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ABSTRACT 

This paper deals with mathematical model

ing of traffic processes from the view

point of grade-of-service monitoring, di

mensioning purposes and forecasting. Gen

erally, observed call congestion values 

are used as grade-of-service criteria and 

measured values of carried traffic as a 

basis for dimensioning and forecasting. 

The theoretical relationship between call 

congestion and traffic intensity is a cor

nerstone in dimensioning a service system, 

e.g. a circuit group. In this paper the 

expected value of call congestion is solv

ed as a function of time assuming that the 

call arrival process is a time-dependent 

Poisson process in which the lost calls 

are cleared. This can be considered as a 

generalization of the well-known Erlang 

formula. 

If the traffic is a mixture of several 

types, then a generalization of the Engset 

congestion formula is given under the as

sumption of stationarity. 

A time series model is presented for the 

coordination and elaboration of the traf

fic data. Based on daily peak hour traffic 

values this additive seasonal model has 

been used in the Helsinki Telephone Co. 

since March, 1980. Some results are shown. 

1. INTRODUCTION 

The SPC exchanges offer enhanced capabili

ties of traffic data collection. The meas-
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urement functions in the real-time environ

ment should be executed with minimal load 

on the processors. Corresponding to various 

objectives, e.g. dimensioning, grade-of

service monitoring, network management etc. 

the measured data could be given as input 

data to analysis programs in accordance 

with a specified schedule. During the day 

time, only minimal amount of calculations 

are to be performed, ego the preservation 

of hourly values. The daily updating of 

traffic data records and calculation proce

dures are executed at the end of a day on a 

rolling basis from day to day. It is appro

priate to perform preprocessing to some ex

tent in the exchange itself and store daily 

values for postprocessing at the end of 

each day. 

A modeling approach is necessary for the 

implementation of a continuous traffic meas

urement. In the following a mathematical 

model is presented for the measurement of 

traffic intensity and the calculation of 

call congestion on final circuit groups. 

In the case of a time-dependent call arri

val intensity, the calculation of call con

gestion has earlier been based on numerical 

methods or a stepwise approximation of the 

intensity function /1/. 

2. GENERALIZATION OF ERLANG FORMULA FOR 

A TIME-DEPENDENT POISSON PROCESS 

Consider a time-dependent Poisson traffic 

offered to a group of N circuits of full 

availability in which the lost calls are 
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cleared. The time is measured by units of 

the mean service time (ie. holding time) 

and the time-varying arrival rate is de

noted by A(t). If A(t) is a nonzero, con

tinuous and piecewise differentiable func

tion, then the time-dependent probabi~i

ties Pn(t) of having exactly n lines busy 

can be calculated as follows. 

Let us define 

for n=O, 1 , ... , N. (1) 
N 
L: A(t)i/i! 

i=O 

These numbers TIn(t) can be considered as 

approximations of the probabilities Pn(t) 

in the case of slow intensity variations 

/7/. The values of Pn(t) are linked to the 

values of TIn(t) by the following formula. 

t 

[ 

e A(t) 
Pn(t)=c 

-n t f T n e (0 e A(T)dT +b) 

A(t) n -t [t T e (0 e A(t )dT+b) 
e 

where c and b are constant values depend

ing on the initial condition at t=O and 

the terms 0n(t) represent a small per

turbation, which is negligible except for 

n= N, N-1, N-2. A recursive formula has 

been developed for the calculation of terms 

0n(t), n=0,1, ... ,N, and an approximative 

equation particularly for 0N(t) (see Ap

pendix A). If the system has been in equi

librium until time t=O, then b= AtO) and 

c=1. 

If A (t) =A (0) +a t is a linear function of 

t and the blocking probability TIN(t) is 

assumed to be small and the system has 

been in equilibrium until the time t=O, 

then the following expression can be de

rived for Pn(t). 

for t ~ O . 
(3) 

The term e- t above could be approximated 

by 0, if t is sufficiently large, ego at 
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the end of a quarter hour interval. 

An example of the application of formula 

(3) is presented in Figure 1. In this case 

it is assumed that N=40, t=2 and a =+1 or 

-1 and the denotation 

Pn(t) = (1+an (t)) TIn(t), n=0,1, ... ,N 

is adopted. The dashed line shows the 

trace of an(t), if term 0n(t) is neglec~d 

Notice, that the derivative of A(t) 

with respect to time t is denoted by 

A (t). ) 

an(t) 

o 

N=40 

t=2 

for t ~ O (2) 

Fig. 1 Example of the application of 

formula (3) for calculating 

values of an(t). 
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3. PIECEWISE LINEAR APPROXIMATION OF THE 

ARRIVAL INTENSITY 

In practice, the call arrival rate can be 

measured on quarter hourly basis and the 

arrival intensity can be approximated by 

a piecewise linear function. 

From the viewpoint of capacity performance 

some network management actions or other 

type of near real-time control can be 

based on the piecewise linear approximation 

and the calculation of call congestion 

values on a rolling basis throughout a day. 

If only the peak hours are of interest, 

then the five quarter hourly numbers of 

call attempts related to the peak hour 

could be saved during the day. Thus the 

congestion formula (3) could be applied 

in the end-of-day calculation using the 

first quarter hourly value to approximate 

A(O). For the succeeding quarter hours 

j= 1,2,3,4 the constant values b. and c. 
J J 

must be taken into account recursively 

by modifying formula (3) correspondingly. 

b. and c. designate band c in formula (1) 
J J 

for time interval j. 

4. TIME SERIES MODEL BASED ON DAILY PEAK 

HOUR TRAFFIC VALUES 

From the viewpoint of grade-of-service 

monitoring and capacity performance it is 

important to record the peak hour traffic 

on each day. The hour, at which the traf

fic is greatest varies widely and the sub

scribers are concerned about it. In ~he 

so-called Average Daily Peak Hour method 

(ADPH) the traffic value is determined 

by /3/ 

- measuring the traffic on each whole 

hour and recording the peak hour _values 

of 10 consecutive working days 

- averaging the traffic values of the 

daily peak hours at the end of a 10-day 

period on a rolling basis 
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registering the highest moving average 

(ie. ADPH value) during every measure

ment season (eg. half a year) 

The daily peak hour traffic values consti

tute a fundamental time series for studies 

of the evolution of the traffic in the 

network. The moving average over 10 suc

.cessive working days can be used to de-

scribe the level of the process both for 

dimensioning and forecasting purposes . /3/. 

Grade-of-service monitoring should be 

based on the call congestion values of the 

peak hours of individual days (not only 

working days). It is suggested that the 

piecewise linear approximation of the ar

rival intensity would be used to calculate 

the peak hour congestion values, since the 

variance of the measured values is gener

ally large. An appropriate measure of the 

grade-of-service performance could be the 

frequency of exceedances of a congestion 

limit within a specified reference period 

(eg. 8 weeks). 

The grade-of-service level is represented 

by the moving average of the calculated 

call congestion values of the daily peak 

hours during the latest two weeks on a 

rolling basis. This average blocking should 

be related to the corresponding ADPH traf

fic value. It would be more realistic than 

the nominal value obtained by the Erlang 

formula corresponding to the average of 

the daily peak hour traffic values. The 

main reason is generally a large day-to

day variation of the traffic. 

The series of the daily peak hour traffic 

values can be furnished with a growth 

alarm limit by adding a multiple of the 

standard deviation of the daily values to 

the moving average /3/. A characteristic 

value of the distribution of the daily 
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values yields such a limit, since the sole 

definition implies that one exceedance on 

the average will occur within a specified 

number of days (eg. 20) and the occurrence 

of 4 exceedances indicates a significant 

growth trend /3/. 

By recording the 10-day moving averages at 

2-week intervals the variation within a 

week can be eliminated and one obtains a 

smooth traffic series for short-term fore

casting. The seasonal variation within a 

year is clearly perceptible in this series, 

although it varies on different circuit 

groups showing large variability at least 

in the area of the Helsinki Telephone Co. 

in Finland (local traffic). The seasonal 

component of each of the 26 fortnights 

(ie. 2-week intervals) can be estimated 

by calculating the deviation from the 

yearly average value and averaging this 

deviation over the latest two years /3/. 

At the time of a growth alarm it is possi

ble to extrapolate the fortnightly traf

fic series by a linear trend line based 

on the yearly average level at the current 

time and at the preceding alarm time. The 

seasonal components are added to the trend 

line values in order to achieve a realis

tic forecast. 

In the AUTRAX system in the Helsinki Tele

phone Co. the ADPH method and the growth 

alarm technique and the associated short

term forecasting have been running for 

more than 3 years. In Appendix B there are 

examples of typical print-outs of 2-year 

long traffic series and eventual forecasts 

on some circuit groups. 

5. GENERALIZATION OF THE ENGSET CONGESTION 
FORMULA FOR A STATIONARY PROCESS OF 

VARIOUS TYPES OF TRAFFIC 

Let us suppose that the traffic arriving 
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at the system is a mixture of K independ

ent traffic types. Calls of type k arrive 

in a Poisson stream with an intensity Ak 

and have an arbitrary holding time distri

dution with a finite mean value 1/~k . 

If the number of customers of each type is 

very large and stationary tarffic is of

fered to N circuits, then the probability 

that exactly n lines are busy equals /2/ 

'IT 
n 

An/n! 

Ak 
where A= L 

k ~k 

for n=O, 1 , ... , N 

Furthermore, suppose that the traffic is 

offered to the system by L lines, where 

L is larger than N, ie. the number of cir

cuits available. If the traffic offered 

by each free line is a similar mixture 

of the K independent types as described 

above and the traffic is stationary, then 

the probability that exactly n lines are 

busy is /5/ 

1T n 

(L) An 
n 

A. 
where A= L K 

k ~k 

for n=O, 1 , ... ,N 

This approach can easily be extended to 

the case where the traffic offered by 

each free line is a mixture of K. differ-
1 

ent types of traffic, i=1,2, ... ,L, but 

the simplicity of the Engset formula can 

not be retained in this case. C.Palm has 

studied this extended situation, when the 

holding time distributions are exponen

tial. 

6. CONCLUSION 

The capabilities of SPC exchanges could 

be utilized to perform continuous traffic 

measurement and calculate the call conges-
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tion based on a piecewise linear approxima

tion of the call arrival rate. The intro

duction of new teleservices may generate 

large traffic flows in an unexpectedly 

short period of time at least in local net

works. A demand-servicing procedure could 

be established based on the print-out of 

eventual growth alarm reports on a daily 

basis individually for each circuit group 

or route in the network. On the other hand, 

the traffic may become more and more non

stationary and the congestion formulae 

should be developed accordingly. In this 

paper a solution has been presented for 

the time-dependent Poisson process in which 

the blocked calls are lost, the service 

times are exponentially distributed and 

the traffic is assumed to be of only one 

type. Further investigat i ons would be de

sirable to generalize the Engset conges

tion formula for the case of a time

dependent Poisson arrival process consist

ing of several types of traffic. 
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APPENDIX A 

A short derivation of the formula (2) of 

Pn(t) is presented. The birth-death equa

tions for the state probabilities 

P=(PO,P1, ... ,PN) can be written in the 

form d T 
dt P = A P (i) 

where 

A

T

= [A 1 1 A - 1. -1 2 

- A-N+1 N 
- A -N • 

If A ~O is continuous and piecewise differ

entiable, we can substitute into (i) 

p= (I+diag(a))TI (ii) 

where TI=( TI
O

, TI
1

, ... , TI N) is g i ven by (1) 

and a=(a O,a 1 , ... ,aN) is arbitrary. Now 

we obtain 

~t a = Aa + A (I+diag(a)) b 

where b=(b O,b 1 , ... ,bN) and 

By defining n 
x= N ' a(t,x)= an(t) and 

1 = N(a(t,x+ N) - a(t,x)) 

1 = N(a(t,x)-a(t,x- N)) , 

(iii) 

traffic Congress. Torremolinos 1979. 7pp. the equation (iii) for the vector a be
/4/ Martikainen,O., On the Approximation 

of a Nonstationary Birth-Death Process. 

Helsinki 1982. Institute of Mathematics 
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/5/ Martikainen,O., A Generalization of the 
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1982. Research Institute of the 
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comes 

-x - + - - + A (a+1) b [a a] A ~~aJ . 
~x _ N ~x + 

(iv) 

1 1 
for x=O 'N I ••• 1 1- N 

- [:iJ _ + ~ ( a + 1 ) b (v) 

for x=1 . 
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* Let us denote by a the solution of (iv) 

when x is considered as a continuous varia

ble ~n the interval [- ~, 1 + ~J and write 

0= a - a . We can now solve the function 

by substituting 

a * (:t , x) = e d (t) z (t) Nx - 1 

and obtain 

(vi) 

1 ft T-t -t z(t) = A(t) (0 e A(T) dT "t A (0) z( 0) e ) 

t 
d(t) = / A(T) (1-z( t )) 

o 
* The initial values a (O,x) governed b y 

this solution result from the constants 

z(O) and d(O). If A has been constant until 

t=O, we obtain d(O)=O and z(0)=1. 

The difference ° is given by the equations 

APPENDIX B 

Typical examples of growth alarm reports. 

The graphical print-out is generated on a 

lineprinter. The growth alarm report con

sists of a print-out line below the page 

title and a graphical plot of fortnightly 

traffic values (ADPH) during the past two 

years represented by asterisks on columns 

-52, -51, -50, ... , -2, -1 (connected by a 

solid line manually). If an extrapolation 

of the traffic curve is meaningful, then 

a linear trend line (dotted line) is de

termined passing through the current alarm 

time and the preceding one. The extrapola

ted values are calculated (denoted by plus 

signs in the print-out) until the capacity 

limit is exceeded. Thus the length of the 

grace period can be visualized. 
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-x - + - - + Ab o [~ o J A fa oJ . 
Sx _ N ax + 

(vii) 

1 1 
for x= O'N'···' 1- N ' 

(viii) 

for x =1. 

The order of the magnitude of ° can be 

approximated by the steady state solution 

corresponding to a o /~t =0. By setting 

80 =1, 8n = 0n/ on-1 for n=1,2, ... ,N, 

we obtain 

~ n 1 
8n = 1- >: bn + >: (1- B

n
-

1
) 

° = ~ ( 1- i b _ 1 -1 
N N2 N N S;) 

for n=1,2, ... ,N , 

~~1· 
(ix) 

(x) 

By approxim~ting BN ~BN-1 in (ix) we can 

solve BN from (ix) and, consequently, an 

approximation of oN from (x). 

Notice, that the old value of the alarm 

limit is indicated by two dashes on col

umns -1 and -2 prior to the current fort

night, which is located on column O. From 

the current fortnight onwards the new val

ue of the alarm limit is also represented 

by means of a dashed line. In addition to 

that, the uppermost dashed line always 

represents the capacity limit. If several 

characters fall in one printing position, 

then the traffic value is superior to the 

others in the print-out. 

In the first example two consecutive 

alarms have been shown on such a circuit . 
group which has experienced an unexpected 

rapid increase of traffic. The underlying 

reason was the establishment of a new 

PABX without checking the traffic level . 
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~ 
I erl 

I number of circuits 40 
1 
1 

availability 40 
capacity limit 27.3 erl 

3-
01 
I 
1 
1 
1 
I 
I 
I 

the latest ADPH value on Sept.21,1982 = 26.4 erl 
estimated growth rate on Sept.21,1982 = 0.260 erl/week 
estimated grace period on Sept.21,1982= 4 weeks ------------,+ 
the next alarm printed on Nov.12,1982 ++ 

. 1 
2-
01 

1 

~f 
I 
I 
1 
I 
J 

1 \ 
01 

1 

and attached to this figure. 

---1---------1---------1---------1---------1---------1---------I---------I---~ 
-50 -40 -30 -20 -10 0 10 FORTNIGHTS 

perl 

number of circuits 30 
availability 20 
capacity limit 19 erl 

01 
I 
J 
I 
I 
I 
1 
}. 

the latest ADPH value = 16.6 erl 
estimated growth rate = 0.031 erl/week 
length of grace period= 98 weeks 

r 
1--
5 t. 

1 
I>l 
I· 
1. 
r 
1 
I 

~ erl 

1 56 circuits, availability 18, 
I capacity limit 37.4 erl, 
1 the latest ADPH value 35.0 erl, 
I 
1 
1 
1 

3-
of 

I 
1 
I 
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~ : 
1\, , ;, 

++, + + + : ~ 
I + ./ \ ,"+++ + ++~ ••• 

.~: '\: " " ; \. ' + ...... + • • •• \-,. + + ••• r 
¥ \ , 

\ , 

t 

~ ~ 
, I 
, I 

~ 

-----------------------~ , 
++++ + .. " 

;t " 
++++~ ••••• ++ •• 

estimated growth 
rate on Sept.27,1982 
= 0.018 erl/week 

estimated length of 
the grace period 
on sept.27,1982 
=26 weeks 
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