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Abstract 

This paper deals with properties of recursively 
generated pseudo random numbers and their 
influence on traffic simulations. In particular, 
the uniformity of the distribution of such 
random numbers and their independence of 
preceding values are investigated on the basis 
of group theory. 

An upper limit for the maximum number of 
independent random events in traffic simulations 
which can be produced by arbitrary random number 
generators with finite cycle length is derived. 
Furthermore, criteria for the dimensioning of 
recursive random number generators are 
presented. 

The influence of the properties of random 
numbers on traffic simulations is illustrated in 
examples. 

1 Introduction 

In traffic simulations, recursively generated 
pseudo random numbers are widely used. In the 
seque 1, such pseudo random numbers wi 11 be 
shortly refered to as random numbers (denoted as 
RNs) . 

In many cases, uniformly distributed RNs are 
required for traffic simulations. Obviously, the 
quality of RNs used in traffic simulations is 
highly important, because the checking of the 
accuracy of simulation results may be very 
difficult or even rather impossible. 

In this paper, the statistical independence of 
RNs is investigated on the basis of group theory 
and with regard to the fact, that the RNs 
generated can be described with the aid of 
lattice structures. 

These investigations lead to a method for the 
calculation of an upper limit for the maximum 
number of independent random events (denoted as 
REs) which can be produced by arbitrary random 
number generators (denoted as RNGs) with finite 
cycle length. Furthermore, criteria for 
dimensioning of recursive generating algorithms 
for RNs are presented. 
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2 Recursive Random Number Generators 

This paper · is concerned with RNs which are 
generated according to a recursive algorithm in 
the following way: 

r 
Yk =L ai . Yk-i mod m 

i=1 
( 1 ) 

RNGs of this kind are very popular, since these 
algorithms - with properly chosen parameters -
generate very well uniformly distributed RNs and 
are easy to handle. Furthermore, their 
applicability in traffic simulation has been 
shown by many authors with the aid of various 
statistical tests examining the IIrandomness ll of 
the generated numbers. 

The values Yk which are obtained according to 
such a generating algorithm form a subset of the 
natural numbers from 0 to m-1. The actual RNs 
are obtained by normalizing the values Yk in 
such a way, that, e.g., all RNs xk are situated 
in the interval O l~ , xk ~ 1. 

In traffic simulation, a RE in the simulated 
system is usually not represented by a single 
value Yk, but by a certain number of such values 
corresponding, e.g., to a certain interval with 
respect to the generated RNs. Therefore the 
requirement of uniform distribution (and 
independence) does not always refer to the 
sequence of individual RNs but to the REs needed 
for simulation (or the intervals of RNs, 
respectively). 

A very simple kind of generating RNs with the 
generating algorithm according to eq. (1) was 
proposed by D.H. Lehmer. He chose a power of two 
as modulus with an exponent e 

(2) 

and regarded only one preceding value for 
generating a new RN (r=1): 

Yk = a1 . Yk-1 mod 2e (3) 

This leads to a very fast generating algorithm. 
However, the multiplier a1 has to be chosen very 
carefully. 
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With a poorly chosen multiplier it is possible 
that the generator produces only rather few 
different RNs. In the following, multipliers 
which allow to generate the maximum number of 
RNs are called primitive elements. In generating 
algorithms according to eq. (3) the maximum 
sequence of different RNs - the so called 
p~riQd (;) - nevertheless amounts only to 
2le-Z) (1). 

For generators according to eq. (3) table 1 
contains types of possible multipliers which are 
primitive elements and enable the generation of 
the maximal possible period (1). 

Multiplier a1 Starting Point Generated Values 

a1 mod 8 3 y(O) mod 8=1v3 8'1+ 1 8·) +3 , v =0, ~: -1 
a1 mod 8 3 y(O) mod 8=5v7 8'1+5 8)+7 , ·: =0, ·~' -1 

a1 mod 8 5 y(O) mod 4 = 1 4 '} +1, '~ =O, /, -1 
a1 mod 8 5 y(O) mod 4 = 3 4'J +3, '=0, '1,-1 

Table 1: Primitive elements for generating 
algorithms according to eq. (3). 

From this table it can be seen that the set of 
generated values depends on the multiplier as 
well as on the starting point. 

Generators with a multiplier fulfilling the 
condition a1 mod 8 = 5 generate RNs with a 
strictly uniform distribution over the range 
0 ••• m-1. 
In generators with a1 mod 8 = 3, however, a 
strictly uniform distribution can be achieved 
only if two (or more) neighbouring values Yk are 
combined. This devides the possible period by 
two. 

The logarithm to the base two of the period 
which is obtained if only strictly uniformly 
distributed RNs are taken into account is called 
effective modulus length in the sequel and 
denoted by -'"' . 

A possibility to generate all values between 0 
and m is the use of a prime number p as modulus. 
In this case the period ( '/\ ) is p-1, if a 
primitive element is used as multiplier. But 
here it is not so easy to determine a primitive 
element as in case of a power of two as modulus: 
each primitive element has to be calculated 
separately. 

The general generating algorithm according to 
eq. (1) which considers r predecessors in 
generating a new RN enables the generation of a 
period 

(4) 

if the multipliers ai are chosen properly. It 
can be shown (2) that eq. (4) holds true if the 
multipliers ai are chosen as coefficients of a 
primitive polynomial modulo p. 
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3 Lattice Structure of Recursive Random Numbers 

It is usual to determine the properties of RNGs 
by means of statistical tests. In this paper, 
the properties of RNGs are investigated by means 
of other methods. 

All individual n-tuples of n consecutive RNs 
which a generator can produce can be regarded as 
pOints in a limited n-dimensional space. These 
pOints are, however, not spread irregularly in 
this space. It can be shown that these points 
can be transformed into an n-dimensional lattice 
if special conditions are taken into 
account (4). With the aid of the theory of such 
lattices it is possible to determine properties 
of RNGs whithout applying statistical tests. 

An n-dimensional lattice is usually described by 
n linear independent vectors 11, •.• ,ln. Then the 
individual lattice pOints Gn can be calculated 
accord i ng to eq. (5). 

(5) 

where the vector re consi sts of arbitrary n-tu
pels of integers~ The matrix U1, .•• ,ln) is 
called a basis of a lattice _if eq. (5) enables 
the representation of all lattice pOints. If 
11, ... ,ln are the shortest possible vectors this 
basis is called a reduced basis (7). In the 
sequel it will be assumed that these vektors are 
sorted (11 the shortest one, In the longest 
one). The reduced basis can geometrically be 
interpreted as an n-dimensional cell with the 
volume: 

(6) 

The n-1 shortest vectors (11, •.. ,ln-1) of a 
reduced basis describe so-called n-1-dimensional 
hyperplanes (6). The longest vector In points 
from an arbitrary point of one hyperplane to the 
nearest neighboured lattice point on the next 
hyperplane. The hyperplanes therefore have a 
constant distance to each other. Lattices with 
uninterlocked hyperplanes are in the following 
called single planed. In the 2~dimensional case, 
e.g. the hyperplanes are straight lines; these 
are uninterlocked if any vertical line (or 
horizontal line, respectively) is intersected by 
at most one hyperplane. 

For statistical independence of n successive REs 
it is necessary that the n-th event is 
independent from its n-1 predecessors as far as 
the n-1 predecessors are statistically 
independent, too. To develop this independence 
it may be necessary to combine a certain number 
of RNs to one RE. If a RE is formed by a con
tinuous interval of RNs the number of values 
which have to be combined regarding a special ge
nerator can be calculated directly from the 
reduced basis of the generator1s lattice. Every 
possible combination of n REs has to be represen
ted by at least one point of the lattice. On the 
other hand, the values belonging to each of 
these combinations are contained in an n-dimen
sional cube with axially parallel edges. 
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The maximum possible number of cubes (containing 
at least one lattice point) In a particular 
lattice describes exactly the maximum possible 
number of independent n-dimensional REs (i.e. 
REs which are independent of n-1 preceding 
events). The lower the number of points of the 
lattice in each cube, the greater the numbe~ of 
cubes can be chosen. Optimally in each cube 
exactly one point of the lattice is situated. In 
this case the distances between the pOints of 
the lattice are nearly equal in all n 
directions. 

For characterizing the statistical independence 
of n-dimensional REs of an individual RNG, all 
distances to neighboured pOints in the 
n-dimensional lattice are calculated. The n 
shortest linear independent vectors form the 
reduced basis according to eq. (5). 

The maximum number of n-dimensional cubes is 
fixed by the minimal distance of the 
intersection pOints between the hyperplanes and 
the co-ordinate axis. The distances lj n can be 
described with the aid of the vectors'11, ... ,ln 
(4) according to the equation: 

lj,n ~j = c1 11+···+cn ln j c 1 ... n (7) 

where ~j is the unit vector in direction of the 
j-th co-ordinate axis. The solution of this 
equation leads to the following formula for the 
f!1inimal ,distance lj,n,min of pOints of 
IntersectIon : 

lj,n,min = min( IDET(ln,n) I/ IDET(lj,j) l ) (8) 

with: 
DET (In,n) = Vn according to eq.(6) 

DET (lj j) = determinant of an (n-1) by 
, (n-1) matrix consisting of the 

vectors of the reduced basis 
except the j-th column 
and n-th row 

This value lj n min denotes the minimal length 
of one edge ot the above mentioned n-dimensional 
cubes. In addition, this length describes the 
minimal size of classes of a RNG which can be 
used in simulations (4). Therefore, the maximum 
number kn of independent REs can be determined 
with the aid of lj,n,min: 

kn = m I lj,n,min (9) 

Furthermore, it can be shown that eq. (9) 
describes the number of n-dimensional 
hyperplanes which a generator can produce. This 
number is equal to kn. 

The exact calculation of the maximum number of 
independent n-dimensional REs kn may be very 
extensive. Therefore a quality criterion has 
been suggested by some authors. The IIqualityll Qn 
of a given RNG has been described by the 
quotient of the lengths of the shortest and 
longest vector of an n-dimensional reduced basis 
of a lattice (eq.10). 
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( 10) 

This quality qn of a generator is suitable for a 
qualitative description of RNGs because it is a 
measure for the deviation from an lIideal ll 
structure of n-dimensional hyperplanes. 

An upper limit for the maximum number of 
independent n-dimensional REs kn will be 
presented in the following for arbitrary RNGs. 

4 Theoretical Limitations of Random Number 
Generators 

It has been mentioned that the maximum 
independence of n-dimensional REs is given, if 
all 2 .).( generated n-tuples are equally 
distributed in the limited n-dimensional space. 
Regarding this distribution, an upper limit for 
the maximum number of independent n-dimensional 
REs for arbitrary RNGs with finite cycle length 
can be determined (4). The result is presented 
in the diagram in fig. (1) showing the maximum 
number of independent n-dimensional REs as a 
function of the effective modulus length (J< ). 
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Fig. 1: Number of n-dimensional REs as a 
function of the effective modulus 
length. 

This diagram has fundamental importance for the 
dimensioning of RNGs. 

If, e.g., one million independent 2-dimensional 
REs are needed for a simulation (i.e., events 
which are independent of the preceding event, 
respectively), the effective modulus length of 
the generator used amounts to at least 40 bits 
(according to fig. (1)). 
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On the other hand, however, RNGs with this 
effective modulus length can generate only 1 000 
independent 4-dimensional REs (i.e. only 1 000 
events which are independent of three preceding 
events, respectively). 

5 Examples for the selection of Random Number 
Generators 

With regard to the described structure of RNGs, 
three generators with different properties are 
dimensioned in this section which enable the 
generation of approximately 100 000 different 
events which do not depend on the preceding 
element. The qualities of these generators with 
respect to the independence of consecutive 
n-tupels will also be discussed. Fig. (1) shows 
that the required effective modulus length 
amounts to approximately 33 bits. In order to 
enable a short computing-time, a power of two 
has been chosen for the modulus in these 
examples. In this case the generator (as stated 
above) selects only a quarter of all existing 
numbers between zero and the modulus. For 
compensating the shorter length of the period of 
such a generator the modulus is chosen four 
times greater. If furthermore multipliers with 
a1 mod 8 = 3 are chosen the real modulus length 
has to be 36 bits. For these generators, three 
multipliers are selected which lead to different 
properties of the corresponding generated RNs. 
These different generators can be used to 
investigate whether particular simulation 
problems are critical with respect to the 
independence of particular RNs or not. 

GEN1 GEN2 GEN3 
-----------------------------------------------

a1= 362436067 218+3 131 

length n=2 763746 741467 1048 
of red. 766407 828957 524560875 
lattice 
vektors n=3 22475806 2388246 137292 

24075385 2500694 524576160 
70177751 6326140665 524576161 

4 

The lattice structures of higher dimensions are, 
however, not so good. This effect can be shown 
theoretically for the third lattice in a simple 
manner (3). The third generator (GEN3) presented 
here is a generator with bad lattices in all 
dimensions. This generator produces only 
uninterlocked hyperplanes (single planed 
generator). Table 2 displays the used RNGs and 
some of their characteristic values. 

6 Influence of the lattice structure on traffic 
simulation 

In this section, the influence of the lattice 
structure on traffic simulation is illustrated 
in three examples. 

Example No 1 

This example deals with the distribution of two 
consecutive events and, in particular, with the 
conditional probability p(class1Iclass1) that 
y(k) belongs to subclass No. 1 if the preceding 
value y(k-1) belongs to the same subclass. In 
this example the subclass No. 1 starts from 
zero. In case of ideally uniformly distributed 
RNs, this probability is proportional to the 
size of subclass No. 1. This is indicated by the 
dashed lines in fig. (2), fig. (3) and fig. (4). 
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quality q(2) 0.9965 8.945 E-1 1.9979 E-6 3 / 

/ 
q(3) 0.3203 3.7752 E-4 2.6172 E-4 

68779 
777 

65539 
9 

Table 2: Properties of the selected RNGs. 

131 
131 

Generator 1 (GEN1) presents a lattice structure 
with a good quality factor in both considered 
dimensions (n=2,3). The second generator (GEN2) 
represents a widely used generator. This 
generator is often recommended because the 
serial correlation coefficient of consecutive 
pairs is very low. This explains the fact that 
the structure of the 2-dimensional lattice of 
this generator is very good. 
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Fig. 2: Conditional propability 
p(class1/class1) of GEN 3. 

For the example of the (real) generator GEN3 as 
described in section 5, the actual probability 
p(class1Iclass1) is shown by the solid line in 
fig. (2). Fig. (2) shows that the probability 
p(class1Iclass1) for this generator differs 
remarkably from the theoretical values for the • 
various sizes of subclass No. 1. 
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Fig. 3: Conditional propability 
p(class1 1class1) of GEN 2. 

For the generators GEN2 and GEN1, the 
corresponding probabilities p(class1 1class1) are 
shown in fig. (3) and fig. (4). These diagrams 
show furthermore that the probabilities 
p(class1 lclass1) can even decrease in case of 
increasing class sizes. 
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Fig. 4: Conditional propability 
p(class1 Iclass1) of GEN 1 • 
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Example No 2 

In the second example a switching node with two 
incoming groups (consisting of n1i=150 and 
n2i=50 trunks, respectively) and two outgOing 
groups (consisting of n10=150 and n20=50 trunks, 
respectively) is investigated. It is assumed 
that in this example incoming and outgoing 
trunks are arranged symmetrically. This enables 
an easy calculation of the theoretical values. 
Furthermore it is assumed that a call occupies 
each of the incoming trunks with the probability 
Pin=1/200 and each of the outgoing trunks with 
the probability Pout=1/200. 

Obviously Pin=Pout=Pio holds true in this 
example. For this simple model, the traffic 
between the incoming and outgoing groups has 
been simulated, and in particular the 
probability, that a call is switched via 
incoming group No. i and outgoing group No. j 
(i,j=1,2) which be denoted by p(i,j). The exact 
results can be determined easily as follows: 

p( 1,1)= 0.5625 
p(2,1)= 0.1875 

p(1,2)= 0.1875 
p(2,2)= 0.0625 

For the model described above a simulation 
program has been developed. In this simulation 
program a RE corresponding to the number of the 
incoming trunks (or outgoing trunks, 
respectively) used by a call is represented by 
an interval of RNs. The size of such a random 
interval is chosen proportional to Pio. To get a 
better statistical independence, in traffic 
simulation often the RN of a special interval 
(taboo set) are not used. 

The pattern of the random intervals for the REs 
has been chosen in the following manner which 
may also be interpreted as a speCial wiring 
pattern of the trunks of the two groups. The 
first interval corresponds to t trunks of group 
No. 1. Then intervals for trunks of group No. 2 
and trunks of group No. 1 are arranged 
alternatively, followed by the remaining 
intervals for trunks of group No. 1 and a 
taboo-set. This is illustrated in fig. (5) . 

O •.••.•.••.... random numbers .••.••.••••••.•••• 1 
O •..•.•.••• t .. random events •.•.•••• 200 ..•••. 262 

group1 : group1/2 : group1 taboo 

Fig. 5: Arrangement of random intervals for 
incoming and outgoing trunks. 

For each arriving call at first a RN for the 
incoming trunk is calculated. With the known 
relation of RNs to REs, it can be determined on 
which group the call is arriving. In the same 
way the number of the outgoing group is 
evaluated. 
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The simulation has been carried out for all 
values of t in the range of 0 to 100 with 
generator GEN1 as well as generator GEN3. For 
the probability p(1,1) these simulation results 
with their confidence intervals are shown in 
fig. (6). 
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Fig. 6: Simulation results for p(1,1) with 
generators GEN1 and GEN3. 

The exact values are indicated by a dashed line. 
In the case of the first generator, the 
simulation results are in very good accordance 
with the theoretical probabilities calculated 
above. 
If, however, generator GEN3 is used, great 
deviations appear. In this case all simulation 
results are not in accordance with the 
theoretical values. This can be seen from 
fig. (6). 

For comparison, the probability p(1,1) which is 
to be expected in the simulation has also been 
calculated (4) taking into account the known 
lattice structure of the generator GEN3. These 
values are shown as dotted lines in fig. (6). It 
can be seen that the simulation results with 
GEN3 can be explained well with the aid of these 
values. 

It can be concluded that the bad results in this 
example of GEN3 were possible because the 
smallest realized class size (1/262) is smaller 
than the admissible minimum class size (1/131). 
Therefore, in this special case the RNG was 
tested by simulation rather t han the considered 
model! 

Similar problems may occur in more complex 
simulation models needing for instance more than 
two consecutive independent REs. In such cases 
it is important to determine and take into 
account the admissible minimum class size of the 
RNG used. 
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Example No 3 

In the first two examples the influence of the 
lattice structure of RNs on traffic simulation 
was shown in the case that the set of RNs was 
divided into subclasses representing REs. In the 
last example each RN is used in a manner which 
is usual in time true simulations. 

For this purpose, a simple delay system with an 
infinite number of waiting-places and a server 
consisting of two processing units in series is 
considered. 

The service of a call consists of two phases: a 
first partial service time in the first 
proceSSing unit and a second partial service 
time in a second processing unit. The partial 
service times in each processing unit are 
supposed to be negative exponentially distri
buted. 

This model is shown in fig. (7). 

1 
arriving calls 

Inflnlt waiting room 

-------------------------, 
neg.-exp. distributed 
service times In the 
processing units 

--------------------------

Fig. 7: Model of a two phase processing unit. 

This model has been simulated with the 
generators GEN2 and GEN3 for the case that both 
processing units have the same mean holding 
time (h/2). It is well known (5), that the 
distribution of the total service time is an 
Erlang-2 distribution in this case. 

The results are shown in fig. (8). It can be 
seen that the simulation results for both 
generators are in good accordance with the 
theoretical distribution in the range of low 
values of service times. GEN2 yields good 
results also in case of larger values of service 
times whereas GEN3 does not. In the following it 
is investigated whether the difference between 
theoretical values and simulation results is due 
to the lattice structure of GEN3 or not. 
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...... Probab I 11 ty Regard I ng the 
Lattice Structure of GEN 3 

I Simulation Results (GEN3) 
<9Slmulatlon Results (GEN2) 

Complementary Distribution 
~f the Total Service Time 

t/h 4.2299 

Fig. 8: Simulation results. 

In the simulation, the RNs representing 
processing times for the phases of the 
processing-units be denoted by z1 and z2, 
respectively. These values are determined from 
uniformly distributed RNs x1, x2 with the aid of 
logarithms in the usual way. From this it 
follows that the condition z1+z2>t is equivalent 
to 

x1 · x2 < e-2t / h ( 11) 

The probabitity that this product of two 
successively uniformly distributed RN x1 and x2 
remains under a value e-2t/ h in a particular 
single planed generator can be easily determined 
(4) from the lattice structure of this generator 
(eq.12): 

PfT>t}= ~ + __ ,1 __ '~1 ,~ + cmax.e-2t/h I 

4 cmax ~ ~ - (12) 

In this equation the multipier cmax describes 
the maximum number of classes in the case n=2 
for the used generator (in our case 131). 

The probabilities according to eq. (12) are 
indicated by a dotted line in figure (8). It can 
be seen that the simulation results with GEN3 
are in good accordance with the values according 
to eq. (12). 

This shows that the deviation of the simulation 
results are caused by the poor lattice structure 
of GEN3. 
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7 Conclusion 

In this paper properties of recursive RNGs have 
been investigated with the aid of group theory 
regarding the fact that recursively generated RN 
form n-dimensional lattices. 

The structure of those lattices enable 
statements concerning the quality and, 
especially, the statistical independence of the 
generated numbers. In particular, an upper limit 
for the admissible maximum number of REs is 
derived for the case that in simulation REs are 
needed which are independent of one or more 
preceding events. These results lead to 
proposals for the dimensioning of RNGs. 

The influence of statistical independence of 
n-dimensional REs on traffic simulations is 
illustrated by means of three examples. 

The examples show that bad simulation results 
can occur if the individual limits of the used 
RNG are not taken into account. 
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Q.l (Halgreen) 

Could the troubles you investigated: )be ,ov~rcome by using a mixed 
generator consisting 'of two gen~rators, of which t~e one 

shuffles the random numbers generated by the other. 
,; 

A.l ~ 'Ide/Sagebarth) 

The use of such mixed geperators of various types ~onsistipg 
of two or more random number gener?tors has also been considered 
in this study. A disadvantage of such mixed generators is, 
that a ' detailed description of their properties seems to pe 
difficult ' and is not available up to now. 

It can, however, be shown that , the problems mentioned in this 
paper may ,also arise in cases of such mixed generators. ::-.:~The 
effective cycle length of a mixed generator m~y be lar~r than 
the cycle length of the individual generators of which "it "is 
composed. 


