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ABSTRACT 

We consider a service system with two classes of 
customers having different grade-of-service re
quirements. We develop a 1-1arkovian model for 
Delay-Ratio control, a queue discipline recently 
proposed by C. A. LaPadula, which attempts to 
keep the ratio of the expected delays of the 
classes near a given constant. This method was 
found to be effective in field experiments and 
the model shows that in equilibrium, when the 
mean holding times are equal, the ratio is main
tained close to the desired constant for a wide 
range of intensities of the input streams. Nu
merical results from the model suggest that the 
method loses its effectiveness in light loads 
(which does no harm) and when the fraction of 
arrivals from the preferred class is very small. 
In an overload condition the delays of both 
classes become unbounded and the class with the 
larger arrival rate receives proportionately 
more of the servers' time. 

IHTRODurTIOU 

There are many situations in which customers are 
classified according to the grade of service 
they require from a service facility. In this 
paper we discuss various mechanisms which may be 
used to affect the grade of service given to a 
particular class of customers. In particular we 
develop a Harkovian model for Delay Ratio 
Control, a method which has recently been pro
posed by C. A. LaPadula [3] and which attempts 
to keep the ratio of the expected delays of the 
classes at a given constant. Our approximate 
model shows that the proposed dicipline is 
effective in controlling these relative delays. 
This method has the attractive feature that in 
equilibrium, when the mean holding times are 
equal, . the ratio of the expected delays is main
tained close to the desired level for a wide 
range of intensities of the input streams. The 
method loses its effectiveness in light loads 
and when the input rate of the preferred class 
becomes a small fraction of the total. 

First we discuss various queue disciplines and 
develop a Markovian model for Delay-Ratio Con
trol. Then we present some numerical results 
and discuss their similarity to results obtained 
from a field experiment. Finally we discuss 
the behavior of this discipline under overload 
conditions. 

QUEUE DISCIPLINES 

The order in which customers are served is deter
mined by the queue discipline. It is well known 
that the queue discipline does not affect the 
expected delay for all such disciplines which do 
not depend on the customer's service time. 
These include the First-In First-Out, Random 
Order, and Last-In First-Out disciplines. It is 
also the case in certain priority systems where 
the classes' expected delays differ but the 
expected delay of all customers is not affected 
by the queue disciplin~. 
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To simplify the exposition we assume an H/M/c 
queueing system with two classes of customers 
arriving as a Poisson Process with rates Ai' A 
L Ai, and requiring a service time which is ex
i 
ponentially distributed with mean l/~. Denote 
the expected number in the queue by E(Qi), the 
expected delay (in queue) by E(Di)i then by 
Little's Theorem 

E(D) 
AIE(Dl ) + A2E(D 2 ) 

Al + A2 

E(Ql) +E(Q2) 

Al + A2 
E(Q) 
-A-

with E(D) and E(Q) denoting the expected delay 
and number in the queue respectively for all cus
tomers of all classes. 

It is important to note that the expected delays 
of the different classes are completely deter
mined by Ai' ~ and c and therefore any change in 
these parameters will also affect the expected 
delays. Specifically, an increase in the rate of 
arrivals of the preferred class will cause de
terioration of the grade of service given to the 
non-preferred classes. 

To overcome this undersirable property, Kleinrock 
[2] proposed the Time-Dependent Priority scheme. 
It introduces a set of parameters bi which de
termine the rate of increase of the priority for 
a customer of class i per unit of his delay time 
in the queue. With the proper choice of values 
of these parameters one can achieve a desired 
ratio of expected delay between the different 
priority classes. 

DELAY RATIO COHTROL 

Delay-Ratio Control is a queue discipline recently 
proposed by C. A. LaPadula [3] which, like the 
one described in [2], is intended to maintain a 
nearly constant ratio R between the mean delays 
E(D2) and E(Dl) encountered by two classes of 
calls. This new scheme is implemented by fre
quently observing the numbers ql and q2 of cus
tomers of each class in the queue. During the 
time interval between two consecutive measurement 
epochs, if qlR ~ q2 (qlR < q2)' IqlR/q2l (iq2/qlRl) 
customers of class 1 (2) are served for everyone 
of class 2 (1) unless one of the queues empties. 

This discipline encompases other known ones. For 
R = 1 and measurements taken at all departure 
epochs, the next customer to be served is taken 
from the class having the longest queue. For 
very large R and when the traffic load is non
saturating, the system closely approximates a 
nonpreemptive priority queue discipline which has 
been shown by Cobham [1] to have an effective 
ratio 

He model this control in the following obvious 
way. When the queue is not empty, at each de
parture epoch the next customer to be served is 
taken from class 1 (2) with probability 
qlR/(qlR+q2> (q2/qlR+q2». 
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Denote by (ql,q2) the state of the queue with ql 
and q2 waiting customers qf classes 1 ~m~ 2 re
spectively. State (0,0) denotes no one 1n the 
queue and all servers busy. Let P(ql,Q2) be the 
probability that the system is in state"' (ql,q2) 
and define P(-1,q2) = P(ql,-l) = 0. Note that 

L L P(ql,q2) C(c,a) (1) 
Q2=0 ql=O 

with a al+a2, al = A l/~ ' a2 = A 2/~' and C(c,a) 
is the Erlarlg Delay function. Also 

P(O,O) = C(c,a) (1 - ~J . (2) 

Define 

° 
otherwise; 

then in equilibrium we have 

(3) 

Summing (3) over ql ~ ° and q2 > ° we have the 
check 

+ c~[E(l) - P(O,O)] 

C(c,a) (Al+ A2 ) 

Multiplying (3) by ql and summing over ql ~ 0, 
q2 ~ ° we obtain 

+ c+ [ Q:~:Q21 
+ c"E [ Q~~~~,] 

After cancelling like terms we obtain 

Similarly 
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,(4) 

(5) 

a 2 [Q2 1 C(c,a) c = E Q
I

R+Q2 • (6) 

Note that the expectation is taken over (ql,q2) 
with ql + q2 ~ I. , As a check, adding (5) and (6) 
we have 

E(l) -P(O,O) 

We now use the expansion 

E(g(X,Yt)~ g(E(X),E(Y)} + ~ gxx(E(X),E(Y»)a! 

+ ~ gyy(E(X),E(Y»)a! (7) 

+ g (E(X),E(Y»)a • xy xy 

To a first-order approximation, with g(.,.) 
qlR 

q l R+q2 

a l [ Q1 R 1 E (Ql R) 
C(c,a) c E QI R+Q2 E(QI R)+E(Q2) 

and similarly 

a 2 Ek~~QJ 
E(Q2) 

C(c,a) c = E(QI R)+E(Q2) 

and therefore 

By Little's Theorem 

and therefore 

(8) 

(9) 

with Re denoting the effective ratio as compared 
to the desired value R used in the model. 
Summing Equations (8) we have 

(10) 

1 . 

The left part of (10) tends to unify when a 
approaches c, indicating that the approximation 
(9) improves with increasing load. 

NUHERICAL RESULTS 

A computer prqgram was written to solve the two
dimensional system (3) of linear equations for 
the state probabilities. The program is dimen
sioned to permit max(Ql+Q2) = 149 and it solves 
for the equilibrium state probabilities by the 
iteration 

P(t+~t) = (A~t)P(t) 

with P and A respectively the vector of state 
probabilities and, the transition matrix as 
obtained from (3). 
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Numer~cal results were obtained using this pro
gram ~n Double Precision with bt = .001, c~ = 
1.00 and R = 1(1)5. The first set of cases has 
Al = A2 and Al + A2 = .0(.05).95. The second 
set has Al + A2 = .9 and Al/(Al+A2) = .05, .1, 
.25, .5, .75, .9, .95. The effective ratio 

E(Q2)/A 2 _ E(D2 ) 
Re E(Ql)/A

l 
- E(D

l
) was calculated for these 

cases and is shown for the two sets in Figures 1 
and 2. Figure 1 illustrates how Re approaches R 
as a approaches c. Figure 2 illustrates how R 
changes with Al/(Al+A2). In particular the e 
"dr~op" ,for small ratios of Al/(Al+A2) should be 
not~ced. It may be explained as follows: When 
the fraction of Class 1 customers decreases the 
prooability mass concentrates on states with 
small ql and a large R cannot be fully effective 
because the system visits the states (0,q2) 
often. 
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A FIELD EXPERIMENT 

For completeness we include here results of 
Jason Liu [4,5 and 6], who conducted a field 
eXP7riment on t~e Delay-Ratio Control Discipline 
as ~mplemented ~n a Traffic Service Position 
System (TSPS) in Albuquerque, l~ew Mexico. In 
this experiment Centralized Automatic Hessage 
Accounting (CM1A) traffic was preferred over 
customer-dialed spacial calls (0+), the queues 
were observed every 10 seconds and the imple
mented instantaneous service ratio was not 
allowed to exceed 7:1. Figures 3 and 4 show the 
quarter-hourly average delays for R = 2 and 4 
respectively, and both exhibit clearly the 
strong proportional relation between the delays 
of the two classes, with Figure 3 showing a 
better agreement with R = 2 than Figure 4 with 
R = 4. This can possibly be explained by the 
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R-dependent onset of the "drocip" exhibited in 
Figure 2, or by some of the experimental con
ditions pointed out in [4] (such as the presence 
of other traffic besides 0+ and CAMA calls and 
the longer mean holding time of 0+ calls). 

OVERLOAD 

Under overload conditions, when Al < c~ and 
Al + A2 ~ c~, the classical nonpreemptive prior
ity scheme yields an equilibrium delay with 
finite mean E(Dl) for the first class. However, 
the queue of the second class grows with time t 
and so do the delays of its customers. 

With the Delay-Ratio Control scheme, when 
Al + A2 - c~ > 0 both queues grow and the system 
does not re~ch equilibrium. Denote by Qi(t) the 
expected queue length of class i at time t with 
Qi(t) = L Q(t), the total number of customers in 

i 
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the queue. Since customers are not lost, 

dQl (t) 
A -

Q
l 

(t)R 

~ 1 Ql(t)R+Q2(t) 

dQ2 (t) 
A -

Q2(t) 

~ 2 Ql(t)R+Q2(t) 

and 

Therefore, assuming Q(O) = 0, 

Let 

it follows then that 

and 

Thus 

a = aR 
Al - aR+8 Cll 

A - 8 Cll,. 
2 aR+8 ... 

~R 
A __ 8 __ Cll 

1 ~ R+ 1 
a 8 · 
"G . 1 

A ---- Cll 
2 ~ R + 1 

8 

which after rearrangement becomes 

Cll 

ell 

(
a 1) (a _AI) ____ a Cll R-l o+-R 0-~ ~ A2 8 A2 R . 

(ll)i 

(12) 

(12a) 

(13) 

The quadratic team on the left, f(a/8), has two 
roots, at -l/R and at Al/A2 (see Figure 5). It 
intersects the linear term on the right, h(a/S), 
which has a slope of -(Cll/A2) ((R-l)/R). There
fore the solution lies in the range 
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f(a/,9) 
h(aI,9) 

FIGURE ~ OVERLOAD CASE - SOLUTION OF 
EQUATION (13) 
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o .s. 0./8 .s. Al/A2. When R ;:: 1 or when Cll « A2 
a Al 

even for large R, - = - and, using (12a) 
8 A2 ' 

Equations C141 imply that the proportion of 
service given to the first class, 

(14) 

Ql (t)R _ AIR 
=-~~~~~ - decreases with an in-
Ql(t)R+Q2(t) - AI R+A 2 ' 

crease of A2. This phenomenon could be unde
sirable and can be avoided by restricting the 
serving ratio to max{iq2/qlRl ,Rmax}:l. 

Sm-1MARY 

A Markovian Model was developed for Delay-Ratio 
Control. Numerical results and field experi
mentation suggest that the method is effective 
in maintaining the ratio of the expected delay 
close to a desired value for a wide range of 
loads. (This was also confirmed in a single
server model with the classes having different 
holding times.) It loses its effectiveness in 
very light loads and also when the preferred 
class represents a very small fraction of the 
load. Extension of the model to three or more 
classes is not expected to yield different 
results. 

A flow model shows that the nonpreferred class, 
unless prevented, may dominate the service 
facility in an ·overload condition caused by an 
increase of its own arrival rate. 
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