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ABSTRACT 

In this paper, we propose a new forecasting 
method which we call Bayesian forecasting with 

multiple state space model. This method in

creases the robustness of forecasting, that is, 

it has the ability to adapt to the various 
situations. A multiple state space model is 

composed of several state space models called · 

sub-models. Its forecasting value is given by 
the weighted summation of each sub-model' s 
forecasting value, which is calculated indi
vidually by means of a Kalman filter. The weight 

of each sub-model takes a value proportional to 
Bayesian posterior probability, which is cal
culated from the likelihood. A good fitting 
sub-model's posterior probability increases as 

the number of ob serva t ions increases. Prior to 

forecasting, the initial state and . noise vari
ances of each sub-model are needed in order to 
use the Kalman filter. In this paper these 

parameters are estimated by numerical maxi
mization of the likelihood concerning these 

parameters. Examples of how this method may be 
applied to monthly telephone revenue data and 

trunk group load data are given, demonstrating 

the ability of the method for one-step ahead 
forecasting. The transitions of posterior 
probabilities of sub-models are also shown. 

1. INTRODUCTION 

This paper presents a forecasting method 
using multiple state space models. Many papers 
on traffic forecasting with state space models 

have been published [lJ-[4J. A state space model 
has the advantage of being ab le to give a 

sequential projection with a Kalman filter, i.e. 

forecasting is possible even when only a small 
amount of data is available. The main difficulty 

of using a state space model in traffic forecast
ing is the building of the models themselves. In 

general, the structure of the social phenomena 

which moves dynamically (e.g. traffic trend), is 
unclear and likely to change and it is difficult 
to grasp it precisely. And it is not appropriate 

to apply a one state space model to forecast at 
a11 times. The varying trends can be represented 

more precisely when various models are construct
ed and the best of them is selected for forecast 

as the data is obtained. For example, random 

walk models are insensitive and tough for excep

tional values, and therefore the robustness of a 

mUltiple state space model can be expected to 
increase when a random walk model is added to it 
as sub-model. 

Forecasting with multiple state space models 

as a whole is based on this line of reasoning. 
In this method, several state space models for 
forecasting are first prepared as sub-models 

(trend model and random walk model are considered 
sub-models) • Next, the observation time series 
is divided into appropriate time segments, which 
are the set of observation time series, and the 
likelihood of each sub-model for each time 
segment is calculated. If the prior probability 

for each sub-model is initially given, for 
example an ignorant prior (the prior probabil

ities of all the sub-model are equal), the 

posterior probability can be calculated from the 
prior probability and the likelihood of each 

sub-model according to the principles of Bayesian 

statistics [5J. When the posterior probability 
of each sub-model is obtained, the forecasting 
value of a mUltiple model can be obtained by a 

weighted summation of the forecasting value of 
each sub-model. The weights of the sub-models 

are obtained from their posterior probabilities. 
There are several advantages to the forecastin~ 

method proposed in this paper, e.g., 

(i) We can dynamically follow the variations 
in the target by calculating each sub-model' s 
likelihood for each segment of the observati<.. 

time series. 

(ii) This method is robust to exceptional 
values when an insensitive sub-model is included. 

(iii) This method provides accurate fore

casting if at least one of the sub-models de
scribes the structure of the forecasting target 

well. 
Results obtained when applying this fore

casting method to telephone revenue · data which 

includes tariff changes and trunk group load data 
which is likely to change will be provided in a 

later section. 
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2 ~ FORECASTING METHOD 

Let us consider a multiple state space model 
composed of n kinds of state space models as 
sub-model. 

2.1 State Space Model 

M. is the j-th state space model (j=I,2, ••• 
• ,n) a~d is described by a transition equation 

Xj (t+l) 

where, 

F.x.(t) + G.u.(t) 
J J J J 

x.(t) is a vector of the state at time t. 
J 

F
j 

is a system matrix. 

G. is a driving matrix. 
J 

u.(t) is system noise at time t. 
J 

yet) denotes an observation value at time 
(t=I,2, .•••. ) and yet) is assumed to be 
represented by an observation equation 

yet) H.'X.(t) + v.(t) 
J J J 

where, 

H. is an observation matrix. 
J 

v . (t) is observation noise at time t. 
J 

(1) 

t 

(2) 

F. , G. and H. are assumed to be known 
matric~s. JH. I is J a transpose matrix of H .• 
u.(t) and v.~t) are assumed to be mutually i~
d~pendent GJussian white noise distributed with 
mean zero and variance Q. and R., respectively. 

J J 
Next the observation data series Y(1,·) 

[yet) ; t=I,2, ..•. ] is divided into several time 
segments. 

yet +1,t) 
i-I i 

[yet) ;t=t +1,t +2, •• ,t] 
i-I i-I i 

where to=O. 

In Ref.[7] the conditional likelihood of 
model M for the i-th segment yet +1,t ' ) is 
definedj as i-I i 

Lij Lij ( Y(t i _1+l,t i ) I Y(1,t
i

_
1
), e

j
, Xj (0) 

t 
i 

7T 
t=t +1 

i-I 

f.( yet) I Y(1,t-l) ), 
J 

(3) 

where f.( yet) I Y(1,t-l) ) is the conditional 
probability density function of yet) given the 
past history Y(I,t-l), 8. and x.(O). 

e. = ( Q., R. ) is 1 vect~ composed of the 
systetb noiseJ andJ observation noise variances of 
model M.. x. (0) is the initial state of model 
M. . L i~ is Jconsidered the local likelihood of 
m~del M. for the i-th segment. 

As~uming . that x.(O), u.(t) and v (t) are 
Gaussian, the probabllity ~ensity funJtion f 
given in the above expression is also Gaussian j 

and Eq.(3) takes the form 

Lij ( Y( ti_/l , ti ) I Y( l,t
i

_
1 

t 
-1/2 

= 7fi ( 21T V ( t,t-l » exp( 
t=t +1 

j 
i-I 

where, e.(t) is defined by . 
J 

e/t) yet) - Y. ( 
J 

t , t-l ) 

) , e., x.(O) 
J J 
e. (t)L 

J ) 

2V. ( t,t-l ) 
J 

(4) 

(5) 

e.(t) is a one-step ahead forecasting error 
J 

when adopting the model M. and is called innova-
tion process [9 J. e. (t) -\s considered the part 
of the observation it t) containing new informa
tion not carried y(t-l), y(t-2), .••• 

~.( t,t-l ) and V.( t,t-l ) are, respective
ly, thJe conditional m~an and its error variance 
of yet) given y(1), y(2), •••• , y(t-l), e. and 
x. (0) • In the following section, we willJ show 
t~at Y. (t,t-l) and V. ( t,t-l ) are easily ob
tained Jby using KalmJn filter recursive formula 
given f7. and x. (0) • Originally f7. and x. (0) 

are unkrrown paflameters and are estimated from 
numerical maximization of the conditional 
likelihood [7],[8] of the training data. 

2.2 Recursive Filter [9] 

As shown in the 
likelihood of innovation 
M. is defined by Eq.(4). 
d) and (2), Y. ( t,t-l ) 

J obtained a~ 

y.( t,t-l = H' .~.( 
J J J 

V. ( t,t-l H' .p. ( 
J J J 

where ')(. ( t,t-l ) and p. ( 
J J 

previous section, the 
process e.(t) of model 
From our Jmodel in Eqs. 

and V.( t,t-l) are 
J 

t,t-l (6) 

t,t-l )H. + R. (7) 
J J 

t,t-l ) are, 

respectively, the conditional mean and covariance 
of the state· vector x(t) given the observations 
up to time t-l. 

Given information on the initial state x (0) 
A j 

and an estimate I). of the noise parameters e., 
the conditional meln and covariance of the state 
x.(t) of model M. are obtained by a Kalman filter 
algorithm, as follows. 

~.( t,t-l = F.~. ( t-l,t-1 ) (8) 
J J J 

x.( t,t ) K. (t) ( yet) H' ~ ( t,t-l) ) 
J J j j 

+ 'i'. ( t,t-l ) (9) 
J 

K
j 

(t) P
j 

( t,t-l )H
j 

-1 
. ( H' P ( t t-l )H + R ) . (la) j j , J j 

p. ( t,t ) ( I - Kj(t)H ' j ) P
j 

( t,t-1 ) (11) 
J 

p. ( t,t-l F.P. ( t-l,t-l )F'. + G.QjG' . 
J J J J J J 

( 12) 

~ ( t,t ) is the filtering of state x(t) and 
p.( t,~ ) is its error variance of model M given 
oBservations y(1),y(2), •••• ,y(t). I is an j 

elementary matrix. 
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2.3 Parameter Estimation 

Using the training data y(1),y(2), •.•. ,y(n), 
we estimate noise parameters (;. and initial state 
x. (0). To use the observati6n data efficiently 
i~ parameter estimation, we propose the use 'of 
the backward Kalman filtering technique. The 
procedure of this technique is as follows. 

f) D (0) ;0.", 

(1) We assume = U. , x. (n,n)=O and 
j J J 

its 

error covariance P.(n,n) = kxI, where k is large 
J 

enough to weaken the effect 'of initial state 
~ (n,n) which is assumed to be an arbitrary 
value. 

(2) Using Kalman filter for the data 
y(n),y(n-1), •••• ,y(1), we estimate -;.(1,1). 

(3) Considering 'X'. (1,1) as J the initial 
state, we calculate the Jlikelihood L(~J by Eq. (4) 
using a Kalman filter for the data y (tl), y(2), 

e (f1} 

•.••• , yen) and .' 

Given e~O! w~ can calculate the likelihood 
L ~D! We detefuine the optimal noise parameter 8. 
b~ numerical maximization of the likelihood of 
the noise parameter. We use the Davidon method 
[6] for non-linear maximization. Because the 
stationary Kalman gain K. depends only on the 
ratio of system noise valiance and observation 
noise variance [7],[8], we normalize the observa
tion noise variance R. into 1, regard the system 
noise variance Q. as Jthe noise ratio Q./R., and 
maximize the like\ihood of the system nolseJ 

variance Q. only. 
J 

2.4 Bayesian Forecasting 

After Kalman filtering for the i-th segment, 

The prior probability for the first segment 
is defined as 

(j=l, ..•• ,n) (15) w = 11n 
1,j 

This prior probability is called ignorant 
prior in Bayesian statistics. In a multiple 
state space model, each sub-model' s weight is 
equal when there are no observations. With these 
weights we calculate the Bayesian forecasting 
value -Ye t,t-1 ) (t ~ (i+1)-th segment). 
1'( t, t-1 ) is calculated in the weighted 
summation of each sub-model's one-step ahead 
forecasting Y. ( t, t-1 ) in Eq. (6) • 

J 

n 
y( t,t-1 ) w x'Y.( t,t-1 ) (16) 

i+1,j ] 
j=l 

( t= t
i
+1,t

i
+2, .• ,t

i
+1 

The procedures of calculating posterior 
probability and Bayesian forecasting are shown 
Fig. 1 and 2. 

time segment 
i ' i+1 i+2 

9bservatiari . y(tH+1)·.····· · ·y(tll.Y(tl+1)····· ,Y(t,.,). y(tl.,+1)··oo y(tJ.2); 

+ t • 

. Uk"~,,d . ~~: ~ :'uV~ ::> 
posterior probability 1-1 --------'-------"--------' 

Fig .1 Posterior Probability of j-th model 

the conditional likelihoods L .. of sub-model M. y(t~-----.-------------r--------------~ 

(j =1,2, •••• , n) is calculated ~Jas shown in th~ 
previous sections. On the basis of these likeli
hoods, each sub-model's weight w

i
+

1 
(j=1,2,.,n) 

for the (i+1)-th segment is calculat~d. 
In Bayesian statistics, posterior probabil

ity is proportional to the product of the prior 
probability and the likelihood [5]. 

posterior probability 

QC (prior probability) x (likelihood) (13) 

In this Bayesian forecasting w
i
+1 . is 

considered the prior probability of the (i+l)-th 
segment and the posterior probability of the i-th 
segment in sub-model M .. The proportional of the 
posterior probability] can be obtained from 
Eq.(13). As the summation of all the posterior 
probabilities is one, the sub-model' s weight is 
calculated by normalizing the product of prior 
probability and the likelihood of all sub-models 
in the multiple state space model, as follows. 

n 

wi +1,j wi . x Li ./( l. wi ,]. x Li . 
,] ,] j=l ,] 

(j=l, .••• ,n) (14) 

Yn (t+l, t) 

y (t) i + IstEsegment 

y(t+l, t ) 

Fig.2 Bayes i an forecasting algorithm 

3. NUMERICAL EXAMPLES 

Let us apply the method described above to 
the forecasting of monthly telephone revenues 
and trunk group loads. In each example, we 
consider two different multiple state space 
models. 
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3.1 Monthly Telephone Revenue Forecasting 

Monthly telephone revenue data is shown in 
Fig. 3. The total number of months is 60 and a 
tariff change is imposed at the Zlst month. The 
effect of a tariff change continues from the Zlst 
to the Z3rd month. In an earlier work [8] we 
analyzed the effect of a tariff change using a 
state space model and estimated it under the 
condition that it was exactly known when the 
effect appeared. In Sect.3.1.1 we show that the 
multiple state space model is able to adapt to 
sudden changes e.g., a tariff change, even if we 
do not know the time of change a priori. In 
Sect.3.1.Z parameter estimation of trend model is 
shown using a multiple state space model. 

30 

28 

26 

24 

22 
Cl) 
~ 
c:: 20 Q) 

> 
Cl) 

~ 18 

16 

14 

12 

10 
12 24 

Tari ff change 

36 
Month 

48 

Fig.3 Monthly revenue data 

60 

3.1.1 Multiple Model with Trend Model and Random 
Walk Model 

Let us consider a multiple model composed of 
a trend model and a random walk model. In a 
trend model the mean increment is assumed to be 
constant, that is, E[X(t+l) - X(t)] = E[X(t) -
X(t-1)]. E is the operator to take the expecta
tion. While in a random walk model the mean at 
time n+l is assumed to be the value at time n, 
that is, E[X(t+l)] = E[X(t)]. 

System matrices, driving matrices 
observation matrices of each sub-model are as 
follows. 

M 
1 

trend model 

F1 
= (: -~ 1 G

1 'Cl HI eC 1 
Q

I 0.05 

R 1.0 
1 

xI(t) = ( X
1
(t),X

1 
(t-I))' 

and 

random walk model 

F2 = C . :) 
QZ 0.Z5 

R
Z 

1.0 

xZ(t) = ( X
Z

(t),X
Z
(t-1))' 

M Multiple state model (M
1

,M
Z

) 

Variances of system noise Q
1 

and QZ are 
estimated by numerical maximization. The train
ing data to estimate them is the initial 1Z data 
of the observation series. The transitions of 
the posterior probability of M1 and M

Z 
are shown 

in Fig. 4. We find the posterior probability of 
the random walk model is relatively large near 
the tariff change. In general the forecasting by 
trend model tends to overshoot after a sudden 
change. In this case the forecasting accuracy of 
the random walk model is relatively high. Figure 
4 shows that Bayesian multiple model M approach
es trend model M

1
, as the number of observations 

increases. 

1.0.----------------------------------------

» .... 

oD .6 C1l 
oD trend model 
0 .5 .... 
0. randan walk model 
.... .4 \ 
0 
.... .3 
Cl) \ --\,...-- -, .... ·2 rJJ 
0 

p., .1 

0.00 10 

Fig.4 

Table 
accuracy. MS 
error rate and 
ing error rate 

MS 
60 

MA 

60 

20 

, 
~'"""'--------

30 

Month 

40 50 60 

Posterior probability of mul tiple model 

shows one-step ahead forecasting 
is the mean square forecasting 

MA is the mean absolute forecast-
defined as follows. 

60 
]Z 1. [ ( y(i) - y(i,i-I) )/y(i) 

i=1 

60 
l. I ( y (i) - y(i,i-I) ) Iy(i) I 

i=l 

From Table 1 we know that Bayesian mUltiple 
model M is a better forecasting model than single 
state model M1 or M

Z
' 
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Table 1 Forecasting accuracy. 

M M2 M 
1 

MS 0.017 0.021 0.015 

MA 0.028 0.027 0.025 

3.1.2 Multiple Model with Trend Models of 

Different Noise Variances 

Let us consider a multiple state space model 

composed of 5 trend models of different system 
noises. We adopt several arbitrary values as the 
system noise candidates and apply a multiple 

state space model to parameter estimation. For 
the case when the unknown parameter is varies 

with time, this estimation is useful. System 
matrices, driving matrices, observation matrices 

and noise variances of sub-models are as follows. 

M the j-th trend model (j=1,2, •• ,5) 
j 

3.2 Monthly Trunk Group Load Forecasting 

Monthly trunk group load data is shown in 
Fig. 6. The total number of months is 48. In 
Sect.3.2.1 the multiple state space model is 

applied to this data a~d the forecasting ability 
is shown. In Sect.3.2.2 parameter estimation of 
a random walk model is shown using 
a mUltiple state space model. 

20.0 

--;: 10. 0 
~ 

0.0 +----r-.,-----r--r----"T-....,..----"T---.--,-....,..--,-

R
j 

1.0 

Q
1 

0, Q
2 

0.1 ,Q3 0.5, Q
4 

1.0, 

Q
5 

10 

x. (t) ( X (t),X (t-l))' 
J j j 

Using this multiple state space model, we 
can obtain the sub-optimal system noise variance 

. of trend model. The selected value by this 

method is the best as long as considered. Figure 
5 shows the transition of each sub-model's 
posterior probability. The posterior probability 

of sub-model M2 gradually increases. We know 
from this figure that the optimal system noise 

variance comes close to Q2. 
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Fig.5 Posterior probabi lities of trend model with 
di fferent noi ses 
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~ 
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Month 

33 41 

Fig.6 Trunk group load data 

3.2.1 . Multiple Model with Trend Model and Random 

Walk Model 

Let us forecast trunk group load. We apply 

the same mUltiple state space model as in 
Sect.3.1.1. System matrices, driving matrices 
and observation matrices of each sub-model are 
the same as in sect 3.1.1 except a system noise. 

In this forecasting, we use Q
1 

= 0.1, Q
2 

= 0.1 as 

the noise variances. The transition of the 

posterior probability of M and M is shown in 
Fig.7. It shows that Baye~ian muttiple model M 
approaches random walk model M

2
, as the number of 

observations increases. 
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Fig. 7 posterior probabil it y of rrrul tiple mode I 
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Table 2 shows the one-step ahead forecasting 
accuracy. 

Table 2 Forecasting accuracy. 

Ml M2 M 

MS 0.068 0.059 0.057 

MA 0.214 0.185 0.185 

From these results we know that a random 
walk model has a good forecasting ability for 
changeable data compared with a trend model. 

3.2.2 Multiple Model with Random Walk Models of 
Different Noise Variances 

Let us consider a multiple state space model 
composed of 5 random walk models of different 

system noises. System matrices, driving matri
ces, observation matrices and noise 
variances of sub-models are as follows. 

M
j 

: the j-th random walk model (j=1,2, •• ,5) 

R 1.0 
j 

Q
l 

0, Q
2 

0.1 ,Q3 0.5, Q4 ' 1.0, 

Q
5 

10 

Xj(t) = ( Xj(t),\(t-l)' 

Figure 8 shows the transition of each 
sub-model's posterior probability. The most 
suitable sub-model changed from M to M at the 

1 2 
31th month. 

0.0 0.1 0.5 

1·0 

·9 

.8 

.7 

.6 

.5 

.4 
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.1 

-----. ~--..::::::::::::- ........ "'-/ 
.......... ,'--........ '~' '-'- ~~------'- --:---:.-- ~ -- ----

1.0 

..-
/ 

10.0 

-..-

----0.00 
5 10 15 20 25 30 35 40 45 50 

Month 

Fig. 8 Posterior probabilities of random walk model 
wi th di fferent noise var iances 

This change can be explained as follows. As 
you can see in Fig.6, a level is about 8.0 for 
the first half ( before the 31th month ), and 

about 6.5 for the latter half. Though the levels 
are different for both periods, we can regard 
that it remains constant within each period. 

This means that the system noise is very small 
for all period. On 'the other hand, it is known 
that the observation noise variance is 

proportional to trunk group load [10]. Thus, the 
observation noise variance is greater for the 

first half than for the l~tter half. This turns 
out , that the system noise variance becomes 
greater relatively for the latter half, that is, 

the most suitable sub-model changes from Ml to 

M
2

• The level change might occur as a result of 
trunk group replacement. 

4. CONCLUSIONS 

Bayesian forecasting with multiple state 
space models has been proposed. Using the 
likelihoods of state space model, Bayesian 

posterior probabilities were obtained. The 

structure of the social phenomenon like a traffic 

trend is unclear and likely to change. To 
conquer them in model selecting, several state 

space models were prepared as candidates to 

represent the true behavior. Using this Bayesian 
forecasting method, the posterior probability of 

the best fitting model increases automatically, 
as the number of observations increases. In the 

numerical example, it is demonstrated that 
forecasting with multiple state space models is 
robust and more accurate than that with single 
state space models. This method is applicable to 

situations which include exceptional data when an 
insensitive model is added to the multiple model. 
A problem remaining to be studied is how to 
develop more versatile sub-models. 
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