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ABSTRACT 

Since simulation of teletraffic problems often 
affords long program runs on computers it is 
necessary to have a good measure for the error 
of the results obtained in any state of the 
simulation process. 

Looking at first to the common method of conf'idence 
intervals it is recalled that this method pro
vides a subjective measure for error -depen-
ding among other things on the choice of the 
confidence probability. This is exemplified in 

case of the X2-distribution. 

An alternative measure for error can be derived 
trom Bayesian method.s in -,statistics. After a short 
review of these methods it is reminded that the 
most conservative description of the a priori 
knowledge of a ;' practically unknown parameter 
(to be determined by simulat·ion) is given by the 
uniform distribution according to Bayes's postu
late. This assumption "on the safe side" leads to 
the so called objective Bayes-function. This 
function being well defined for all elementary 
random processes provides 'simple formulae for 
objective statements about the best estimate of 
the parameter involved and about the absolute or 
relative error of the best estimate. 

The relative error can be used as a criterion to 
stop simulation when this error falls below a 
prescribed value~ It .is further shown how the 
absolute qnd relative error can be graphically 
e;cpressed' '1"n diagrams of .a simulated distribution 
function with logarithmically scaled. ordinate. 

The appendix contains a table of formulae for the 
objective Bayes-function, best estimate and relat~ 
ive error after n trials of the a priori unknown 
parameters of tpe Binomial-, Pascal-, Erlang-, 

X
2

- and . NQrmal-:-d:i.s..tri.bl,ltion • 

1. INTRODUCTION 

1.1 Computer simulation /1/ is a generally accept-
ed method to describe the behaviour of tele

traffic systems whenever analytical methods can 
not be applied /2/. But the high cost" for long 
program running times on large computers often 
limits the complexity of the networks which can 
be simulated and/or the accuracy of the results. 
It is therefore very important to control the 
simulation process by same measure for the error 
of the results obtained. Usually this is done by 
calculating confidence intervals, a common tool 
in most text books on applied statistics e.g. /3/, 
/4/. 

In the present paper we will take a critical look 
at this standard method and compare it to a 
substantially different measure for error which 
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can be derived within the general framework of 
Bayesian methods /5/ by means of the so called 
objective Bayes-statistics /6/, /7/. 

1.2 It should be noted that certain fundamental 
concepts of statistics have been and are 

still a matter of severe dispute and that the 
practical statistical tools may depend on the 
choice of such concepts. The main question is 
whether Bayes's theorem on the inversion of 
conditional probabilities should be applied for 
finding basic solutions in statistics /5/, /8/. 
The theory, problems and the historical back
ground of Bayesian methods cannot be treated here 
but in section 3 the reader will notice the 
straightforward reasoning behind this approach 
which has been originated by the early pioneers 
in statistics: Th. Bayes (1702-1761) and P.S. 
Laplace (1749-1827). For literature in this field 
see /9/, /10/, /11/. 

1.3 Our investigations are preferably concerned 
with random processes which produce a 

continuously distributed r.v. ~ having a well 
defined p.d.f. f(x). We write ~ for the expect-

atio~ E{x} and ' v for ' the variance ·E{ (J:C-J,.t) 2} .One of 
the frequent tasks in simulation is to determine 
the a priori unknown parameters ~ and v from the 
random vector : (x1 '~2' •... x n ) which has been 

measured in n independent trials 1 ). For this 
purpose we form in accordance with common methods 
two sum-r.v.' s 

n 

y = L:xi (la>.,. E{y/n} ~ (1 b) 1 

i=1 

n 

= L; xt 
2 (2a) , ' E{n/{n-l)) ~ v]r n - y /n (2b) . 

i=1 n = 2,3, ..• 

The variables y and n can be described by a well 
defined p.d.f. f(yt~) resp. f(nlv). These · 
functions are the basis for any attempt to gain 
kno.wledge ot · the parameters ~ and v. 

2. CONFIDENCE INTERVALS 

2.1 We are so much familiar with the use of 
confidence intervals as a measure for error 

(or tolerance) that we are not always aware of 
the fact, that certain properties of this method 
have been always ~ritized /12/, /9/. We will look 
here at the problem of subjectivity when stating 
confidence intervals. This aspect can be best 
understood in case of a non-symmetrical distribut
ion. To give a typical example relevant to many 
applications, let us assume that the r.v. x is 
normal-distributed. Then the sum-r.v. n eg. (2a) 

i~ described by the p.d.f. f(nlv) of the , x
2

-
distribution with n-1 degrees of freedom 

1) The methods how to secure independency by 
proper sampling is not subject of the present 
paper 
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f(n Iv) 
[n/(2v)] (n-3)/2, exp [-n/(2v)] 

n == 2,3, .•. 

2v f(Sl) " ~( " 3) • 

In conventional statistics the best estimate of 
the a priori unknown parame~er v is often de
termined by the maximum likelihood principle /3/, 
/4/, which yields in the present case the value 

1\ 
V n/(n-1) (4). It can be shown that 

f(nlv) taken as a function of v has its maximum 
for v == ~. Compare this to the best estimat~ v in 
se"ction 4. 1 . 

2.2 For an odd number of trials n == 3,5, .... 
eg.(3) represents the Erlang-distribution and 

we can state the distribution function p(n ; nlv) 
in the explicit form 

• 

l n 

P( n ; ~ Iv) == ff(n Iv)' dn 

o • m 
(~/2) i ( 5) 

== 1 - " e - z/ 2 Z 
i! r i==O 

~ == n/v; n'== 2m + 3; m == 0,1,2, .... J 
This function is depicted in fig.1. In the dia
gram we have inserted a confidence probabil i ty 
Pc == 0.8 whose exact location along the vertical 

axis is determined by its middle point PM within 

the range 

(6) • 

Ft/2 

~--
Q5T---+-----~--~~~--~----~~ 

I 
confidence 
interval 

5 
~/v = i 

10 

Fig.1 x2-distribution-function pen ; ~Iv) eg.(5) 
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and construction of a confidence inter
val for Pc == 0.8 and PM = 0~55 in case of 
n =: 3 trials. 

The intersection pOints of the lower and upper 
levels P 1 == PM - Pc/ 2 resp. P 2 = PM + Pel2 with 

the distribution curves in fig.1 yield the 
limits n1 and n2 and we have 

• 
n2 

P (n
1 

< < 
;2 Iv ) J f(nlv) ' dn Pc (7) . n 

;;1 

Since the parameter v is unknown, we cannot 
determine from eg.(7) resp. fig.1 the values 

n1 and n2 but only the values ~1 == n1/v and 

Z2 == n2/ v of the variable ~ introduced in eq.(5). 

Then we can state that the following relations 
are true 

• < 
n/v 

< . 
z1 z2 .... (8) and by inversion 

~ > v 1 v == v 2 } (9) • 

The values v 1 and v 2 represent the upper resp. 

lower limit of the confidence interval as a 
measure for the error associated with the 

1\ 

conventional best estimate v eg.(4) for the 

parameter v of the x2-distribution. - Along 
similar lines we can find confidence intervals 
for many other important distributions. 
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80~---------------------~---------------------------~ 
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40 -@ f{~J } 
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curve ®: as a function f(Pc ) of the con·
fidence probability PC' PM constant. 
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2.3 The limits v 1 , v 2 of the confidence interval 

are a function of n eq.(2a), the chosen 
confidence probability Pc and the middle point 

PM chosen in the range eq. (6). In order to under

stand the implications of these dependencies we 
look to the simple exponential-case n = 3 resp. 
m = 0 in eq.(5) and find for eq.(9) 

n 

where the sign "+" resp. 

v 2 · 

"_" 

(10) , 

belongs to v 1 resp. 

2.3.1 Fig. 2 curve 0 shows how the width v 1 -v 2 

of the confidence interval may vary de
pending on the choice of PM. Consequently 

except for the special case of symmetrical 
distributions (like Student's t-distribut
ion) the generally accepted convention to 
choose PM = 0.5 does not yield the smallest, 

that is the most favorable confidence inter
val. This insight may lead to uncertainties 
what value of PM should be taken. 

2.3.2 On the other hand fig.2 curve ® illustrates 
how the width v 1-v2 may vary depending on 

the choice of Pc. Naturally we intend to 

cho~se Pc as close to one as possible 

(e.gi Pc = 0.9 or 0.95 or 0.99) provided that 

the resulting value v 1-v2 compared to the 

value of the best estimate ~ eq.(4) does 
not look too "unfavorable". The limit case 
Pc + 1 is not allowed of course. 

These considerations make clear, that inspite ' of 
certain conventions every statement of a confidence 
interval depends on individual choices of the 
parameters PM arid Pc and consequently must be 

classified as a~ subjective measure for the error 
of statistical results. 

3. BAYES-STATISTICS 

3.1 In every Bayes-statistics a parameter like ~ 
in the p.d.f. f(YI~} associated to eq. (1a,b) is 

treated like a random variable in the following 
sense: in any state n of a statistical measurement 
yi~lding a :esult y , eq. (1a) the knowled~e on the 
value of ~ 1S descr1bed by a p.d.f. f(~IY). ,This 
is no contradiction to the assumed fact, that ~ 
has a fixed "true" value in the random process 
observed . If before starting the measurement 
(state n=O) the priori-knowledge on ~ can be 
described by the priori-p.d.f. fo(~) then the 

posteriori-knowledge after n independent trials 
is described according to the generalized Bayes's 
theorem /13/ by the posteriori-p.d.f. /5/ 

fo( ~ ) .f(YI~) 

ffO(~) ' f(YI~) , d~ 
~ 

(11 ). The 

mathematical procedure in this theorem is generally 
accepted but its potentiality for solving the 
basic tasks in statistics is not used by many 
statisticians mostly because they do not trust 
the methods how to obtain the prior-p.d.f. fO(~) 

which by many modern "Bayesians" is considered to 
be always a subjectively chosen function /9/,/10/, 
/11/ . 
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3.2 In typical teletraffic simulations we can 
avoid such subjective considerations by 

assuming the value of the parameter ~ to be a 
priori completely unknown. This basic case of 
statistical measurement means that within the 
range of values of ~ every value is equally 
possible; or in mathematical terms: in accordance 
with the so called Bayes-postulate /8/,/10/ the 
priori-knowledge on ~ is ' described by the 
priori-p.d.f. 

(12) of a uniform distribution. 

This assumption guarantees that all conclusions 
based on it are "on -the safe side" compared to any 
other assumptions on fo(~). Introducing eq.(12) 

in eq.(11) we get the greatly simplified poster
iori-p.d.f. of (what we call) the objective Bayes
statistics 

(13). This function 

of basic simplicity which has been called in /6/ 
the "objective Bayes-function" and in other 
terminology the "normalized likelihood" is the 
key to useful objective statements on the para
meter ~ to be determined by measurement. 

3.3 Before we make use of eq.(13) two points 
- should be mentioned which have led to 

discussions in the literature. 

3.3.1 There is the argument /14/,/15/, that any 
nonlinear transformation of ~ leads to a 

different parameter, say v(~), which seems to be 
a priori unknown too. What kind of priori-p.d.f. 
fO(~) shall describe v ? 

In /6/ it has been required that only a parameter 
like ~ which is equal or proportional to the 
expectation of the corresponding sum-r.v. y/n 
according to eq. (1b) can have the uniform priori
distribution eq.(12). Consequently the transformed 
parameter v(~) will be described by a non-uniform 
priori-distribution and the uniqueness of eq.(13) 
is assured. 

In /16/ this problem is further investigated and 
it is proposed to base all priori-statements on 
"equivalent statistical experiments" which can 
be performed any time with any desired accuracy 
by means of computer experiments. Thereby simul
ation techniques may contribute to better under
standing of objective statistical methods. 

3.3.2 In cases like the X2-distribution eq.(3) 
the a priori unknown parameter v is 

uniformely distributed along the whole positive 
part of the real axis. Therefore the constant 
eq.(12) tends to zero but will nevertheless 
cancel in eq.(11): eq.(13) is .valid in this and 
similar cases too. 
A general theory of such "zero-distributions" has 
been developed by REmyi /17/ ,/13./ . 

4. MEASURE FOR ERROR DERIVED FROM THE OBJECTIVE 

BAYES-STATISTICS 

4.1 Cons_idering again tbe example "X
2
-distribution" 

our knowledge on the a priori unknown para
meter v after n trials is described by the 
objective posteriori-p.d.f. f(vln) which follows 
from eq.(13) substituting f(YI~) by f(nlv) eq.(3) 

f(v ln ) 
2 [n/(2v)] t n -1)/2. exp [_n/(2v)] 

Tl ' ff-n;3 J 
, n 4,5, ..• 

( 1 4), see fig. 3. 
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----.,.- ... 

" eq.f5} veq.f16} 

Fig.3 Objective Bayes-p.d.f. f(vln) eq.(14) 
expressing the knowledge on the a priori 

unknown parameter v of the X2-distribution 
after n trials. 

This function has its maximum at the location o = n/(n-l) eq.(4). We recognize that the best 
estimate of v is not v but the location v of the 
"center of gravity" of the p.d.f. f(~l n ), that 
is the expectation /7/ 

E{vln} =v = n/(n-5), n = 6,7, ... (15) . 
, 

For a sufficien~ly la~e number of trials n » 5 
both estimates v and v approximate the ' value nine 

4.2 We may integrate f(vln) in order to obtain 

the distribution function P(v ~ ~In) and by 
assuming the confidence probability Pc and the 

middlepoint PM (e.g. Pc = 0.95 and PM = 0.5) we 

may obtain immediately a Bayes-confidence
interval between limits v1 ~nd v

2 
which are not 

identical with the limits v
1 

and v
2 

obtained by 

conventional methods in section 2.3, see also /6/ 
and /11/. These Bayes-confidence-intervals can 
be used alternatively to the conventional inter
vals whenever this seems desirable. But because 
of the unavoidable subjective choice of Pc and 

PM and the dependencies similar to those explained 

in fig.2 they are not recommended as a measure 
for error. 

4.3 An objective measure for error of basic 
importance is provided by the standard 

deviation av of the variable v in eq. (14). 
case of the x2-distribution we get 

[E{(V-v)2InJr/2 = "v = :~: ~~:~t2 } 
In 

(16) . 

We will ' call a v the absolute error. It represents 
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the quadratic deviation from the best estimate 
v eq.(15) averaged over all possible values of v 
and does not suffer from the problems explained 
in section 2.3. 

Beside the absolute error a v it is use£ul to 

define the relative error dv = aylv. In case of 

the X
2
-distribution dv is independent of the 

measured value n /7/ 

- [ 2 J 1/2 dv - n-7 ' n = 8,9, ... (17) . 

This measure (which corresponds to the coefficient 
of variation Cb)is suited to control the length 

of a simulation run: if the relative error of the 
best estimate v eq.(15) is reqUired to be less 
than dv, then due to eq.(17) we can stop simul-

ation after at least n trials 

> 
n = 

4.4 Along the same line as shown here for the 

parameter v of the X
2
-distribution we get 

on the basis of eq.(13) simple formulae for the 
absolute and relat~ve error of the corresponding 
parameter of other important distributions, see 
appendix. The starting point "on the safe side" 
is always the assumption of complete a priori 
ignorance with respect to the value of the 
parameter leading to the uniform priori-distribut
ion eq.(12) and to the objective Bayes-function 
eq. (13) • 

It should be mentioned that the error-formulae 
in the appendix can be used eas~ly in 
simulation programs. It is more complicated to 
obtain the confidence limits v 1 and v 2 as 

exnlained' in fig.l either by a table-look-up 
procedure or by time-consuming iterative methods. 

5. ERROR REPRESENTATION IN DISTRIBUTION DIAGRAMS 

5.1 , A frequent task in simulation is to determine 
unknown distribution functions e.g. the 

function P(T > T) of a time-r.v. T. This leads 
in principle to measuring one independent bino
mial-distributed random variable for each 
simulated pOint of the distribution-diagram /6/. 
Therefore line 1 of the ,formula-table of the 
appendix must be applied here. 

5.2 In many cases the situation is complicated 
by the fact that we must eliminate the 

influence of dependencies between neighbours 
in a sequence of measured values /18/. This 
affords a large total number of trials rand 
leads in effect to measuring the sum-r.v.'s of 
type y eq.(la) and type n eq.(2a) of an 
approximately normal random variable for each 
simulated point of the distribution diagram, 
the effective number of independent trials being 
n « r ' now. 

Under these conditions due to conventional 
statistical methods /3/,/4/ each simulated point 
is determined by Student's t-distributio~ with 
n-l degrees of freedom: a best estimate ~ = y/n 
and a confidence interval with limits ~1 and ~2 

depending on n and the chosen confidence prob
ability P . If t is the r.v. of Student's 

, C -( < e). d ' t 'b t' t-distribution and P t = t , 1tS 1S r1 u 10n 
.. <. 

function, then the equation P(t = t) = (1+PC)/2 

can be solved numerically for the value t 
and we obtain the width of the confidence 
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interval 

2t • n n 2 3 • [ ] 1/2 
n (n-l ) , = , , ... (18) . 

It has become a common practice to draw this 
confidence interval directly into the diagram 
in order to give a visual impression of the 
error resp. accury achieved at a certain point 
y/n of the simulated curve. 

5.3 Under the same conditions as above the 
objective Bayes-statistics vields the same 

, - " -best estimate ~ c ~ = y/n and an absolute error 

G 
2 ~ 1/2 ' 1/2 

E{~-1i)} = a =r---IL-1 -, ~ Ln(n-5fj , n - 6,7, •.• (19) 

see /7/ and "line 6 in the formula-table of the 
appendix. In fig.4 the function a (n) is compared 

to the width ~2 - ~1 eq.(18) of S~udent's 
confidence interval. For all assumed values of n 

and of the confidence probability P ~ 0.8 we 

find a~ ~ (~2 - ~1)~ O£ course the ~ifferent 
nature of the values compared here should be kept 
in mind. 

'" " " """ " ~~ ~0.99 "-
~O.95' 

~l t12 - t11 ~ 
"'0.9~ 

Ft =~0.8 ... ' ~ 'Z (1/1'/2 
-" '"" "" '" '" '""" ~ "- " "I".. "" "- "' ~ ~"" "" 

- "- , ~~~ f' 
(lJl /, " ~ ~ ~ "" - "'~ "'~ ( )'/2 ~ 

~ 71 ..... 

-2 
10 

10 20 

'" ~ 

40 

~ 

" ~ 
~ 
~ 
~ 

60 80 100 ----. n 

' Fig. 4 , Absolute error a~ eq.(19) compared to 

the width ~2-~leq.(18) of the confi

dence interval of Student's t-distri
bution. 

5.4 The method how to express the objective 
measures for error in a diagram is exemplified 

in fig.5 by the complementary distribution 

function P(T B > ~B) for the delay time TB of" the 
lossfree queueing system M/M/5. This function 
which could of course be calculated by analytical 
methods , has been simulated under the conditions 
as~urned in section 5.2 and 5.3 with a total 
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5 

2 1------'< 

scale for 
rei. error 

-1 
10 

\1' _~+-_______ ~ ______ d_~_t -°0·5 0.8 0.95 
-0--------4 

5 f--------+-~--I-----I-----

abs. 
error 
-\---

2 _ ~l-_--_--H------

10~+-J-~~-L~-A~~~~~--~~~ 

Fig.S 

o 5 10 ----t~~ 15 
TB/~ 

Simulated complementary distribution 
function P(T

B 
> TB) for the delay time TB 

of queueing system M/M/S, see section 5.4. 
Due to the logarithmic scale of the ordin
ate the heavily drawn lines can express 
the absolute error a as well as the 

~ -
relative error d~ = a~/~. 
Curve parameter: traffic offered p resp.p/S. 

.Expectation of service time: lA = E{tA}· 

nwnber of r = 5.1'0 5 trials, ~ d:i. vid.ed -ill· effectively 
n = 10 independent trial~. , 

As shown in fig.5 each measured point of a curve 

is determined by the best estimate~ = y/n and 
is further characterized by the absolute error 
a~ eq.(19) being assigned t6 each paint: the 

length of' a heavily drawn vertical line measured 
by the logarithmic scale at its location expresses 
the value of a~. But the length of such a line 

can be also calib~~ted by means 0.£ the log.ari thmic 
scale at the right side of the d1agram. 
thereby expressing the valu~ of the relative 

error d~ = au/~ (or if preferred the percentage 

error 100·d~). 
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Thus a diagram like fig.5 gives the information 
on both, the absolute and relative measure for 
error of the simulated results. This type of 
error-respresentation in diagrams based on eq.(19) 
~as been used for extensive simulations /19/. 

6. APPENDIX: TABLE OF OBJECTIVE BAYES-FORMULAE 

6.1 The table contains in column 2, line 1-5 the 
objective Bayes-functions eq.(13) for a number 

of elementary distributions defined in column 1 
~Y the;i,~ ~ p.~. resp. p.d.f • .. The ,-.p;d . . f. f(l-liy"n.) in 
c.olumn 2 ., line 6 belongs to· the fam,tlY r_of 
t'~distributions and is defined by the integral /7/ 

00 

~f(l-liy,v)'f(vln) . dv 
o 

(20) , 

where f(vin) and f(l-liy,v) are the Bayes-functions 
in column 2, line 4 ~esp. li~~ 5. 

• 1' . I .' . .' . 

6.2 The definitions of section 1.3 for the sum-
r. v. -I s . y .eq. (1 a) . resp. n _ ~q'. (2a) ·are , valid . in 

all cases. Therefore in line 1-5 the a priori 
unknown parameter is always the expectation l-l 
eq.(1b) resp. v eq.(2b) and the formulae in 
column 1 are partially written in a form differing 
from the conventional form, see e.g. Pascal
distribution. 

6.3 If ~j is the ordinary moment of j-th order 

of the functions in column 2, then the best 
estimate in column 3 is defined by 

"il resp. v (21 )' , and the rela ti ve error 

in column 4 is defined by 

d 
l-l 

(22) . 

It should be mentioned that for all distributions 
of the table simple formulae for the moment Mj 
of the functions in column 2 exist in recurrent 
and explicit form. 
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column 
no. 

line 
no. 

1, 

2 

3 

4 

5 

6 

type of distribution 

'prediction of y resp. n after n trials: 

condition: II resp. v is known" 

Binomial-

distr. 

/6/ 

Pascal----
distr. 

Erlang-

distr. 

X2-distr. 

/7/ 

P(ylll) = (~)'llY.(l-ll)n-y 

n = 1,2, ••• i Y = 0, 1 , ••• n; 0"< II < , 1 

P (y Ill) = (y-l). (ll-l) y-n 
n-l llY 

n 1 ,2 , ••• ; y n, n+ 1 , ••• ; 1 < II < 00 

f(y Ill) n-l [ ] (Yill) ·exp -y/ll 
ll' (n-1) ! 

n 1,2, •.. ; 0 ~ Y < 00; 0 < II < 00 

f(niv) [n/(2V)] (n-3)/2 

2v f(:n;') . exp[-n/ (2V)] 

n 2,3, ••• ; 0 ~ n < 00; 0 < v < 00 

parameter II is unknown, parameter y is known 

f(ylll,V) 
exp [- (y-nll) 2/ (2nV)] 

(n2nv) 1/2 

2 

Objective Bayes-functiop eg.(13) 

"knmdedge of II resp. Vi 
condition: y resp. n is known after n trials" 

f(llly) (n+l)'P(yllll 

n 1 ,2, .•• 

f(llly) (n-l)·p(ylll) 

n 2,3, •.. 

f (ll I y) = (l::/ ll) n . exp [-y / ll' 
y. (n-2) ! 'J 

n 2,3, .•• 

f(vln) 

n 4,5, •.• 

f(llly,v) n·f(ylll,V) 

n 1,2, ••• 

3 

best 

estimate 
eq. (21) 

- Y+l 
II = Ii+2 

n = 1,2, ••• 

-~ II - n-2 

n = 3,4, ••. 

'"ii =...L n-2 

n = 3,4, ••• 

v -IL 
n-5 

n = 6,7, ••• 

Y 
II = -n 

n = 1,2, ..• 

4 

relative error 
eq. (22) 

[ n-l::+i J 1/2 
dll = (n+3) (y+l) 

n = 2,3, ••• 

[ y-n+l , ]1/2 
d ll = (n-3) (y-l) 

n = 4,5, •.. 

----

d [_1 J 1/2 
II n-3 

n = 4,5, •.. 

d = [2.J1
/

2 
v n-7 

n = 8,9, ••• 

d 
_ [nV] 1/2 

II y 

n = 2,3, ••. 

Normal
distr. 

---4-----------------------------------------------------~---------;_------------~ 

/7/ 

n 1,2, ••• : - 00 < y < 00 

- 00 < II < 00: 0 < v < 00 f(llly,n) 
IT~){l + (ll~)~n) 2J 

(nn/n) 1/2. IT¥) 
parameters II and v are unknown n 4,5, ••• 

Appendix: Table of objective Bayes-formulae (for eplanations see section 6) 

-:-~n-2)/2 

Eeq .(20)1 

Y 
II n 

n 4,5, ••• 

d 
II 

n 6,7, •.• 


