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1 ABSTRAcr 

Frequently it 'is necessary to build simulation models of 
telephone exchanges to analyse the telephone traffic. The 
object of the simulation is to produce estimates of the--
traffic within a given confidence interval. However, due 
to the dependence of the observations, one problem has 
been to calculate the length of the simulation period 
necessary to obtain a given precision. 

One method of producing estimates of the confidence limits 
and thereby the necessary simulation time is to remove 
parts of the time series ,formed by the simulation in such 
a manner that the small time s,eries (of equal length) re
tained, are assumed to be independent. Hence, it is 
possible to construct a confidence interval for the ex
pected number of outgoing junctors occupied, based on the 
means of the independent time series. This method is, 
however, not satisfactory because some of the information 
in the time series is not taken into account when the 
confidence limits are estimated. 

This paper introduces another method to construct confi
dence limits for the expected traffic in simulation 
models. By using the Box-Jenkins method [1], the output 
series from the simu1ations are identified as ARMA-mode1s. 

ARMA-mode1s are a class of models containing the auto
regressive (AR) models and the moving average (l-iAf models. 
An important characteristic of the class is the principle 
of parsimony, i.e. the models are expressed by the 
smallest number of parameters for adequate representation. 

In the stationary state of the time series, the process is 
identified obtaining the number of AR-.parameters and " the 
number of MA-parameters. Then the parameters, including 
the mean, are estimated using least square methods and the 
confidence interval for the mean is computed. The esti
mation utilize ~ the observations in the time series. 

The result of the modelling shows that the number of out
going junctors occupied can be represented as auto
regressive processes of the first order, while the number 
of registers occupied have a more complicated structure. 

Finally the traditional method of estimating confidence 
limits is compared with the new method using ARMA-mode1s 
showing that substantial gain may be achieved. 

2 INTRODUcrION 

2.1 General 

During the last years the Norwegian Telecommunications 
Administration has been strongly involved in traffic mea
surements and traffic simulations. The data technology 
and modern measurement equipment generates comprehensive 
and accurate traffic measurements. By using simu1anion 
models different traffic loads are studied in telephone 
networ}~ and exchanges. 

2.2 Traffic simUlation 

Suppose a simulation of a telephone exchange is carried 
out. The number of occupied junctors in a junctor route 
as a function of time may be as shown in figure 2.1. 

After starting the simulation, the system needs some time 
to reach a stationary state. The time elapsed while the 
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system is in a non stationary state is called the transient 
period. 
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Figure 2.1 Number of occupied junctors in a route as 
a function of time in a simulation experi
ment. 

The transient period has to be eliminated before estima
tion of the expected traffic. Determination of the length 
of the transient pe'riod is in general a difficult problem. 
It is often convenient to use the length of three mean 
calls as an approximation of the transient period. In 
this analysis, however, we have chosen to appoint the 
transient perioQ after i~spection of the behaviour of the 
traffic. 

Observations of a process at equidistant points in times 
gives a sequence of observations which is called a time 
series. By ana1yzing the time series it is possible to 
construct a mode1 for the time series. Then the expected 
¥a1ue and other interesting parameters for the process can 
be estimated. 

The objective is to estimate the expected traffic with the 
highest precision possible and at the same time to find an 
unbiased estimate of the standard deviation of the estimate. 

One way to achieve an unbiased estimate of the deviation 
is to make a lot of simu1ations of the system each giving 
an estimate of the expected traffic. Then, since the 
simu1ations are independent, an estimate of the deviation 
is east1y constructed. This method implies that a lot of 
transient periods have to be eliminated. , 
Simu1ations of large systems are often time consuming and 
expensive. Methods are therefore developed which are not 
based on repeated simu1ations. 

A long simulation may be divided into separate simulation 
periods in such a way that the process is supposed to be 
independent in the different 'periods. This is done either 
by making large gaps betwep.n the simulation periods or by 
making the simulation periods so long, that their depen
dence is neg1ectab1e. 

Then confidence limits of the expected traffic based on 
these simulation periods can be constructed using standard 
methods. 

An alternative method is to identify the traffic process 
as an ARMA-mode1 and then construct the confidence limits 
within this model. 
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3 ARIMA-MODELS 

3.1 Box-Jenkins theory 

The ARIMA-(Autoregressive Integrated "Moving Average)moael 
is a class of models which describes the covariance struc
ture of a time series. The class of models consists of 
the classical autoregressive and moving average models. 
The first unified approach to identification, estimation 
and forecasting ARIMA-models was given by Box and Jenkins 
(1970), and the ARIMA-models have since then become widely 
used. 

3.2 Model representation 

3.2.1 Autoregressive model, AR(P). 

Let {X
t

} be a time series observed at"" equidistant times. 

Suppose {X
t

} is an autoregressive time series "with mean ~ . 

Then the model may be written 

Xt-~ = ~l (Xt_2-~)+ ~2(Xt-2-~)+ •••• + ~p(Xt_p-~)+ at 

where {at} is a white noise process with Eat=O, Var at=a!, 

Cov(at,at+k)=O k*O . 

By introducing the backward operator B and ~p(B) where 

an equivalent form for the autoregressive model may be 
written 

3.2.2 " Mov~ng average model, MA(q). 

If the time series {X
t

} is expressed as output from a 
finite linear filter, whose input is white noise at as 
input, then the time series is a moving average process 
given by 

whe:r:e 

8 (B) 
q 

3.2.3 Mixed autoregressive - moving average process 
ARMA(p,q) • 

Every linear process might be expressed either as an 
autoregressive or as a moving average process. However, 
it will often be necessary to use a lot of parameters to 
obtain a satisfactory modell representation. 

The principle of parsimony is central in the Box-Jenkins 
approach. It is important, in practice, to employ the 
smallest number of parameters possible for adequate 
representation. This is carried out by combining the 
autoregressive and the moving average models. The ARMA 
(p,q) model may be written 

{X
t

} is a stationary process if all the roots of ~p(B)=O 
have moduls greater than 1. If all roots in e (B)=Q have 

q 
moduls greater than 1 the process is said to be invert
ibl.e. 

3.2.4 ARIMA(p,d,q) model. . 

Suppose that the time series is not a stationary process. 
Then it is necessary to transform the process into a 
stationary one. Usually non-stationarity of the mean can 
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be remov.ed by differentiating the time series a sufficient 
number of times using the difference operator defined by: 

By introducing an additional parameter, 80 , in the model, 
it is possible to describe deterministic polynomical 
trends in the time series. The general model equation is 
then 

3.3 Identification 

The autocorrelation function and the partial autocorrela
tion function is used to identify the ARIMA(p,d,q) model. 

The autocorrelation function consists of the autocorrela
tions at lags 0,1,2,'" where the autocorrelation at lag 
k is defined as the correlation of observations k time 
uni ts apart. 

The partial autocorrelation function consists of the 
partial autocorrelations at lags 0,1,2,··· where the 
partial autocorrelation at lag k is defined as the 
correlation of observations k units apart given the 
observations in between. 

A non-stationary time series is characterized by a very 
slowly decreasing autocorrelation function. After differ
entiating the time series a sufficient number of times, 
the autocorrelation function will die out rather quickly. 
Then the number of differenciations, d , is determined. 

The structure of the estimated autocorrelation function 
and partial autocorrelation function gives proposals for 
number of autoregressive and number of moving average 
parameters. Hence a proposal for the orders p, d and q 
of the model is given. Due to the uncertainty of the 
estimation of the two functions, several ARIMA models may 
some times be identified for the time series. 

3.4 Estimation 

After identification of the model the next step is to 
estimate the unknown parameters. A non-linear least 
square method is used in the estimation. The method 
estimates all the parameters simultaneously by m~nimizing 
the sum of squares of the calculated residuals {at}' 

3.5 Model diagnostic checking and improvements of 
the model 

After identification and estimating of the model, an 
estimate of the white noise process, {at}' is obtained. 
By assumption this process shall be white. If analysis 
shows that the white noise process is dependent, then 
this implies that a wrong model i~ fitted. 

The analysis, however, gives proposals for improving the 
model. This improved model can then be fitted. The pro
cedure is repeated until an adequate model is found. 

A useful overall measure of the dependence in the esti
mated residuals is the statistic Qm-s defined by 

m 

Qm-s = n L r~ 
i=l 

where r i is the estimated autocorrelation of the residuals 
at lag i , m the number of estimated autocorrelations, n 
the number of" observations and s the number of estimated 
parameters. If {a } is normally distributed and the noise 
is really white, tfien Qm-s is approximately Chi square 
distributed with m-s degrees. Therefore the statistic 
Qm-s can be used to test the white noise hypothes~s. 

4 TELETRAFFIC SIMULATIONS 

4.1 Data 

In Norway an adva~ced telephone exchange simulation model, 
TETRASIM [2], has been constructed. The simulation 
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analyses in this paper are generated by the TETRASIM-model. 
There are two simulations of PABX exchanges, AKD 791 and 
GROSSCITOMAT, and three simulatiorrs by different load 
structure in a BB Cross-Bar exchange. 

In all simulations the number of outgoing junctors occu- ' 
pied and the number of registers occupied are analysed. 
The total simulation periods are mainly 1750 sec. The 
approximately first 250 sec are removed to assure that the 
processes are in a stationary state. The simulation out
put series are transformed to discrete time series which 
contain observations made at equidistant time intervals. 
The different time series are analysed with a time reso
lution of 5 sec, 10 sec and 15 sec. 

4.2 The ARMA-models fitting ability 

Earlier work, [3], [4], has shown that the ARMA-models 
can be used to describe both real traffic processes and 
simulated traffic processes. 

We will now show how well the ARMA-models are able to 
describe the simulated process. 

In the AKD 9l-exchange we have been considering three 
routes and four registergroups. The registergroups have 
been merged and treated as one group because of low 
traffic. 

For the junctors time series measuring the numbers of 
occupied outgoing junctors every 15 second have been 
studied for several routes. Inspection of the auto
correlation functions show for every route a nearly expo
nential decay, which is typical for an AR(l)-model. For 
route 1 the autocorrelation function tends to die out 
slowly indicating that the process may be non-stationary. 
But the estimation of the autoregressive parameters shown 
in table 4.1, give parameter estimates significant less 
than 1. The Q-statistic indicates that the model fit is 
satisfactory. 

Examination of the residuals and their autocorrelation 
functions give no limits to possible improvements of the 
model. 

Table 4.1 Estimation results from the routes in AKD 91. 
Model AR(l): (Xt-~) = ~(Xt_l-~)+ at 

Tt.. Numb.r of 
Rout •• Capacity r •• olution ob •• rvation • " 

.... Q)4 

Rout. 1 30 5 •• c 300 .941.04 20.6812.64 1.3 35.9 

Rout. 2 30 )00 .9H.04 H.50!2 . S9 1.5 31.8 

\lout. 3 30 •• c )00 .631.09 14 .1St .26 0.8 B.6 

By observing the number of occupied registers every 
second we get a time series with 1500 observations over 
the sta-tioaary period. Inspection of the autocorrelation 
fUnction and the partial autocorrelation function suggest 
an ARMA(1,2)-model. The result is given in table 4.2. 

Table 4.2 Estimation results for the registergroup 
in AKD ~ith 1500 observations every second 
Model: ARMA(1,2) _ 

In the GROSSCITOMAT-exchange nine routes are simulated. 
For the ASKIM SB-exchange we have three different simula
tions with different traffic conditions for the exchange. 
Fourteen routes have been studied. 

The results from the model fitting, estimation and model
checking have for all routes in the different exchanges 
and different simulations been unique: The best fit to 
the time series have been the AR(ll-model. It is not 
surprising that such simulated queueprocesses are well 
described by AR(l)-models. We give a more detailed treat
ment of this question in the next se'ction. 
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4 .. 3 A queueprocess as an autoregressive process 

Many queueprocesses can be described~y the model M/M/N, 
i.e. a queuesystem with N servers, exponential distri
buted interarrivaltimes with expectation l/a and exponen
tial distributed servicetimes with expectation l/~. With 
a large number of servers the queueprocess can be approxi
mated by a Poisson process where the expected number of 
occupied servers is ~ = a/~. 

We will now find what relations there are between the 
Poisson model and the AR(l)-model. 

Let the number of occupied servers (e.g. jutlctors) at the 
time t be denoted Xt • Then: 

(i) Poisson distributed with expectation a/~ 

(ii) corr(xt,x
t

_
k

) = e~k~ = ~ 

(iii) E(XtIXt_k=Xt~k) = ~ + ~(Xt_k- ~) 

(iv) var(XtIXt_k=Xt_k)=~(1-~2k)+(Xt_k-~)~(1-~) 

If, on the other hand, X
t 

follows an AR(l)-process, then 

(i) Normally distributed with expectation ~ and 
variance ax

l 

The two models differ at (i) and (iv). Concerning (i) we 
know that the Poisson distribution is assymtotical normal 
if ~ ~ 00 and that the normalapproximation is satisfactory 
for ~ > 5. 

If the traffic is not too low, the marginal distributions 
for the two ~ituations are therefore not too different. 

The Poisson model has the property that 

That is not the case for the AR(l)-model which has a 
general variance axle 

The difference in (iv) can be more crucial. Ifax
l = ~ 

the conditional variance for the two models will differ 
by a factor 

while the unconditional varaiances will be equal. The 
ratio between the two conditional variances is, however; 

which tends to 1 with probability 1 as ~ ~ 00. 

We conclude that the AR(l)-model can give a satisfactory 
representation of a Poisson model if the traffic is not 
too low. 

If the Poisson model can be treated as the "true model", 
we will have the following relations: 

~ e-e .. e .:.. - ~ ln~ 

- ~ ln~ (4.1) 

By using (4.1) the interarrivaltimes 1/0 and service
times l/~ can be calculated by means of the estimated 
parameters in the AR(l)-model and vice versa. In table 
4.3 we give such results for the routes presented in 
table 4.1. The coloumns a x

l and a/~ should be equal if 
the Poisson model is the true model. The table shows 
that this may be so for the Routes 1 and 2 while Route 3 
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differs significantly. 

Table 4.3 Estimated interarrivaltimes and servicetimes 
using the results from table 4.1 

Ox
2 1:. 1 a 

Routes 4) a a- if 
Route 1 .94 14.56 0.78 16.16 20.68 
Route 2 .93 16.60 0.56 13.78 24.50 
Route 3 .63 1.06 0.15 2.16 14.15 

4.4 . Different time resolutions 

It is generally not the case that the best ARMA-model at 
one time resolution necessarily gives the best fit for 
other time resolutions. It is therefore of interest to 
study the influence of different time resolutions to the 
model fit. 

If {Xt }, t = 1,2, ..• , n is a time series wi th expectation 
o generated by an AR(l)-process, then {Zt} where 
Zt = Xkt' t = 1, ••. , [n/k] also is AR(l). · If the para
meters for the {Xt } series are 4) and Oa2 , the correspond
ing parameters for the {Xt } series will be 

~ and 0 2 1 - 4)2k 
a~ 

We have studied how this relation compares with the 
results from our simulation experiments. Time series mea
suring the number of oC9upied junctors every 5., 10. and 
15. second have been analysed for the three exchanges. 
For all series the AR(l)-model gave the best fit. 

The autoregressive parameter, 4) , decreased close to 4)2 
and 4)3 as the time resolution increased to 10 and 15 
seconds. Some examples are given in table 4.4. The 
routes presented are randomly chosen and representative 
for the results. 

Table 4.4 Autoregressive parameters for different 
time resolutions 

Routes AR-parameter AR-parameter AR-parameter 
at _5. sec at 10. sec at 15. sec 

Route 1 GROSS 0.95±0.03 0.90±0.07 0.86±0.1l 

Route 4 GROSS 0.94±0.04 0.90±0.07 o .83±0.11 

Route 9 GROSS O.66±0.09 O. 45±0 .15 0.35±0.19 

ASK 8B-TGSTD 8 0.90±0.05 0.82±0.09 0.72±0.14 

ASK 8B-ASK 2 0.97±0.03 0.94±0.06 0.9HO.08 

OSLO Pl-ASK 8B 0.93±0.04 0.85±0.08 0.78±0.12 

From the table the exponential decreasing course of· the 
parameters is clear. 

For the registergroup in the AKD-exchange we found the 
ARMA(l,2)-model for the time resolution of 1 second. 
Observing the time series every 3. second gives 500 
observat~ons and we would expect an AR(l)-model. Because 
of low autoregressive parametervalue the autocorrelation 
function was significantly nonzero only at lag 1. This 
led us to fit a MA(l)-model to this time series. The 
estimation results are given in table 4.5. 

Table 4.5 Estimation results for the registergroup 
in the AKD-exchange. Time resolution is 
3 seconds 

Model e )..l Oa Q34-

MA(l) -.28±O.O8 7.90±0.34 3.0 34.8 

4.5 Time series consisting of average traffic from 
short simulation periods 

Instead of observing the number of occupied servers at 
given times, we can consider the sequence of observations 
consisting of the average traffic in short periods. For 
the routes in the ASKIM 8B-exchange ARMA-models for such 
time series have been fitted. We chose a period of 30 
seconds and the autocorrelation function showed that the 
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AR\l)-model could be improved by introducing one MA-para
meter; i.e. the ARMA(l,l)-model. In table 4.6 we give 
the fitted ARMA-models for three of the routes in ASKIM 
8B. 

Table 4.6 Fitting of an ARMA(l,l)-model the time 
series consisting of the average traffic 
in periods of 30 seconds_ 

lblte turber of 
~ 8 1I aa c::bIervatia'lS 

ASK 8B - C5LO T1 50 .69±.24 -.36±.32 47.01±4.42 3.5 

ASK SB - ASK 2 50 .79±.19 -.43±.29 18.82±4.86 2.4 

C5LO PI - ASK 8B 50 .56%.30 -.29%.39 15.78%1.61 2.0 

02l 

S.4 

15.0 

11.4 

In section 5.2 it is shown theoretically that if the 
originated process actually is AR(l), then the process of 
the means will be ARMA(l,l), confirming the findings of 
this section. 

5 CONFIDENCE LIMITS FOR THE EXPECTED TRAFFIC IN SIMULA
TION MODELS 

5.1 Estimation of the confidence limits based on the 
assumption that the observations are independent 

One problem in simulation is to estimate the confidence 
of the estimated parameters in the simulated process. 
Since the output from a simulation model partly consists 
of highly correlated observations, it is difficult to 
find an unbiased confidence interval, since the methods 
to obtain such an interval is based on the assumption of 
independence. 

The traditional methods to find the confidence interval 
is either based on repeated simulations or on long simu
lations where parts of the simulation are eliminated due 
to the dependence of the observations. As mentioned 
earlier a lot of simulation time is lost in repeated 
simulation since all the transient periods have to be 
eliminated. In long simulations, too, information is 
removed before the confidence limits are estimated. 

Suppose we want to use the traditional method by making a 
long simulation to find the conf.idence limits of the 
expected traffic. Then the simulation is divided into 
simulation periods where every second period containing 
m2 observations is eliminated. Let the number of inter
vals retained be n and the number of observations 
within the periods be ml' Figure 5.1 shows the partition 
of the simulation. 

hn th of the simulation 

n 

Simulation tim. 

Figure 5.1 A long simulation divided in n simulation 
periods 

Suppose that Xt is a stochastic variable assigning the 
traffic at time t. Let {Xt } be Normally distributed 

N(~,a~) and observed at equidistant times t = 0,1,2, ••• 

Then the. mean of the k-th simulation period, Yk, is given 
by 

m,-l 
~ ~ X 
ml i=O (k-l)m+i 

k 1,2,····, n 

where 
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An unbiased estimated of ~ is then 

y = 1:. ~ 
n k=l 

The best unbiased estimate y* of ~ 
on all the observations. 

y* 
N-l 

1:. L 
N t=O 

(5.1) 

is, however, based 

(5.2) 

where N is the total number of observations in the long 
simulation. 

An estimate of Var Y based on the assumption that 
Yl, Y2, ••• , Yn are independent, is 

__ 1 __ ~ Sf n(n-l) k~l (yk -y)2 

Then a - (l-a) confidence interval of ~ is given by 

1\ 
< y* - t l _ a "n-l ' 0 1 , y* + t l _ ~2' n-l 

2' 
,f 

(5.3) 

(5.4) 

where t
l

_ ~, n-l is the (l-~) fractile in the Student's 

t-distribution with n-l degrees of freedom. 

In chapter 4 it is shown that the simulated number of 
occupied junctors are autoregressive processes of the 
first order. This can be utilized to show how much the 
estimated variance (5.3) deviates from the real variance 
of y. Let {Xt } be given by 

where \(j)\< 1 

Then 

Var Xt 

The variance of Yk then is 

where 

, 2[ml-l 

(1:....) : L V X + 2 
ml i=O ar (k-l)m+i 

mrl 
2 L (j)i-j 

i<j 

m -1 

i cov(X(k 1) " i<j - m-1 

The covariance between Y
t 

and Y
t

+
k 

is given by 

ml-l ml-l 

cov(Yt'Y' (.t+k)) = ( mll)2 L L cov(X(t 1) + " i=O j=O - m 1 

where 
ml-l ml-l 

L L (j)i-j 
i=O j=O 

and cl> 

(5.5), 

(5.6) 

(5.7) 

(5.8) 

Now the exact variance of Y given by (5.1), can be 
obtained. The variance, O~, of Y taking into account 

the dependence of the observations is 

0 2 = (!)~[ ~ 'varYk + 2 £ Cov(Y " Yk )] 
2 n k=l i<k 1 
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By using (5.7) and (5.8) we obtain 

2 0 2 

o~= [n (ml+v (ml,(j)) )+C(ml,(j))V(n,(pIll)]('~) ' a 
nml 1_(j)2 

(5.9) 

Substituting the estimates of the autocorrelation ~ and 
the variance of the white noise ~~ in (5.9), we, obtain 
an estimate of Var Y, $~. Using the asymptotic normality 
of Y, approximate confidence intervals may be constructed. 

The process is supposed to be independent in the n simula
tion perio.ds, then the expression 

(
1) n ( 1)2 o~ - ' ~l Var Yk = n(ml+v(ml,(j))) -- ~ n 1- nml , l-(j) 

is the variance of Y. If, however, the process is 
dependent then: 

(5.10) 

2 £ cov(Y1' ,Yk ) = C(ml,(j))V(n,~)(~) °l! (5.11) 
i<k nml -(j) 

expresses the increase of the variance of Y. In chapter 
5.3 the relation between (5.10) and (5.11) are studied 
for different values of ml' m2 and n. 

Suppose that the gap lengths, m2' are zero. 
and N = nm. Since 

nv(m,(j))+C(m,(j))v(n,~) = V(N,(j)) 

the equation (5.9) gives: 

2 (1)2 o~ 0 2 = (N+V (N ,(j))) - --~ 
N l-(j) 

Then m 

and the variance, as expected, is independent of ml. 

(5.12) 

The variance, o~, can in this case also be found directly 
by using (5.2), (5.5) and (5.6). 

Using the method now pointed out several difficult prob
lems due to the estimation of the confidence limits are 
eliminated. 

1 It is not necessary to throwaway observations that 
are making gaps in the simulations to obtain indepen
dent observations' . 

2 

3 

It is not necessary to use the observations from one 
simulation period as one observation to estimate the 
confidence limits. 

It is not necessary to adjust for the (week) depen
dence between the mean values before estimating the 
confidence limits. 

The equation (5.8) shows that the autocovariance between 
the mean traffic in two simulation periods mk ' ob~ervations 

apart decreases with the factor ~ = (pIllk. 'It is pointed 
out in chapter 4.4 that the same is tr~e for the auto
covariance between two observations in an autoregressive 
process mk observations apart. 

There exists an alternative method to find the autocov.ari
ance expression (5.11) when the original process is auto
regressive of first order. Instead of analyzing the 
originally process {Xt }, the process of the means {Yk } 
can be analyzed directly. The autocovariances of the 
process of traffic means are given in (5.7) and (5.8). 
As mentioned in chapter 3.3 the structure of the auto
covariances or autocorrelations identifies the process. 
In [1] it is shown that an autocorrelation function with 
a spike at lag 1 followed by an exponentially decreas~ng 
behaviour is typical for an ARMA(l,l) process. The time 
series of the means is consequently an ARMA(l,l) process. 

Hence the parameters qJ* and 8* in the model: 

k = 1,2, ••• , n 

can be estimated. {bk} is the white noise process in this 
model and 0 2 is the variance of {bk }. It is shown in [1] 
that the coBariances of an ARMA(l,l)-model is given by ' 

1+8*2- 2(j)*8* 0 2 
l-<pU b 
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(1-IP*8*) (4)*-8*) 
l-IP*2 

(5.13) 

> 1 

Then the variance of Y can be found substituting (5.13) in 
(5.9). Hence an alternative estimate of the variance of 
Y is given. 

It has, however, to be emphasized that this method can 
only be used when the process is autoregressive of first 
order. The analyzis in this paper shows that the junctor 
traffic is autoregressive, while the register traffic is 
not. 

5.2 Construction of a confidence interval for the 
expected value of the process using the methods 
of Box and Jenkins 

As stated in 3.4 the unknown parameters in an ARMA-model 
are estimated by the maximum likelihood princip. 

For the approximately parameterized ARMA-model, the log 
likelihood will be approximately quadratic in the para
meters (e is the parameter vector consisting of lP's, 8's 
and ~) so that 

£(~) = £(e,Oa) ~ £(~,Oa) 

k k A A 
+ l:.. L L £,' (ei-ei ) (e,-e,) 

2 i=l j=l ~J 

where, to the approximation considered, the derivatives 

£, , 
, ~J 

a2 £(e,Oa) 

aei ae j 

are constant. 

For moderate and large samples, where the local quadratic 
approximation is adequate, useful approximations to the 
variances and covariances of the estimates and approximate 
confidence regions may be obtained. 

The (kxk) matrix -E[£ij] is usually referred to as the 
information matrix for e. For ~ given value of 0a ' the 
variance - covariance matrix V(~) for the maximum 
likelihood is , for large samples given by the inverse of 
this information matrix. That is 

It can be shown that 

where S , , 
~J 

and 

(5.14) 

If, for large samples, we furthermore approximate the 
expected value of £ij or of Sij by the values actually 
observed then using (5.14) 

0 2 is usually estimated by a 

;j2 = S(~) 
a n 

and for large samples ~a and g is uncorrelated. 

Finally, the elements of V(~) can be estimated from 

Cov (~i' ~j) ~ 2;ja sij 

where {sij} = {Sij}-l 
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In particular, these results allow us to obtain the 
approximate variances of our estimates. By taking the 
square root of these variances, we obtain approximate 
standard deviations, which are usually called the standard 
errors of the estimates, SE(~i). 

A 95% confidence interval for the mean ~ is then approxi
mated by 

A A 
~ ± 2·SE (~) . 

5.3 Comparison 

In table 5.1 we give point estimates and confidence inter
vals for the mean (expected) traffic on four of the 
routes in the ASKIM BB-exchange. The confidence level is 
approximately 95 % if the underlying assumptions are ful
filled. 

In the first coloumn the estimates are given assuming an 
AR(l)-model for the time series measuring ' the number of 
occupied outgoing junctors every 15. sec. The second 
coloumn give the estimates based upon the time series 
consisting of the average traffic in 30. sec. intervals 
modelled as an ARMA(l,l)-process. For the last coloumns, 
3-5, the interval~ are computed on the basis of the 
average traffic in ' shorter simulation periods, considered 
to be uncorrelated, as given in equation (5.4). 

These last estimates suffers from two weaknesses: 

i) A tendency of underestimation caused by not taking 
into account the autocorrelation when computing the 
variance. This results in an actual confidence 
level less than 95%. 

ii) A tendency of overestimation due to the loss of 
information caused by the simulation gaps. 

Table 5 .1 Estimated mean traffic of four routes in the 
ASKIM BB-exchange. The confidence levels of 
the intervals are approximately 95 % when the 
underlying assumption are fulfilled. 

Tilre series 
Tilre series based upon ave- Sirrulaticn siJIulaticn Sirrulation 

obeerved rage traffic in period: 30 period: li5 period: 225 

every 15 sec 30 sec. inter- sec. sec. sec. 
Iblte M(l) vals AR-lA(l,l) Gap: 0 sec Gap: 115 sec Gap: 200 sec 

ASK 8B - SPB 8B 23 .90±1.53 23.90±1.29 23.8l±0.76 23.Bl±1.80 23.8l±1.96 

ASK 8B - ASK 1 21. 15±1. 94 21.1l±2.10 20.77±0.90 20.77±1.69 20. 77t3. 77 

ASK 8B - ASK 3 14.18±2.37 14.22±2.52 14. 12±1.00 14.12±2.18 14.12t2.69 

M'i7D - ASK 8B 18.83±4.36 18.94t4.40 19.32±1.34 19.3215.17 19.32±5.50 

tbnber of 100 50 
observation 

50 7 4 

From equations (5.10) and (5.11) it is possible to com
pute correction terms for the underestimated variance 
when the ~parameter in the AR(l)-model is known. Esti
mation of ~ for the four routes considered here gave the 
results given in table 5.2 below. 

Table 5.2 Autoregressive parameter for the four 
routes in the ASKIM BB-exchange 

Route IP 
ASK BB - SPB BB 0.90±0.05 

ASK BB - ASK 1 0.93±0.04 

ASK BB - ASK 3 0.95±0.05 

MY 7D - ASK BB 0.97±0.03 

Under the assumption that the 95% confidence intervals 
can be approximated by "two times the standard error of 
the mean" we give correction factors for the confidence 
intervals presented in table 5 .1. They give an indica
tion of the amount of error Que to i) and are presented 
in table 5.3. 

The estimates in coloumn 1 and 2 of table 5 .1 are given 
within 'the model assumption and can be treated as "the 
best we can achieve" for these processes . If we multiply 
the confidence intervals in table 5.1 with their correc
tion factors given in table 5 .3. We obtain intervals 
with approximately the same confidence level. We can 
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thus indicate the error of type ii). As expected the 
corrected intervals in coloumn 3 compare well with those 
in coloumn 1 and 2, while the others are poorer due to 
the simulation gaps. 

Table 5.3 Correction factors for the underestimated 
confidence intervals in table 5.1 

Sim.;er. Sim. per. Sim. per. Sim. per. Sim. per. 
30 s. S1m. 30 s. S.1Jn. 30 s. Sim. 115 s. Sim. 225 s. Sim. 

Ib1te gap: 0 s gap: 30 s gap: 120 s gap: 115 s gap: 200 s 

ASK 8B - SPB SB 1.93 1.39 1.05 1.02 1.00 

ASK SB - ASK 1 2.2S 1.60 1.12 1.06 1.01 

ASK SB - ASK 3 2.59 1.S4 1.24 1.13 1.03 

Kt 70 - ASK8B 3.21 2.28 1.4S 1.30 1.10 

Table 5.4 Estimated mean traffic of four routes in the 
ASKIM SB-exchange. The confidence levels of 
the intervals are approximately 95%. Correc
tions are made according to eq. (5.10) and 
(5.11) 

. T1lIe series 
SiIIulatioo TiIre eeries based upcn ave- SiIIulatioo SiIIulatioo 

cbserved rage traffic in period: 30 period: 115 period: 225 

every 15 sec 30 sec. inter- sec. sec. sec. 

lblte AR(l) vals PJW,(1,1) I Gap: 0 sec I Gap: 115 sec Gap: 200 sec 

J\SK 8B - SPB 8B 23.90:!:1.53 23. 90:!:l. 29 23.8l:!:1.46 23. 8l:!:1. 83 23.8l:!:1.96 

l\Sl(8B-ASK1 21. 15±1. 94 21. 1l:!:2. 10 20.77±2.0S 20. 77:!:l. 79 20. 77:!:3. 81 

l\Sl(8B-ASK3 14.18±2.37 14.22:!:2.S2 14. 12:!:2.59 14.12±2.46 14.12±2.77 

Mi7D - l\Sl( BB 18.83±4.36 18.94:!:4.40 19.32±4.30 19.32±6.72 19. 32:!:6.05 

lbttler of 
oCservatioo 

100 50 50 7 4 

Is it possible to develop generel rules for constructing 
the confidence interval? 

If a program for the time series analyzis is available 
then the time series probably can be identified as an 
ARMA-model. Hence an unbiased estimate of the variance 
of the mean traffic can be estimated and then the confi
dence limits. 

Many of the simulation users may not have the possibilities 
to use the Box-Jenkins analyzis. Suppose now that the 
simulated traffic process is autoregressive of first order. 
An estimate of the variance of the traffic process can be 
found by dividing a long simulation in shorter simulation 
periods containing ml observations as shown in figure 5.1. 
Let the total number of observations in the total simula
tion be N, the number of simulation periods be n, and the 
number of observations in each interval removed be m2. 
Then 

(5.15) 

An estimate of the variance of the traffic process {Xt } 
is given by (5.3). 

For different valu~s of ~ the table 5.5 shows t~e 
relation between 0 1 and the unbiased estimate Ox of 

the mean traffic based upon Box-Jenkins analysis. 

When the number of observations m2 in the removed interval 

is small (zero), the table shows that SI < Sx. When the 

number of observations m2 is large then SI > Sx· 

The question now is how many observations m2 are to be 
eliminated, given ml and ~, to obtain E~~ = O~? The 
equation (5.9) gives the expected value of $~. Substi

tuting (5.15) into (5.9) the expected value of S~ given 
~ and ml as a function of m2 , is 
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An- unbiased estimate of 0 2 
x is obtained in (5.12) : 

0 2 [N+V (N ,~) ] i2 
0 2 

a 
x 1_~2 

By setting 

ES~ (m21 ml ,4» = O~ (5.16) 

m2 can be found by solving this unlinear equation. 

Table 5.5 shows the estimated standard deviation Sx and ~1 
for different values of m2 of some simulated traffic 
processes. 

" " Table 5.5 Estimated standard deviation Ox and 0 1 for 

different values of m2 of the traffic of 

four routes 

" °1 

~ 
6 6 6 6 6 

" Junctor m2 Ox q> 

qroup 0 6 12 18 24 

~ 8B - SPB 8B 0.38 0.58 0.68 0.53 0.83 0.77 0.90 

~8B-ASKl 0.45 0.72 0.80 0.98 1.28 0.97 0.93 
ASK 8B - ASK 3 0.50 0.76 0.84 1.03 1.42 1.19 0.95 

MY 7D-~8B 0.67 1.05 1.17 1.59 1.92 2.18 0.97 

ml is the number of observations in the simulation periods. 

m2 is the number of observations in the eliminated periods. 

Table 5.5 shows that the number of observations m2 
necessary to obtain $1~ ~x naturally increases as a 
function of~. If ~ is known and ml is given, then m2 

can be found by solving the equation (5.16). 

However, it must be emphasized that it is difficult to 
find the number of observations to eliminate, m2' if the 
autoregressive parameter (j) is not known. 
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