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ABSTRACT 

In store and forward data-communication net
works, and in other systems as well, it is not 
unusual that a message keeps its length while 
transmitted through the network. This causes 
the interdeparture times to be dependent on 
service times. In such a case exact mathemati
cal analysis of the system (including M/M/1) is 
difficult - or may be impossible. 

The common method to analyze such queues is to 
use the Independence Assumption [2]. This 
makes analysis possible, however, with a cer
tain loss of correctness. 

In the first part of this paper some results 
from a simulation of simple nets of single 
servers are presented. 

In the second part an approxiroative numerical 
method suitable for analysis of queues when 
offered traffic is not independent, is intro
duced. 

INTRODUCTION 

Consider the following communication network 
(fig. 1) 

Fig. 1 

Interarrival times and service times are assu
med to be exponentially distributed (with means 

t. = 1/A. and X, respectively). 
~ ~ 

Figure 2 shows how the total traffic offered 
to transmission channel 2 - 4 builds up as a 
s.um of traffic streams destinated to node 4 
(we assume fix routing). 
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Fig. 2 

It is known (Burke [1.]) that interdeparture 
time from a M/G/1-system is exponentially dis
tributed, with the same parameter as the input 
process. 

For tandem queues departures from the first 
queue are arrivals to the second. We consequent
ly get the following unfinished work, Ui(t), 

diagram: 

• •• 

Fig. 3 

It can easily be shown [2] that 

where fx t (x,t) is the simultaneous p.d.f. 
n 2n . 

for the service time and interarrival time for 
the n:th customer in the second queue and 

fx (x) and f t (t) has an analogeous defini-
n 2n 

tion. This means that interarrival time for a 
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specific customer is dependent on its service 
time. This complicates the analysis but it so 
turns out that this property can make our sys
tem even better than a system with no depen
dence. 

SIMULATION RESULTS 

Systems with many parameters are often hard to 
analyze. Especially simulation is unfit for 
this purpose, but in the case described above, 
it is unfortunately the only available way so 
far. A thorough investigation by simulation 
is due to topology and parameter possibilities, 
not performable, but we will, for some cases, 
get indications on the behaviour of the system. 

The following results illustrate some interes
ting relations between waiting times and topo
logy, arrival rate and service times in some 
basic network configurations. The results 
also indicate the effects of mixing the depen
dent processes and that it is easy to lessen 
the effects of dependence. 

The figures . shown at the end of this passage 
show some simulation results and we make some 
comments on them in order. 

- Mean waiting time in a tandem queue: (fig 4) 

Both servers have the same capacity. We can 
see that for M/M/1 the mean waiting time 
in node two is less than in node one for 
heavy load case, that since the first node 
acts as a buffer and the load to node two is 
surely less than 1. 

Also observe that in the M/D/1 case the wai
ting time in node two is identically zero. 
(In recent years Rubin [4J, [S.] has succe
ded in solving systems ~ith constant service 
times and systems in which a message is divi
ded into packets wi·th constant length. All 
results from simulation of such systems 
correspond to Rubin's results.) 

Several queues in tandem (fig S) 

In this diagram it is seen how mean waiting 
time changes in a longer tandem net. For 
p~ .SS is 

~(2) < w(1) 

where W(i) is the mean waiting time in 
node i, but in the following nodes we get a 
slow increase of mean waiting time. The 
reasons are: ~ustomers assemble, busy peri
ods get longer and the longest customers 
initiate these busy periods, time in the 
system for all customers in a busy period 
will be the same and equal to the initia
tors service time. (This corresponds to 
resul ts in [2J). 

- Other configurations (fig 6 - 9) 

Pure tandem nets are not especially common. 
It is usually so that queues are connected 
in a more sophisticated manner, and that 
the input streams are a sum of two or more 
outputstreams from other queues and/or a 
"fresh" independent traffic, output from 
a queue divides and emerges in several di
rections. 

The effect· on mean waiting times in case of 
2 incoming streams can be seen in fig 6, 7 
for M/M/1 and in fig 8, 9 in M/D/1 cases. 

Hence, from the diagrams we can conclude 
that it is quite easy to disturb the effect 
of dependence. Even small portions of diffe-
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~e~t traffic streams have relatively great 
effects on waiting times, compared to a tan
dem queue. The situation is the same when more 
than two streams are put together, and here the 
effect is even more striking. 

It is the fact,that dependence is easy to dis
turb, that makes it possible to use Independence 
Assumption - especially in large networks. 

- Waiting time for a customer is dependent on 
its service time! (Fig 10-12) 

Queueing systems with independent arrival and 
service time have a property - they do not 
discriminate jobs on the basis of required 
service times. 

Waiting time distribution is the same for 
all customers, particularly in systems with 
FCFS queueing discipline. In systems with 
dependence between service and arrival time 
this is nO ' ~onger true! I.e. in the last 
node in a long tandem configuration, time in 
system tends to be the same for all customers, 
but already in the second node long customers 
are favoured. Fig's10 and 11 show this rela
tion. 

In fig 12 we plot the average waiting time 
for customers with different service times 
for different traffic load. System time for 
all customers is smoothing and it means that 
waiting time will be relatively large for 
customers with relatively short service time. 
This is an important property of such a sys
tem, but an unpleasant· one. In other systems
i.e. time-sharing and priority queueing sys
tems - we are often interested in algorithms 
which give the best service to customers 
with the shortest service time. Dependence 
which sporadically appears in queueing net
work will work against our struggles. 

- Introdu.cit:tg a SPT scheduling in queues with 
dependent traffic (fig 13) 

Instead of giving up because we cannot 
solve queueing systems with dependence analy
tically, it would be better to apply this new 
information about the process to make 
systems more efficient. We observe that after 
a customer has passed the first node in the 
networ.k, we have knowledge of his service 
time. In many applications - i.e. data net
works, where nodes consist of computers - it 
is possible to collect this information and 
use it to do scheduling in a better way. 

Fig 13 illustrates this: two node tandem 
queues with SPT non preemptive scheduling 
algorithm in second node. 

CONCLUSION(SIMULATION RESULTS) 

The presence of dependence in queueing nets gi
ves bhe system some new properties. The Inde
pendence Assumption works well in large nets 
(of none pure tandem type) and with well mixed 
traffics. 

The~e is a risk that the system will be dis
criminatory in favour of customers with long 
service times and therefore discriminatory 
against the others. 

The knowledge of customers service time can be 
used to introduce s~itable scheduling algo
rithms. 
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11 A DISCRETE APPROXIMATION 

The method of discrete approximation for analysis 
of G/G/1 queues is commonly known [3J. I will in 
this section propose how to apply this technique 
to a single server queue analysis, when inter
arrival time and service time are not indepen
dent. 

Consider a single server queue and suppose that 
the interarrival time and service time are both 
discrete random variables which take values 
kT (k = 0,1,2, .•. ) where T is some base time 
unit. Define 

a(k) 

b(k) 

P [!:n =kU and 

P [2cn=kU 

where tn is interarrival time for the n:th cus

tomer and x is service time for the n:th custon mer. 

Now define 

u =x -t n n n+1 

which" is the difference between service time for 
the n:th customer and time between arrival for 
the n:th and (n+1) :th customer. Now, if tn 

and xn are independent the following relation 

is true 

and waiting time wn+1 can be obtained by the 

iterative application of this equation. 

We also observe that c (k) = P @n=kU is given 

by a discrete case convolution: 

c(k) = a(-k)8 b(k) a(-k+i)b(i) 
j.=-oo 

we define the following three operators: 

(i) Swap operator 

S(f(k» = f(-k) 

(ii) Convolution operator 

C (f (k) , g (k» = f (k) 8g (k) 

(iii) Maximum operator (sweep operator) 

o k<O 

o 
M (f (k» L f(i) k=O 

i=-oo 

f (k) k>O 

and the algorithm to iteratively compute 
Pn(k) = P(Wn~kT) (with suitable starting value) 

is straightforward. 
Algori-ctun 1 

(i) c (k) = C {S (a (k) ), b (k) } 
(il) repeat Pn+1 (k) = M{ C (Pn (k) , c (k) ) } 

Now, if xn and tn are not independent, we have 

seen that wn also will depend on ~n and an 

equation for wn+1 will be a little more compli

cated 

and we there have to perform our calculations in 

ITC-9 

two dimensions. Further, if the arrival process 
to our queueing system is an output process from 
another queue, tn+l can be written as 

(tn+ 1 IXn+1,xn)=xn+1+max(0,t~+1-w~-x~) 

where ° denotes quantities for this queue. 

x~=xn; w~ can be calculated by algorithm 1. 

This enables us to write the equation for wn+
1 

in the second node in a tandem queue system as: 

(wn+ 1 Ixn+ 1 ) =max @, (wn Ixn ) +xn -xn+ -

-max(0,t~+1-w~-x~)J 

where,in this case, calculations have to be per
formed in three dimensions. 

We define (assume T = 1) 

Pn(k,i,j) = p~n=klxn=i,xn+1= jJ 

Pn(k,j) = p~n=klxn+1=jJ 

dn(k,i,j) 

Yn (k,i) 

P C!n=k Ixn=i,xn +1 =jJ 

P D:~ =k I xn=:g 

where 1° is the idle time in node one before 
n 

arrival of the (n+1) :th customer and is defined 
as 

and grade (f (k» =max (kl f (k) >0) 

The other quantities are defined as above or in 
analogy. " 

All manipulations must be performed in vectors 
(for xn and xn+1 fixed). We define an operator 

Tj(f(k» = f(k+j) 

which takes care of translation caused by fixed 
service times. 

Now we can give an algorithm for iterative cal
culation of wn+1. 

Algorithm 2 

(i) Compute a(k), b(k), c(k), w~(k) with the 
algorithm above. 

(ii) for i = 0 to grade (b(k» do 

yO (k,i) 
n M{T i (S (C (p~ (k) ,S (a(k»»)} 

(iii) for j = 0 to grade (b(k» 
for i = 0 to grade (b(k» 

d +1 (k,i,j) = T . (yO (k,i» n -] n 

(iv) for j = 0 to grade (b(k» 
for i = 0 to grade (b(k» 

Pn+1 (k,i,j) =M{T -i (C (Pn (k,i) ,S(dn+ 1 (k,i,j»»} 

(v) grade(b(k» 
p +1 (k,j)= L p +1 (k,i,j)b(i) 

n i=O n 

repeat (iv) and (v) 
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Diagram 1.~ shows E{wnlxn} obtained by algorithm 2. 

a(k) and b(k) are discrete approximations for 
exponential . distribution, grade (a) =grade (b)=9, 

x/t;::. 75. 

DISCRETE APPROXIMATION 

W(x) --illll--0--ill 
3 P = .75 

grad (a) = grad (b) = 9 W, 

2 

o 2 4 6 8 x 

Fig 14 

CONCLUSION 

This method can be applied to other queueing 
systems. The only problem is to determine 
tn+1 which can be dependent on more than x n +1 
and x . 

n 

It is naturally not necessary to solve this sys
tem of equations by iteration,but this method 
is the most straight-forward. 
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