) is equivalent to 

0, 1, ••• , M (7) 

(i+l) .PHl - B.A.Pi':; 0 i 0, 1, ••• , M-I (8) 

When two successive values Pi and Pi+l are such that the 

":5." inequality is an equality, this implies that the 

corresponding u i =l or that Pi = Pi+l = O. 

Of course, we maintain the norm equation (3) 'and the 

cost ' cons~raint (5): 

M 
L .p 

i=O i 
{9) 

( 10) 

From the set of equations (1) it follows that 
1 

Piui = H:A (i+l).Pi+l' i = 0, 1, ••• , M-l, therefore we 

can take as objective function 

L (11 ) 

L ' differs form L defined in ' (3) only by a constant 
o 

positive factor B.A. Thus maximization of L is equivalent 

to maximization of Lo. L can be interpreted as throughput 

expressed in Erlangs. Clearly, maximization of Lover 

Pi' i = 0, 1, ••• , M, under constraints (7)" (8), (9) 

and (10), constitutes a linear programming problem. 

At this point we are prepared to state and prove the 

main result: 

* Theorem. Let Pi' i = 0, 1, ••• , M, be the solution of 

the linear programming problem above and let k be the 

* largest index such that Pk > O. Then, the corresponding 

optimal control law, defined by 

* U.= 
~ 

(H1) .P!+l 

* B.A.Pi 

arbitrary 

within [0,1) 

has the property that 

for i 

for i 

0, 1, ••• , k (12) 

k+l, ••• , M, (13) 

for i 0, 1, ••• , k-2 (14) 

o < U. < 
~-

o 

u . can be set 
~ 

o 

for i k-l 

for i k 

for i k+l, ••• , M 

Proof. Let us first deal with some trivialities. By 

* 

(15) 

(16) 

(17) 

definition of k, Pi = 0 for i = k+l, ••• , M. This means 

that the states x=i, i = k+l, .•• , M do never occur. 

Therefore the values of the optimal control law 

u~, i = k+l, ••• , M, have no influence on the optimality 

* and can be set = O. Furter, Pk+l = 0 implies by (12), 
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which is in fact the same equation as (1), that u
k 

= O. In 

the same way, Pk > 0 implieE . uk.-l > O. The rig"ht-hand 

inequality in (15) is implicit in the constraints of the 

, linear programming problem. 

* It only remains to be proven that u
i 

= . 1 for i = 0, 1, 

••• , k-2. We do this by assuming that for some index j, 

* o < j ~ k-2, u
j 

< 1 and then show that the corresponding 

p~, i 0, M, cannot be optimal. 

If u
j 

< 1, then this implies slackness in the corresponding 

inequality of (A). Thus it is possible to slightly decrease 

* * .Pj by ~O and i~crease Pj+l by ~1. Also ' since Pk > 0, we 

can decrease Pk by a small amount ~2. Now choose 

O. (ck - c j + 1) , 

o. (c
k 

- c
j
), 

o. (c
j
+1 - c

j
), 

(18) 

where 0 is positive but sufficiently small so as to make 

the ~'s indeed so slight that constraints (7) and (8) 

remain satisfied. It should be remembered that the ci's, 

as defined by (4), are increasing and strictly convex in 

index i. Also, with choice (18) the norm ; constraint (9) and 

the cost constraint (10) remain satisfied because the 

change in norm is: 

-~O + ~1 - ~2 

o. (-ck+Cj+l+ck-Cj-Cj+l+Cj) o 

and the change in cost is 

-~O·Cj+ ~1·Cj+l-~2·ck 

o. [(c
j

+ 1-ck ) • c/ (ck -c
j

) • c
j

+ 1 + (c
j 
-c

j
+

1
) • c k ] o 

Finally the change in the objective function is considered; 

it is: 

-~O·j + ~1· (j+l)-A2 ·k 

o. [(c
j

+
1
-c

k
) j + (ck-c

j
). (j+l)+ (c

j 
-C

j
+

1
).k] 

o. [ (c
j

+
1

-C
j

) (j-k)+ (c
k 

-c
j
)] > 0 

The last inequality follows from the strict convexity of 

the ci's, which, in a more usual notation, is equivalent 

to 

We have now shown that, if u
j 

< 1 for some j with 

* O ' ~ j ~ k-2, we can improve the optimal Pi'S without 

violating the constraints. Thus, by contradiction, we 

must have u
j 

= 1, j = 0, 1, ••• , k-2 Q.E.D. 

Let R be the family of control laws that are represented 

by a positive real number r (0 < r < M) in the following 

way: 
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while i < r-1 

r-i if i < r < i+l 

o if i > r 

~~e theorem states that the optimal control law belongs 

to this one dimensional family. This result greatly 

simplifies the construction of an algorithm to find the 

optimal control law. 

4. CONCLUSION 

It has been illustrated that elementary ideas of optimal 

control find a useful application in the control of 

certain queuing systems. 

For a simple model of throughput and processor loading, 

the optimization problem of maximizing throughput under a 

processor loading constraint has been formulated. The 

optimization problem was rich in structure, thereby 

allowing a strong result regarding the form of the optimal 

control law to be proven. 

The paper can be considered a promising start in the 

application of optimal control to call acceptance in an 

SPC exchange. Further research needs to be done. Among 

others, the model could be extended to incorporate 

processor loading due to refusing new calls and questions 

of implementation are still to be answered. 
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