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ABSTRACT 

We present a diffusion approximation solution 
to a multiprocessor system under steady state 
conditions. The approximation technique is com
putationally simple and requires knowledge about 
the mean and variance of the interarrival times 
and service times respectively, but not their 
distributional forms. The method uses three 
condi tions which must be met, c 'onserva tion of 
probability, a continuity condition, and a "flow 
in" equals "flow out" argument. We show through 
numerical examples that our diffusion approxima
tion method yields surprisingly accurate results 
for the mean and standard deviation of the num
ber of jobs in the system. 

INTRODUCTION 

Recent advances and ideas in the design of SPC
systems have lead to the development of multi
processor systems. In this paper we w~ll,v~ew 
such systems as consisting of several ~nd~v~dual, 
independent, and identical processors that are 
made available to a stream of jobs. Unfortun
ately, our understanding o~ th7se systems.f:om a 
queueing theory point of v~ew ~s rather l~~~ted. 
The main reason for this is that such mult~
processor systems should be modelled as 
multiserver queues with general arrival -- and 
service -- time distributions, i.e., a G/G/m 
queue, and this queue is not easy to analyze. 

In fact very few results exist and consequent~y 
the properties of this queue are often approx~
mated by using known results for the M/M/m and 
G/M/m systems. We hasten to point out that the 
results which do exist for the G/G/m system are 
often expressed in a rather mathematically . 
complicated way and the formulas are not eas~ly 
adopted to numerical computations. It would 
obviously be of interest to generate computa
tionally simple yet reasonably accurate 
formulas for this queue. 

There currently exist some results,. based upon 
a diffusion approximation technique [HALA 78] , 
which are very interesting and often quite 
accurate. The diffusion approximation has been 
used extensively for the G/G/l queue [GAVE 68, 
GELE 7S, KLEI 76, KOBA 74]. 

In this paper we will present a computationally 
efficient method based on these techniques to 
obtain approximation solutions to the G/G/m 
queue. Essentially, we shall ,show that by , 
extending the work of Halachm~, we can obt~~n 
considerably more accurate results, and th~s 
without increasing the complexity of the 
computation. 

* Th~s work was supported ~n part by L. M. 
Ericsson and the Swedish Telecommunication 
Administration. 
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In section 1, we briefly review the rationale 
behind the diffusion approximation and establish 
the underlying equations. In the following 
section, we consider the solution of these 
equations and in particular, we show that by 
considering a condition supplementary to those 
usually employed, we should expect to find more 
accurate results for the probability of an empty 
system -- a probability that is normally rather 
difficult to estimate using the standard dif
fusion approximation techniques. This addition
al condition is based on a "flow-in = flow out" 
argument. In section 3, we present some numer
ical results and show that they are better than 
those obtained by the usual diffusion approxima
tions. 

1. THE DIFFUSION APPROXIMATION 

The idea behind the diffusion approximation is 
to replace the discrete queueing process by a 
continuous process, in such a way that most of 
the characteristics of the original process are 
preserved. There exist excellent presentations 
on how this procedure should be performed [e.g., 
[CHAN 78, KLEI 76]. Specifically, let Pk(t) be 
the probability that the number of custoMers 
N(t) in the queueing system at time t is k. 
The discrete stochastic variable N(t) is replac
ed by the continuous variable X(t) in such a 
manner that we expect to be able to determine 
esti~ates of ~k(t) from a knowledge of the 
dens~ty funct~~n, f(x,t)dx = P[x < X(t) ~, 
x + dx], for X(t). It can be shown that ~f 
X(t) behaves as a diffusion process [COX 65), 
then f(x,t) obeys the Fokker-Planck equation: 

1 a2 
2 a 

~ ~ ~ (x,t) f(x,t» - dX (m(x,t) f(x,t» = 
ax 

~t f(x,t) (1) 

where m(x t) and 0 2(x,t) are the infinitessirnal 
mean and ~ariance of the diffusion process. 
Under steady state conditions (1) becomes 

1 d
2 

(o2(x) f(x» - ~x (m(x) f(x» 
2" dx2 

o ( 2) 

The main difficulty in applying (2) to mu~ti
server qu~ueing system lies in the determ~na
tion of 0 (x) and m(x) 2 [HALA 78]. We shall 
use exactly the same 0 (x) and m(x) as. d7f~ned 
in [HALA 78] and for a motivation and c:~t~cal 
discussion of this choice we refer the 1nter-

. ested reader to the above mentioned paper. We 
have 

m(x) = A - min(x,m) ~ 

02(x) = AC~ + min(x,m) ~c~ 

x > 0 

x > 0 

(3) 

(4) 
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where A and ,\.I are ar2ival rate and the ser:rice 
rate respectively. c · and c 2 are the coeff~
ents of variation fo~ the iRterarrival times and 
service times. We also use the reflective 
·barrier (X~(t) · > 0) as a boundary condition [COX 
65]. This implies that for x = O. 

j~(a2(x) f(x» -m(x) f(x) o ( 5) 

2. SOLUTION OF THE FOKKER PLANCK EQUATION 

Before we proceed with a description of the 
solution to the Fokker-Planck equation it is 
perhaps worthwhile to reflect somewhat on the 
possible accuracy of the solution we can obtain 
from (2). Clearly we expect to obtain a good 
approximation for the case when the number of 
busy servers in the system is close to the 
number of servers m. We do not, and should 
not, expect more than a very rough approximation 
for the probability of an idle system (all 
servers idle). Let us then admit that the 
probability of an empty system cannot be ob
tained from (2) and instead let us assign Po to 
this probability and then try to find Po by 
some other means. 

On the basis of (5) the solution of (2) becomes 

x 

f(x) K ~ exp{2J~ dy} 
a (x) a (y) 

x > 0 (6) 

Therefore, we suggest that the density function 
f(x) can be written as 

f(x) 
x 0 
o < x < m 
x > m 

. . (7) 

where gl(x) and g2(x) are obtained from (6) and 
are given by 

and 

exp {2x A - \.Im } 2 . 2 
AC a + m\.lcb 

(9) 

K, and K2 are unknown constants which we must 
d~termine a~ong with p. However, before we 
determine the yet unkn8wn constants, let us 
describe how it is possible to get back to a 
discrete probability structure from the 
continuous density function f(x). Kobayashi 
[KOBA 74] suggests the discretization pro
cedure 

k+O.S 

Pk = J f(x) dx (10) 

k-O,S 

where Pv now is the stationary probability of 
having R jobs in the system. 

We now proceed with the determination of 
constants p , K1 , and K2 and for this task we 
need three 8ondItions. Obviously, we expect 
our solution to be a proper probability dis-
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tribution in the sense that the sum of pro
babilities must equal 1. This leads to the 
first · condition 

m-O.S 

gl(x)dx + K2 f g2(x)dx 

m-O.S 

1 (11) 

The second condition is obtained by a continuity 
argument. The probability mass around x = m 
must be the same if we use K1g; (x) or if we use 
K2g 2 (x) as a representation arOund x = m. Thus 
we ·a:ssert that 

m+O.S 

Kl J gl(x)dx 

m-O.S 

m+O.S 

K2 f g2(x)dx 

m-O.S 

(12) 

We should point out that these two conditions 
are the same as those used in [HALA 78]. We 
need yet another condition and this may not be 
as obvious as the previous ones. The fact that 
we have a queueing system; i.e., a service 
station, that gives service to arriving custom
ers leads . us to assert that the average arrival 
-rate to the system must, in equilibrium, be 
equal to the average departure rate from the 
system. This is obviously a "flow-in = flow 
out" argument and it gives us the third con-
dition. 

m-O."S 

Kl f xgl(x)dx + K2m f g2(x)dx (13) 

0.5 m-O.S 

Solving for p , Kl , and K2 by using (11-13) 
gives us f(x)oand the dis~retization procedure 
(10) yields the values Pk. We can now use Pk 
to obtain the mean and variance_of the 2number 
of jobs in the system, denoted N and a N 
respectively. In the next section we w~l~ com
pare these approximate results with exact 
analytical results for different configurations. 
Alter2atively if we are just interested in N. 
and a N we can forget about the discretization 
procedure and compute the mean and variance 
from the continuous density function directly. 
It turns out that if we choose 

J xf(x)dx 

0.5 

(14) 

then this approximate solution will be exact 
for the M/M/l system under all loads. Thus 
we believe that thi~ is a reasonable choice. 
The variance is obviously computed as 

J .x
2

f(x)dx - (i)2 

0.5 

(15) 

In this paper, however, we will only present 
results obtained from Pk. 

3. NUMERICAL RESULTS 

In this section results from the diffusion 
approximation solution for several queueing 
systems are presented and compared with exact 
analytical results. The accuracy of the 
approximations measured in terms of the rela
tive error is shown to be very high. The 
first results are those obtained for an M/M/m 
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system and here we should expect a high degree 
of accuracy. In Table I, we present the 
relative err2r for the mean number of jobs in 
the system (N) and in Table 11 the relative 
error for the standard deviation of this same 
quant1.·ty (a ). In the range ' shown for the .1oad 
on an indiv'dua1 server (.0.75-0.95) we find that 
the results obtained from the approximate solu
tion are very accurate. In fact our results are 
much . more accurate than those obtained in [HALA 
78]. We submit that a p1ausab1e reason for this 
improvement lies in the . fact that we have used 
the "f1ow in = f1ow. out" concept as one of our 
conditions. Ou'r numerical investigations show· 
that even for a load p of less than 0.75 we 
obtain surpris.ing1y accurate results. Again, 
we suspect that the reason behind this is that 
the above mentioned condition forces the 
distribution to preserve the "f1ow in = flow 
o':!t" property for a stable queueing system. For 
a lightly loaded system the probability of hav
ing jobs in the queue is small and thus the 
mean,number of busy servers must be approximate
ly equal to the mean number of jobs in the 
system. 

The next examples are chosen from the family of 
G/M/m queues, the H2/M/m and E2/M/m queueing 
systems. For these' systems we present in 
Table III and IV the relative errors for the 
mean (N) and the standard deviation (oN) once 
again for different load configurations and 
different number of servers. The exact results 
for the G/M/m queue have been obtained from 
[TAKA 62]. In figure 1 we show the relative 
error of N for the M/E 2/m system as a function · 
of the number of servers and with the load P as 
a parameter. It is worth observing that the 
relative error is everywhere. 1ess ··than 5 
percent. Here, the exact results have been 
obtained from [HILL 71]. Thediffusion 
approximation presented in this paper have 
been used to ana1yze a number of different 
queueing systems in which the coefficients of 
variation for both the arrival 'and service 
processes assumed values over a considerable 
range, thus covering a multitude of distribu
tions. For systems, where both the arrival -
and service - processes are non-Markovian very 
few exact results can be found. One way to 
show that the approximation gives reasonable 
results is to use the lower and upper bounds 
for N in a G/G/m system. K1einrock [KLEI 76] 
presents the best published bounds for the 
average wait in G/G/m systems (for additional 
references in this area, see K1einrock's book) • 
In figure 2 we show N for an E2/H 2/m system 
as a function of m, also shown are the upper 
and lower bounds. The curve labelled Nu 
corresponds to Kingman's conjecture and ~e note 
that the approximate result is in the range. 
This added to the fact that results from other 
experiments give similar behavior leads us to 
believe that the method presented is viable. 

CONCLUSION 

We have shown that the diffusion approximation 
approach coupled with reasonable conditions, 
in fact, conditions that are appealing from a 
practical point of view, can be used for 
ana1yzing general mu1tiserver queueing 
systems. Admittedly the results that we ob
tain are not exact, and thus cannot satisfy 
the purist, but we believe that they can be 
used in practical situations where the need 
for an absolutely exact solution can be re
laxed. Our method is also practical in 
another sense since it is cheap, the numerical 
effort is limited, a couple of numerical 
integrations and a solution of a linear system 
of equations, to obtain Po' Kl , and K2 • 
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m/p 0.95 0.85 0.75 
1 -0.00022 -0.002 - '0.00593 

2 -0.00013 -0.0015 -0.00471 
3 -0.00005 -0.0007 -0.00236 

4 -0.000044 -0.0003 -0.00119 

. 5 ··-0.000055 -0.0002 -0.00065 

6 -0.000066 -0.0001 -0.00039 

7 -0.000073 -0.00011 -0.00025 
8 -0.000079 -0.000098 -0.00019 

9 -0.000084 -0.000092 -0.00016 
10 -0.000085 -0.000086 -0.00014 

TABLE I. Relative error in N for 
M/M/m system 

m/p I 0.95 0.85 0.75 

1 -0.000240 -0.00219 -0.00670 
2 -0.000290 -0.00214 -0.00661 
3 -0.000350 -0.00287 -0.00732 
4 -0.000395 -0.0032 -0.00792 
5 -0.000423 -0.0034 -0.00826 
6 -0.000438 -0.0035 -0.00835 
7 ...,0.000451 -0.0036 -0.00827 
8 -0~000453 -0.0036 -0.00810 
9 .-0.000457 -0.0036 -0.00787 

10 -0.000463 -0.0036 -0.00762 

TABLE 11. Relative error in ON for 
M/M/m system 

2 
- 0.5 

2 
- 2~0 c c a a 

m/p 0.95 0.75 0.95 0.75 

1 -1.12 -5.91 -0.01 -0.96 

3 -0.57 -2.03 -0.27 -1.52 

5 -0.51 -1.14 -0.28 -1.13 

7 -0.47 -0.79 -0.25 -0.81 

9 -0.43 -0.58 -0.22 -0.59 

TABLE Ill. Percentage relative error 

in N, for the systems 

E2/H/m (C a
2 0.5), and 

H2 /M/m (c a
2 2). 
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2 
- 0.5 

2 
- 2.0 c: c: a a 

.Jp 0.95 0.75 0.95 0.75 

1 -1.15 -6.94 -0.01 -1.04 

3 -1.11 -5.28 -0.05 -1.64 

5 -1.10 -4.59 -0.06 -1.91 

7 -1.09 -3.97 -0.07 -2.01 

9 -1.08 -3.43 -0.07 -2.02 

TABLE IV. Percentage relative error 

in oN' for the systems 

E2/M/m (ca 
2 0.5) , and 

H2/M/m (ca 
2 2) • 

Relative error ( %) 

5.0 p = 0.85 • • • 
• 4.0 

• • • • . · · • · · 3.0 • p = 0.90 

• • ~ • • • • · 2.0 • • 
• p = 0.95 

1.0 

m 
2 4 6 8 10 

FiC]ure 1: PercentaC]e Relative 
Error in N for M/E.2/m 
under different loadings. 

30 

20 

L----~------,-------r----_y------,_--~m 

2 

Figure 2: 
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4 6 8 10 

Approximate, upper and 
Lower Bounds for N, 
E

2
/H 2/m system, P = 0.95. 
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