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Abstract 

Present techniques of traffic measure
ment, which are based on trunk occupancy 
scans, overflow and peg counts have not 
changed a great deal since the early days of 
automatic telephony. In particular, although 
the variance parameter is needed, its measure
ment and use has been limited by the capa
bilities of existing traffic measurement 
systems. With the advent of microprocessor 
technologies a number of new approaches in 
traffic measurement become possible. This 
paper concentrates on the measurement and use 
of the variance parameter of the traffic and 
presents several concepts which could improve 
measurement technique, such as direct 
measurement of the variance of the offered 
traffic, measurement of traffic variations and 
diagnostics in the measurement process. 

Background 

The distribution of traffic can be 
characterized in practice by its first two 
moments (mean and variance). In practice, 
it is desirable to assess both the within 
period variance and the period-to-period 
variance to establish effects of traffic 
non-stat ionarity. J:../ Direct determinat ion of 

1./ In the particular case where measure
ments are taken over a series of hours. 
the period would be 1 hour in duration 
and the period to period variance would 
be the variance of the average hourly 
traffic samples. 

* The views expressed are those of the 
author and do not necessarily reflect 
the views of the Federal Communications 
Commission. 
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the mean and variance would provide a more 
reliable method for determining the 
probability of blocking than would the peg 
count and overflow measurements. especially in 
lightly loaded trunk groups where there are 
very few overflow counts [2]. Furthermore. 
use of the measured variance is important 
because it is not affected by retrials which 
may bias the blocking measurement made from 
peg counts and overflows. It also allows 
determination of last trunk usage. 

The variance parameter is also needed to 
properly size trunk groups in the switched 
network, and is part icularly useful where 
information about traffic characteristics from 
subtending trunk groups is unavailable. thus 
making it especially applicable to networks 
using, for example. more efficient techniques, 
such as dynamic nonhierarchical routing [1]. 
In present hierarchical networks accurate 
determination of the variance would enable 
network final groups to be sized based on 
direct traffic measurements without requiring 
informat ion on traffic overflows from 
subtending groups. For the networks of inter
connecting carriers or for private networks 
interconnecting to the public network, the 
variance measurements, unlike the peg count 
and overflow measurements, can be made at 
either the originating office or the 
terminating office. This can be used for 
determining the access circuit requirements. 

In present systems, estimating variance 
from other measured parameters is usually 
inaccurate as well as costly in terms of 
computer time and memory requirements. It 
would thus be desirable to determine the 
variance of both the offered and carried loads 
as a source measurement, rather than a derived 
quantity. 

Description of a Proposed Measuring Technique 

It is desirable in a measuring device to 
be able to economically monitor the changes in 
the mean and variance over a sliding hourly 
period. This would fac ilitate determination 
of the peak hour and current hour load statis
tics. In addition. a device should be compact 
and require only a small number of measuring 
leads, so as to facilitate connection to a 
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traffic facility, minimizing its costs. The 
rudiments of such a traffic measuring device 
with these features are described in reference 
[6]. That paper concentrated on the measure
ment of the traffic mean using the principle 
of state transition, and showed that the 
addition of the variance measurement simply 
requires the accumulation of squares and sums 
of squares of instantaneous samples of trunk 
occupancies. While these samples may be taken 
at any time, it is only necessary to look at 
the trunking facility at moments of call 
arrival and departure. The concept described 
earlier incorporates an up/down counter 
which is incremented by trunk seizure and 
decremented by trunk release, and an accu
mulator which allows the calculation of the 
average up/down counter state corresponding to 
the average trunk group occupancy. An 
all-trunk-busy (ATB) condition was proposed to 
initialize the value in the up/down counter 
and reset the accumulator. 

The versatility of any traffic measuring 
device depends on the ability to accurately 
monitor the variance as well as the mean on 
a cont inuous bas is. The present paper, 
therefore, documents several improvements to 
the original concept referred to above with 
particular emphasis on variance measurement. 

Measuring the Variance 

While it is straightforward to measure 
the variance from the sums of squares of 
sample measurements along with their sums, it 
is necessary to take enough measurements to 
arrive at a reliable result (reflecting the 
steady state condition). In order to minimize 
the required measurement period by reducing 
error in the measurement process, knowledge of 
the time of each state transition and state is 
needed for a precise representation of the 
variance. In fixed rate scanning systems 
measurement accuracy would tend to decrease 
with the level of traffic being measured, 
since more transitions would occur between the 
measurement scans when the traffic level was 
higher. In addition, evaluation of malfunc
tion in the measured trunking system would be 
limited if scans do not capture all events 
(call seizes and releases) occuring during the 
measurement. In scanning systems with fixed 
scanning intervals, the variance can be 
represented by the following expression, where 
x. is the state at the ith sample, At· is 
tfie time between the ith and the (i.} 1) 
sample (scan), and T is the measurement 
period: 

T 

In order to overcome the limitations of 
such systems with fixed scanning intervals, a 
formula has been derived for use of the 
transition (seize and release) times of the 
traffic process itself to precisely determine 
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the traffic variance. (See Appendix A.) Such 
an approach would require scans or observa
t ions only when an event occurs. The formula 
is derived from the fact that the mean of the 
traffic can be determined from first prin
ciples by summing the total conversation time 
and dividing (normalizing) the result by the 
measurement interval, assuming that calls in 
the system at the start and end of the 
measurement interval started and ended at 
those times. (See boundary conditions 
discussed in reference [4].) 

The result shown below requires that the 
seize and release times s. and t. be 
weighted by a funct ion of the corresp~nding 
0thCecupancy levels xi and x j , ~ere to 1.1.: Ss 

start of the measurement per1.od and t f 
the end of the measurement period. 

~ s· (2x. + 1) 
J J + 

A derivation of this result is shown in 
Appendix A, which indicates that it is 
pos s ib le to deve lop an exact measure of the 
traffic mean and variance over a period of 
interest by making samples only at times of 
state tranS1.t1.on. Therefore, low levels of 
traffic would result in fewer measurements and 
higher levels would result in a greater 
dens ity of measurements. Usefulness of the 
above technique extends beyond the real time 
measurement process itself. For example, the 
above technique facilitates measurement of 
traffic generated in time simulations with 
fewer instructions and memory requirements. !/ 

Measuring the Variance of the Offered Load 

Present determination of the mean and 
variance of the offered loads can only be 
roughly estimated using an iterative calcula
tion in which offered mean and variance and 
the expected blocking level parameters are 
tested using Equivalent Random Theory (where 
peakedness is greater than 1) unt il the 
measured mean and variance of the carried 
traffic are ach ieved. This can be a tedious 
calculation which may involve a significant 
amount of computer time. 

In order to determine the variance of the 
offered load directly during the measurement 
process, an assumption must be made about 
the holding times of the overflow calls, since 

y Since the clock time in time simulations 
is incremented randomly for each 
simulated call attempt (event), it is 
desirable to make measurements coin-
cident with the event times. 
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CUMULATIVE LOW LEVEL BLOCKING 
OBSERVED IN SIMULATION 
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* Me an holding time: 
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these calls do not directly a ffe c t the 
occupancy states of the facility being 
measured and their duration is unknown . 
Because it is only possible to physically 
monitor the carried traffic, it is proposed to 
reconstruct within the measuring device a 
large enough hypothetical trunk group which 
would simulate occupancies from carried and 
overflow (los t) calls. This can be done in a 
microprocessor environment using the concepts 
discussed in reference [6] with an up/down 
counter in the measuring device which allows 
both carried and overflow calls to affect its 
"occupancy" states. 3/ Logic would randomly 
generate and assign an appropriately dis
tributed holding time for each blocked attempt 
and store the. corresponding terminat ion time 
in memory (sum of clock time and holding 
time). The mean holding time would be 
calculated from the average carried traffic 
divided by the corresponding number of 
attempts. When the clock time exceeds the 
termination time of a particular "simulated" 
overflow call that call would be released by 
clearing the stored termination time from 
memory and the measuring device would 
internally generate its own "supplemental" 
release pulse which would decrement the 
up/down counter. Measurements would be made 
as described above in the previous section by 
monitoring the states and transition times of 
the up/down counter. In this way releases 
both from carried calls and simulated overflow 
calls would affect the measured variance. 

Measurement of the offered load enables 
straightforward calculation of the probability 
of blocking with the formulas for smooth or 
peaked traffic given in reference [7] or by 
other means. This was demonstrated using 
the above technique in a time simulation. The 

11 See U.S. Pat. No. 4,200,771. 
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* All ho ldi ng -times including hypothetical 
holding times of blocked attempts are 
exponentially distributed. 
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Figure 1 

cumulative mean, variance and blocki ng was 
simulated and measured. The blocking 
calculated from the mean and variance, was 
found to provide a better measure of the 
expected blocking than the blocking calculated 
from the peg count and overflow measurement, 
where blocking levels were small, as shown in 
figure 1. 4/ The result illustrates the 
convergence process for the blocking obtained 
by peg count and overflow compared to the mean 
and variance. 

Grouping the Measurements and Day-to-Day 
Variation 

Classical Erlang traffic theory assumes 
traffic stationarity; however, it has been 
observed that a series of real peak hour 
measurements made on different days often 
exhibits systematic day-to-day variations 
which have been described as piecewise 
stationary [4]. Due to the limitations of 
present traffic measuring systems, empirical 
formulas are used in the provisioning process 
which are based on the existence of such 

!::../ In a s imulat ion of calls wi th 33 Erlang 
of traffic offered to 50 trunks the 
blocking calculated from the mean and 
variance measured from the simulation 
was found to reach an equilibrium level 
sooner and c loser to the expected 
blocking leve 1 than the blocking level 
determined from the peg count and over
flow . The variance of blocking samples 
obtained from the offered mean and 
variance measured in the simulation was 
lower than that obtained from the peg 
counts and overflows with low blocking 
levels. As blocking increased, the 
variance of the two blocking measures 
tended to converge. 

Session 1. 4 I'IC-10 Paper #3 



variations and which require the assumption 
that the peakedness does not change from day
to-day. A simple extens ion of the proposed 
measur1ng device using the relationship 
between grouped mean and variance measurements 
described below suggests a somewhat different 
way to incorporate the phenomenon of day-to
day variations into the measurement and 
provisioning process which would be based on 
actual measurement and would not require the 
above empirical assumption about peakedness. 

The approach is based on the concept of a 
composite variance, that is the variance which 
would have been measured if all of the hourly 
samples were used together to arrive at a 
composite traffic mean and variance. 5/ In 
practice, however, measurements are not made 
this way, as peak hour data is accumulated 
separately for each day. Nonetheless, a 
relationship derived in Appendix B can be used 
to relate the variance of the daily means 
(also known as the day-to-day variation) and. 
the mean of the daily variances to the 
composite variance which would have been 
measured had all the samples been part of a 
single measurement. The composite variance is 
simply the sum of the day-to-day (or period
to-period) variance and the average daily (or 
within period) variance. The relative 
magnitude of the two components, (day-to-day 
variation and within hour variance) making up 
the composite variance is in practice affected 
by the number of calls during each peak hour 
measurement and the number of peak hour 
measurements used. 6/ For stat ionary traffic 
with large numbers -of calls per hour and a 
large number of hours, the day-to-day varia
tion approaches zero; however, both the day
to-day variation level and the traffic level 
(affecting the density of measurements) would 
influence the measurement of day-to-day 
variance. The simple relationship described 
above suggests that the composite variance 
rather than the day-to-day variance might be a 
better parameter from which to provision cir
cuits using the appropriate blocking formula 
[7] where the facility for variance measure
ment as described in this paper is available. 

5/ 

6/ 

The composite mean is 
unweighted average of 
samples. 

simply the 
the hourly 

The robustness of the average within 
period variance component and the 
period-to-period component has not been 
evaluated; however, it is expected 
that the assumption and measurement of 
systematic variations as well as random 
ones would require a greater number of 
measurement samples to provide the 
measurement confidence achieved in an 
environment of statistical stationarity [3]. 
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Another application of the result in 
Appendix B is suggested by the need to develop 
moving hourly traffic mean and variance 
statistics in order to arrive at the peak hour 
variance statistics. To accomplish this, it 
is necessary to subdivide the measurement 
interval (hour) into a number of shorter equal 
time periods each with its own mean and 
variance which can later be incorporated into 
a composite (hourly) mean and variance. By 
this method, the statistics from the sample 
intervals during each hourly time period can 
be incoporated into a sliding measure of both 
the hourly traffic mean and variance, allowing 
the oldest measurements to be updated on a 
first in first out (FIFO) basis. The oldest 
data can then be easily replaced by data 
associated with the most recent period and the 
composite overall variance can be recalculated 
from the individual period means and variances 
also using the relationship in Appendix B 
which relates the composite variance to the 
sample interval means and variances. This 
grouping process and calculation allows the 
variance to be updated at regular intervals 
while minimizing memory requirements for 
individual data samples. 

Diagnostics in the Measurement Process 

In a typical measurement monitoring the 
state transition process, determination of the 
traffic level requires that the precise state 
of the trunking system be known at least once 
during the measurement period. Initialization 
of the up/down counter and accumulators in the 
measuring device is made when all trunks 
become occupied and the exact occupancy leve 1 
of the trunking facility is known. However, 
the all trunks busy condition (ATB) may not 
occur until the measuring device has been 
operating for some time. In order not to lose 
those measurements taken prior to the 
occurrence of ATB, a retroactive correction to 
the accumulators can be made to adjust the 
measured mean. The difference between the 
up/down counter and the total number of trunks 
in the system at the time of ATB, multiplied 
by the number of sample measurements which 
have been taken prior to the knowledge of the 
trunking state can be added to the accumulator 
to provide the necessary adjustment for the 
traffic mean. The variance measurement, 
however, is level independent and therefore 
does not require that the absolute state of 
the system be known. 

A final consideration in any measuring 
system is the reliability of the measurement 
and abil i ty to detect malfunct ion. Several 
concepts have been developed which would 
provide diagnostic information relating to the 
traffic measurements. Spurrious trunk 
seizures or releases, or trunks which were 
permanently in the seized or released state 
would result in erroneous measurements. Such 
types of discrepancies can be monitored by 
relating the up/down counter state to the 
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known number of trunks after the first ATB 
occurrence. The first ATB occurrence is 
required to init ialize the device and adjust 
the up/down counter. Subsequently, however, 
the up/down counter should track the true 
state of the system which can be verified at 
times of blocking or ATB occurence unless 
malfunction (improper seizes or releases) had 
occurred. In addition, by tracking the 
difference between the minimum and maximum 
trunk occupancy states over time one could 
establish the probability that any trunks were 
~ot seizing or releasing at all. A flow chart 
'shown in figure 2 illustrates such an error 
checking procedure. Although it may not be 
possible in all cases to isolate the 
part icular cause of error, the process unlike 
many present measurement systems provides the 
basis for evaluating malfunction in the 
facility being measured. It is essential, 
however, that in evaluat ing malfunct ion, the 
measurement device be designed to capture all 
seizes and releases, since a missed transition 
could easily be mistaken for a problem in the 
9bserved facility. 

Conclusions: 

Given the need for accurate and reliable 
variance measurement, this paper has explored 
several concepts which would be useful in 
implementing and exploiting variance 
measurement, and which become pract ical in an 
evolving microprocessor environment. These 
concepts could provide more robust and less 
biased blocking estimates and could 
potentially simplify trunk provisioning 
systems and data bases. In addition, studying 
the measurement process in the manner 
described would facilitate further improve-
ments and enable evaluation of traffic 
variation. Finally, using these concepts 
malfunction in the trunking system could be 
traced, if not isolated. 
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APPENDIX A 

It is known that the average occupancy 
level of a trunking system gives the average 
carried traffic. This can be expressed as the 
following summation in relation to the state 
transition diagram (reference [6]): 

(Eq In 1) !:::. t. 
1 

t f - to , where x. is the 
ith occupancy state, !:::. t. is its duratIon, and 
t f - t ,is the period 1f measurement . This, 
in tu~n is equivalent to the total call 
duration divided by the period of interest, 
which can be expressed as: 

(Eq'n 2) 

To express the variance in similar terms, 
we first notice that the variance can be 
written as two terms: 

(Eq'n 3) 

based upon the sums of squares and sums of the 
samples. The second term is equivalent to: e \ = t:s~2 
To reeva1uate the fist term, one must first 
notice that if n releases and m seizes occured 
at each trans1t10n time t. and s. the 
expression for the traffic: 1 J 

(Eq In 4) 2: t. - 2: s j 1 
t -f to would be rewritten 

as: 

(Eq'n 5) 2: nt. - 2: ms· 1 ] 

t - t f 0 

Evaluation of: 

(Eq'n 6) 

therefore requires 
that the expression be written in terms of the 
incremental change of xi when xi is incre
mented or decremented by 1. When Xj is 
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incremented x. goes from x. 2 to (x. + 1)2. 
The change is J 2x. + 1. J Similar1:1 when x. 
is decremented ~y 1, xi goes from x. 2 t~ 
(x. - 1)2, a change of 2x. - 1. Thi/ means 

1 . 1 
that the change of xi 1S level dependent. 
However, since we know that equation 1 is 
equivalent to equation 4 and that multiple 
seizes or releases in infinitestimally close 
proximity multiply the respective terms by 
their respective number, we can express the 
first term in equation 3 equivalently as: 

(Eq'n 7) 2: s. (2x. + 1) 
J J 

using equation 5 with n = 2xi - 1 and m 
+ 1 

2x. 
1 

This can then be combined with Equation 4 
squared (equivalent to the second term in 
equation 3) to get the traffic variance as 
follows: 

(Eq'n 8) 2: t i ( 2x i - 1) + 2: s. (2x. 
] ] 

+ 1) 

e L Sj) t f - to 
t. -1 

t f - to 

In addition, an assumption must be made 
regarding calls present at the s tart and end 
of the measurement interval. It is 
appropriate to assume that such calls began or 
ended at the boundaries of the measurement 
period. In so doing, we can add in 2 constant 
correction terms as follows [5]. 

The term 

corrects the 
traffic mean (second term equation 8) and the 
term 

2 2 
Xf tf - Xo to 

t f - to 

corrects the first term in equation 8. 

APPENDIX B 

This appendix derives a relationship 
between the mean and variance (]J j and 0

2 j ) 
of m groups (subsets) of n samples each and 
the variance of the composite set or universe 
of mn samples. It will be shown by an 
induc t ive argument that the variance of 
the ]J j I S added to the mean of the 0

2 j IS 
gives 0 2

, the variance of the universe of mn 

samples. First, assume 2 groups of two 
samples each xl + x2 ' Y1 + Y2' The mean of 
the groups of samples can be expressed as (Xl 
+ x 2 )/2 and (Yl + Y2)/2. The variances of the 
two groups is: 

x 1
2 + x~ (Xl + x 2\2 Y~ + y~ Gl + Y2 \2 

-~2-- - \- 2 -) and 2 - \':'--::;:2--) 
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The variance of the means is then: 

(Eq'n 1) 

and the mean of the variances is: 

(Eq'n 2) 

xl' + X< +xY~' + Y2' -i[(Xl +2 X2)\ ~l ; Y~J 
The composite variance 
grouping the samples is: 

derived without 

(Eq'n 3) 

It can be further seen that the composite 
variance (Eq'n 3) is the sum of equations 1 
and 2, since the first term of equation 1 
cancels with the second term of equation 2. 

I t is evident that addition of one more 
sample to each group or addition of another 
group will not alter the result. For m groups 
and n elements in each group we can express 
the above samples x·. as follows using a 
double index notation 1.Jhere j indicates group 
and i indicates the samples within each 
group. The mean for each group is: 

n 
L x·· 

i=1 1J 

n 

and the variance is: 

The variance 

(Eq 'n 4) 

~m ~ j~i 
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L x~. 

i=1 1J (
. ~ Xi J)2 

_ 1=1 

n 

of the group means is: 

n 

X')' C n 

Xi j
)' 

1J L L L n - j=1 i=1 i=1 
mn 
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and the mean of the group variance is: 

(Eq'n 5) 

m 
L 

j=1 

n 
L 

i=1 
2 1 m (n ~ 2 Xij -;;. L L Xij 

J=1 i=1 

n 

Finally the composite variance is: 

(Eq'n 6) 

m 
L 

j=1 

mn 

n 
L xi· 2 

i=1 J 

which is equivalent to the sum of equat ions 4 
and 5. 

The result is not altered for m + 
groups and n + samples and thus holds in 
general, except of course that the number of 
samples in each group must be equal. Thus, 
the composite variance can be calculated as 
the sum of the variance of the means of the 
individual groups (subsets) and the mean of 
their variances. 
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Q.l (J.G. Kappel) 

Under "measuring the variance of the offered load", you 
describe a process for assigning simulated holding times 
to blocked calls. Since repeated attempts would be treated 
as new calls, would this not artificially inflate both the 
mean and variance of offered load? 

A.l (J.M. Kraushaar) 

To the extent that the lost calls cleared assumption inherent 
in classical Erlang . theory indicates that blocked calls leave 
the system and do not recur at a time which would disturb the 
random process, the direct offered variance and mean measure
ments p r oposed should, I believe, represent the proper measure 
of the traffic. This answer, however would have to pe quali
fied when examining specific assumptions about retrial 
behavior inherent in . real traffic. The impact of retrails 
on the mean and variance and other measurements would depend 
on the degree to which retrial behavior in real traffic 
departs from classical theor~ Further investigation is need~d 
to tailor the ~measu~ement process to a particular retrial . 
behavior model. 
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