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Bell System Traffic Usage by Class of Service 

V.A. Bolotin, J. G. Kappe/ 

Bell Laboratories, Holmdel, New Jersey, U.S.A. 

The average traffic intensity per line in the Bell Sys
tem varies among exchanges (central office entities) 
depending on class of service mix, time of day, geo
graphical area and other factors. We have shown that, 
with the time of day and the area given, most of the 
exchange-to-exchange traffic variation should be attri
buted to class of service mix variation among 
exchanges. The residual variation is small enough to 
allow reasonably accurate estimation of exchange load 
on the basis of the exchange class of service mix and 
the area class of service loads. 

Direct representative measurements of class of ser
vice load are expensive and usually not viable, but rea
sonably accurate least squares estimation can be con
ducted routinely on the basis of total exchange load 
and exchange class of service mix data always available 
for virtually all exchanges in the Bell System. 

Class of service traffic intensity estimates for 
almost all Bell System telephone companies are 
given. An application of these estimates to a traffic 
forecasting problem is shown. 

1. Summary and Main Results 

Each of the n classes of service is characterized by 

its class traffic intensity per line (class TIjline) aj 

(Erlangsjline), ;=1 ,2, ... ,n. 

A telephone exchange class of service mix is charac

terized by the number of lines N j , ;=1 ,2, ... ,n, in 

each class or, correspondingly, by the proportion Xj of 

these N j lines in the total exchange line count N. 

The total exchange traffic intensity for this mix is 
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n 
y = ~Niai' 

j=1 

(1) 

and the exchange traffic intensity per line (exchange 

TIjline) is 

L n 
= ~xjaj 

N j=1 

(la) 

Consider a large group of exchanges in a telephone 

area. We show that classes of service and their TIjline 

can be so defined for the area as a whole that, for each 

exchange, the exchange TIjline computed by (la) does 

not differ significantly from the measured exchange 

TIjline. 

Usually class TIjline aj are not measured directly 

on a wide scale. But the total exchange load y is 

measured routinely and is available for virtually all 

exchanges. Therefore we estimated the class TIjline 

for a telephone area by the linear least squares 
technique with y and Ni as the given data and aj 

as the unknowns. 

As the result of analysis the following were selected 

as significant classes of service: 

RES - the two following residential classes combined: 

RES .· cw - with Call Waiting service*; 

RES nw - without Call Waiting service; 

BUS - the three following business classes combined: 

BUS ind - business individual lines, 

BUS ctx - business Centrex-CO lines, 

BUS coin - coin telephone lines; 

HTI - expected high traffic intensity lines including 

PBX, WA TS and Centrex-CU lines. 

* This is the most widely used special service in Bell System 
exchanges. 
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Tables I,ll and lIT display class TIjline obtained by 

the least squares technique for three classes of service. 
This has been done for almost all telephone companies 

in the Bell System. The three tables give separate ana

lyses for busy periods occurring in the morning, after

noon and evening. The tables show that a large per

cent of load variation among exchanges is explained by 

regression. 

Bell Erlangs per line 

telephone 

companies RES BUS HTI 

New England .037 .10 .49 

New York .034 .14 .26 

So. New Engl. .055 .14 * 
New Jersey .056 .10 .24 

Pennsylvania .067 .12 .28 

Ches. & Pot. .059 .13 .25 

Southern .053 .15 .39 

Ohio .084 .14 .29 

Michigan 

Illinois .039 .12 .54 

Indiana 

South Central .068 .13 .53 

Wisconsin .060 .13 * 
Northwestern .061 .12 .31 

Southwestern .062 .12 .40 

Mountain .051 .18 * 
Pacific N.W. - - -
Pacific .037 .14 .40 

Secondly, the residual variation (after the class of ser

vice variation removal) shown in the tables is small 

enough to allow the exchange mix TIjline to be 

estimated by class TIjline formula (la) with reasonable 

accuracy. This estimation process is therefore useful in 

several different areas of traffic engineering and 

administration. 

% of variation Residual: Number 

explained Estimation of 

by regression error CV% exchanges 

98 4.1 10 

97 6.5 28 

81 9.4 14 

85 7.0 13 

95 5.3 25 

93 7.9 17 

89 11.3 18 

85 7.5 9 

4 

93 7.0 18 

3 

96 7.3 12 

98 3.5 10 

87 9.7 9 

92 8.8 17 

82 9.2 16 

90 8.5 18 

* insufficient data 

Table I. Bell System Class of Service Traffic - Morning Time 

The first conclusion is that, with the time of day and 
the area given, the largest part of the total exchange

to-exchange TIjline variation is attributable to the class 
of service mix difference between exchanges. 
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The accuracy of estimation is well illustrated by the 

following example. In 25 Bell of Pennsylvania 

exchanges, the morning exchange Tljline varies 

between 0.074 and 0.131 with coefficient of variation 
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21.5%. After regression on classes of service, this vari

ation has been brought down to 5.3%. Therefore class 

of service loads defined by least squares analysis allow 

estimation of the total load per line in an exchange 

with an average standard error of 5.3%. 

Bell Erlangs per line 

telephone 

companies RES BUS HTI 

New England .066 .10 .28 

New York .049 .10 .58 

So. New Engl. .052 .12 .40 

New Jersey .059 .10 .29 

Pennsylvania .075 .09 .19 

Ches. & Pot. .063 .13 .28 

Southern .060 .07 .82 

Ohio .065 .13 .43 

Michigan .090 .06 .47 

Illinois .048 .11 .67 

Indiana - - -

South Central .08 .13 * 
Wisconsin - - -
Northwestern .066 .08 .41 

Southwestern .064 .13 .54 

Mountain - - -
Pacific N.W. - - -
Pacific .058 .09 * 

Another obvious application of the class of service 

load analysis is the line assignment and load balancing 

problem. Once a subscriber line unit is detected as 

being overloaded or underloaded, the class of service 

TIjline results can be used directly to indicate lines 

that should be removed or added. 

% of variation Residual: Number 

explained Estimation of 

by regression error CV% exchanges 

73 8.8 20 

70 12 30 

80 10.6 5 

86 5.8 14 

52 7.5 36 

81 10.9 26 

68 14.7 24 

82 8.7 30 

69 8.0 13 

73 9.2 22 

74 5.4 14 

35 11.8 25 

55 12.2 17 

83 11.1 17 

* insufficient data 

Table 11. Bell System Class of Service Traffic - Afternoon Time 

Fig. 1 shows an example of a forecasting application. 

It illustrates how a significant class of service mix 

change caused by a large exchange addition or 

redefinition of the exchange area (Area Transfer) can 

be taken into account by class of service traffic analysis. 
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Fundamental traffic differences between subscriber 

classes have been recognized from the early days of the 

telephone traffic studies. We hope that the results of 
this study augment some of the earlier work[I] [2] [3] 

presented at this Congress. 
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Bell Erlangs per line % of variation Residual: Number 

telephone explained Estimation of 

companies RES nw REScw BUS by regression error CV% exchanges 

New York .087 .17 .00 91 3.9 14 

Pennsylvania .092 .20 .01 96 5.0 21 

Ches. & Pot. .070 .20 .07 91 8.1 13 

Ohio 5 

Michigan 4 

Illinois .095 .22 .02 67 15.5 3 

Indiana 2 

Wisconsin 2 

Pacific .066 .29 .02 99 4.2 8 

Table Ill. Bell System Class of Service Traffic - Evening Time 

2. Least Squares Estimation of Class of Service Traffic 

Consider the class of service equations (I) and (la) 

described in section 1. As we just mentioned, statisti

cal data readily available in the Bell System are well 

suited for estimation of class of service TI/line, aj, by 

the linear least squares technique[4] [5] with sets of y 

and N j for sample exchanges as the given data and 

aj as the unknowns. 

From this point of view, consider a sample of M 

exchanges in a telephone area with Nri being the 

number of lines of the i-th class at the r-th exchange in 

the sample and y, being the observed TI at this 

exchange. The expected TJ for a set of the 

exchanges with the same class of service mix as the r

th sample exchange is 

n 
E(y,) = ~Nriaj , r=I, ... ,M, 

;=1 

and in matrix notations 

(2) 

E(Y) = Na , (3) 

where N=(Nri ) is the class of service mix matrix. 
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The least squares estimates for aj will be ii; given 

by the estimator vector[4], [5]: 

These estimates can be used then for exchange 

traffic estimation (prediction) according to formulae 

(I) and (la). 

The variability of the estimated loads and of the 

observed loads themselves can be evaluated through a 

number of statistical characteristics. For this study we 

have chosen three "collective" variability statistics that 

provide a sound evaluation of the utility of the least 

squares results from a telephone company point of 

view. These will now be explained. 

3. Practical Criteria for Significance of Class of Service 

Usage Analysis 

For each exchange of the sample, the difference 

y, -y;. between the measured load y, and the 

estimated load y;. is a measure of uncertainty in the 

total traffic volume. This uncertainty is to be 
accounted for in the amount of equipment, and this 

amount is roughly proportional to the total exchange 
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load. From the operating company point of view, it is 

important how these errors are related to the total 

volume of company traffic, i.e. how large is the amount 

of additional equipment provided for uncertainty in 

traffic volume. 

The class of service differences are responsible for a 

large part of load differences between exchanges, but 

there are other factors contributing to these 

differences. 

This fact is usually expressed by dividing the varia

tion of the measured load about its overall mean E(y) 
into two parts[5]: 

The first sum on the right side is the part of the 

exchange-to-exchange variation caused by class of ser

vice differences, and the ratio of it to the whole 

(6) 

is sometimes called the "proportion of total variation 

about the mean explained by regression"[5]. 

We refer to R2 by (6), in per cent, as percent of 

variation explained by regression. 

The second term on the right side refers to the part 

of the exchange-to-exchange variation that is left after 

the class of service factors have been taken into 

account. This term estimates the total amount of 

uncertainty for a company or an area when 1, serves as 

an estimator of Yr' and 

V~(yr -1,)2/(M -n) 
Estimation error CV = (7) 

E(y) 

is the standard error of prediction, or estimation, (with 

M-n degrees of freedom) divided by E(y). This 

coefficient of the residual variation gives a measure of 

the final accuracy of estimation expected to be 

achieved after removing class of service variation. 
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The third statistic, C.O. V. shown in table IV, is an 

estimator of the percent error for the class estimators 

if;. This characterizes the accuracy with which the aver

age company TIjline for each class has been estimated. 

This statistic was approximately the same for all Bell 

telephone companies, and therefore it is not shown in 

Tables I,ll and Ill. 

If percent of variation explained by regression, R 2 

by (6), is large enough and estimate error CV is small 

enough then the class of service analysis works well. If 

R 2 is large but the estimate error CV is not small 

enough there are other differences between exchanges 

to be taken into account. A case with a comparatively 

small value of the R2 , about 50-80%, usually means 

an incomplete analysis. In particular, it is likely that a 

more complete breakdown of classes would be needed 

for improved accuracy. These small values are seen 

frequently in the afternoon time results (Table 11). 

Otherwise the results show acceptable percent of varia

tion exp!ained by regression and acceptable error CV. 

4. Bell of Pennsylvania Study 

The Bell of Pennsylvania study was used as a pilot 

study for input data analysis and methodology develop

ment. 

Table IV is a convenient tool for explaining some 

interesting aspects of methodology. The table shows 

solutions of equation (3) according to (4) for two main 

station classifications, with five and with three classes 

of service. The standard deviation, given both as the 

absolute value and as the coefficient of variation 

(C.O.V.), characterizes the estimation accuracy of the 

average company TIjline for each class of service. 

The data in Table IV show the estimates of the 

overall company average for each class of service. The 

coefficients of variation for these estimates are 

significantly different for different classes. Two major 

factors contribute to these differences: difference in 

overall class sample size and degree of class homo

geneity. 
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Classes of service Percent of Residual: No. 

variation Estimation of 

RES BUS BUS BUS HTI explained by error exch. 

ind. coin Ctx regression CV% 

Erlangs/line .064 .124 .096 .122 .26 

Standard 92.9 6.6 27 

deviation .004 .029 .062 .005 .09 

Coeff. of 

variation 6.9% 23% 65% 5.2% 37% 

Erlangs/line .064 .120 .27 

St. dev . .002 .004 .06 94.9 5.4 27 

C.O.V. 3.5% 3.7% 20% 

Erlangs/line .065 .120 .28 

St. dev. .002 .004 .05 95.2 5.3 25 

C.O.V. 3.1% 3.0% 17% 

Table IV: Line Traffic Intensity by Class of Service 

Bell of Pennsylvania, Morning Time 

The coefficient of the exchange-to-exchange varia

tion of the measured exchange TI/line about the com

pany average TI/line is 21.5 per cent. (The measured 

TI/line are weighted by the total exchange traffic inten

sity.) By the solution for five classes given in the first 

line of Table IV, 93% of this variation has been 

explained by regression on classes of service (see for

mula (6)). The residual variation expressed as the 

standard error of estimation, according to formula (7), 

is only 6.6 per cent. 

The second solution shown in Table IV is for the 

same 27 exchanges but with the three business classes 

combined in one common class. Because of a larger 

main station sample for the combined class , the com

pany averages are estimated much better. 

Further accuracy improvement is obtained by identi
fying and removing two exchanges that do not fit into 

the common picture. The results for 25 exchanges are 
shown in the last rows of Table IV. 

Session 2 . 4 r l'C - I O 

5. Bell System Class of Service Line Traffic 

Results for the Bell System are shown in Tables I,ll 

and Ill . 
The residential and business TI/line for individual 

companies is very reliable when the percent of varia

tion explained by regression is larger than 90, residual 

variation (the estimate error coefficient of variation) is 

under 7-8%, and the number of exchanges is large 

enough (e.g. , over 10-12) . The high traffic intensity 

figures are less reliable, because the high traffic line 

population is highly heterogeneous and relatively small 

in number. 

The results given in Tables I-Ill should be inter

preted as indicators rather than absolute predictions. A 

more detailed analysis by telephone companies will 

produce better statistics. However, it is unquestionably 

true that residential customers in major metropolitan 
areas generate less morning traffic than similar custo
mers in other areas . In the evening, residential lines 

with Call Waiting service have much higher traffic than 
other residential lines. 
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6. A Forecast Example Using Class of Service Data 

There are many ways in which class of service data 

can be used in the forecasting process. One of them is 

estimation of a significant shift in traffic as a result of 

large class of service shifts after an Area Transfer or 

other central office change in application. Time series 

techniques lack the input data to account for such rapid 

shifts in exchange characteristics. 

For an example of a class of service prediction, con

sider an exchange with 20 000 lines, measured TIjline 

0.118 Erljline and predicted Tljline 0.113 Erljline. It 

has a prediction error of 4.4% typical for this size of 

exchange. Figure 1 shows a hypothetical five-year 

trend of measured traffic intensity per line, along with 

a five-year forecast based on a time series method. 

Erlangs 
per line 

0.120 

0.105 

0.100 

Class of 
Service 
shift 

"" ."",. <. Time series forecas~ 

;' ~ I 
~ :faint time series and 

"-....~lass . of service forecas! 

A: Prediction with current Class of Service mix 
B: Prediction with new Class of Service mix 

1976 77 78 79 80 81 82 83 84 Years 

Figure 1. A Forecast of Traffic per Exchange Line with 

Adjustment for Class of Service Change 
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Suppose now that a significant change in class of ser

vice mix is expected to occur. There will be an 

increased proportion of residential lines so that the 

TIjline for the exchange just before the change is 

larger by 0.1 Erljline than TIjline after the change. 

The difference of 0.1 Erljline can be found as the 

difference between TIjline computed for the old class 

of service mix and the new class of service mix. 

As the result of these calculations, two adjustments 

to the time-series forecast will be needed. One is the 

adjustment for the bias in class of service forecast. 

Another is the adjustment for the class of service mix 

change. Figure 1 shows these two adjustments and the 

final TIjline forecast for the exchange. The Joint 

Forecast line is simply parallel to the original forecast, 

after class of service adjustments. 

When class of service mix and class of service 

TIjline have been accumulated for several previous 

years this technique will be enhanced by tracking the 

bias. This will account for changes in class of service 

in the past . 
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• Summary of Questions/Answers 

Date: 13 June 1983 

Session: 2.4 

Paper: 1 

Q.l (W. Swain) 

First,· I would .like to endorse the ··use of class-of-service 
breakouts for office forecasting. It has long · been part of the 
lineforecasters "bag-of-tricks:' . Also, a couple of years ago ·, 
I had some success using pooled-cross sectional models, containing 
many offices and many years to get usage perline by class. 
Secondly, I would like to ask the aurthors if they have extended 
their analysis to . point-to-point usage? 

A.l (V.A. Bolotin & J.C. Kappel) 

Thank you. We have also done some analysis using multiple years 
of data, and are in the process of preparing results. 

We have done no specific analysis of point-ta-point usage, 
for lack of ·an appropriate data base. 

Q.2 (Halgreen) · 

Could you report on the percentage of variation explained by 
a simple regression on exchange size. 

A.2 (V.A. Bolotin & J.C. Kappel) 

Nearly all of the data used in our study was for large (l/lA 
E~~) central offices. Therefore, we have no clear evidence of a 
ch~nge in "% of variation explained by regression", according 
to office size. -

It should be noted, however, that the standard error of estimation 
will be higher for small exchanges than for larger ones -
a?cording to basic statistical theory. 

Q. 3 (A .. Elhamy) 

1. Cqn you- e-lahcrrate on !the analysis done to select significaRt 
classes of service and comment on how this analysis :could be 
extended to other new services (eg. voice ·messaging) • . 

2. The traff id intems:¥ty. :.L·l'l'IJ\)f·orf!~esid~tiali.ii:ne·siw~th?:d:all 
waiting is twice those with no call waitinq. _Can you explain 
0+ cqmment on the magnitude of -TI .differences? 
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1. 

2. 

,. 

ITO 10 

(V.A.Bolotin & J.G. Kappel) 

We tried several alternatives, using as ' many as five classes. 
The important thing appears to be to defl.ne • large enough " 
classes, so that a reason.ably large sample of each line type 
is obtained, in ' each p'otential , busy period (time of day). J It 
does not appear necessa+y that . the commercial classes ofs'ervice 
lumped t :ogether to form ~ a "t.raffic class" be similar in function, 
but only in tr'affic level. 'Vol;.ce/data integration is acceptable ' 
if both 'are similar in ~sage. : . 

Apparently Bell customers in sQme areas buy call waiting 
service in l ·ieu of a second .. 1iIje. In evening busy hour off~ces 
C.W. lines are therefore 'high qsage, on the average. 
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