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ABSTRACT 

The concept of a semi-Markov process is 
introduced and proposed as a method of modelling 
a queueing arrival process with non-independent 
inter-arrival times. A formula for the 
stationary distribution of delay experienced by 
signals whose arrival times form such a process, 
when passing through a first-in-first-out queue, 
is given in terms of a certain Matrix Wiener-Hopf 
factorization. This formula applies to a large 
class of semi-Markov models for the arrival 
process. The service times of signals passing 
through the queue may be taken to be 
independently and identically distributed, with a 
distribution which has a rational Fourier 
transform, or to form a semi-Markov sequence in a 
manner analogous to the sequence of inter-arrival 
times. An algorithm for Wiener-Hopf factorization 
is applied to solve a specific example problem 
using the given formula. 

1. INTRODUCTION 

The concept of a semi-Markov process generalizes 
that of a renewal process. It allows one to model 
arrival processes subject to clustering of 
arrivals and other phenomena resulting from non
independence of inter-arrival times. This type of 
traffic can be expected in a packet switched data 
network, for example, because the data sources 
have this characteristic and because the 
processing of data traffic by a node in a data 
network introduces some degree of correlation 
into the data stream. 

In section 2, the concept of a semi-Markov 
process is introduced, including an example. In 
section 3, we give a general formula for the 
distribution of delays experienced by signals 
forming such a process when they pass through a 
queueing system. This formula is expressed in 
terms of a matrix Wiener-Hopf factorization of a 
certain matrix function which summarizes, in a 
certain way, all the details concerning the input 
process and the distribution of processing times 
of signals. 

An algorithm from [1] is used in section 4 to 
compute the delay distribution corresponding to 
the example given earlier. Concluding remarks 
are presented in section 5. 

Although queues with semi-Markov inputs and 
service times have been studied before, [2] -

[3], and matrix Wiener-Hopf factorization has 
been proposed as a method of solution, [4] - [6], 
the results of the present paper are new in one 
important respect. The factorization concept of 
[4] - [6] does not lend itself to computation, 
whereas the factorization presented here is 
readily computed in a large class of cases. The 
method of expressing the solution in terms of a 
Wiener-Hopf factorization leads to a more general 
result than those given in [2] - [3]; in [2], the 
service times must form an independently, 
identically distributed sequence of negative
exponentially distributed random variables, which 
are also independent from the arrival process; in 
[3] the inter-arrival time and service time 
processes must also be independent from each 
other and, in addition, the arrivals must form a 
Poisson process. Despite the greater generality 
of the present method, because an algorithm for 
Wiener-Hopf factorization exists, computation of 
the solution remains quite convenient and 
efficient. 

2. SEMI-MARKOV PROCESSES 

The concept of a semi-Markov process was 
introduced in [7] and [8]. A semi-Markov process 
is a special type of "marked point process" on 
the real line; by a marked point process we mean 
a point process in which with each point is 
associated a "mark", or "state", taking values in 
a certain state space. In general this state 
space may be infinite, but in this paper we shall 
always assume that it forms a finite set, 
referred to henceforth as the state space of the 
process. 

In order for a marked point process to form a 
semi-Markov process we require that the bivariate 
process of marks and inter-arrival times, 
associating each inter-arrival time with the mark 
of the point at the end of the inter-arrival 
interval, forms a Markov process with stationary 
transition probabilities. Furthermore the 
conditional probability of any future event, 
given the most recent mark and inter-arrival 
time, is required to depend on the value of the 
most recent mark only. 

We shall usually discuss a semi-Markov point 
process in terms of the corresponding inter-
arrival time process, (Xn'Yn)n>O say, where Yn 
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denotes the time between the n_1 st and the nth 
th points and Xn denotes the mark at the n point. 

Example 

We may loosely describe the example we wish to 
investigate as follows. Signals arrive at a 
single-server queue according to a Poisson 
process with intensity Cli while the "state" of 

the arrival process is i. Furthermore, the 
state of the arrival process changes, from i to j 
say, with probability Pij' after each signal 

has been generated. We wish to determine the 
stationary distribution of delay experienced by 
signals passing t .hrough this system. 

To be a little more specific, we suppose that the 
arrival times of signals form a semi-Markov 
process, as described above, for which 

1 < i, j < n, x E R. We assume, in addition, 
that sign-als have random service times which are 
independent of each other and of the arrival 
process, and have an exponential distribution 
with mean 1/~. We will usually assmume that 
changes of state of the X process take place 
much less often than signal arrivals. This 
justifies the loose description of the process 
given initially. 

We shall see later how the stationary 
distribution of waiting times of signals passing 
through this system may be calculated. 

The process (Xn)n>O' of a semi-Markov process 

(X ,Y ) >0' forms a Markov process, with n n n 
stationary transition probabilities, in i ts own 
r i ght. Let us suppose, to be specific, that the 
state space for this process is {1, ••• ,k} and its 
transition matrix is P = (Pij). From the theory 

of stationary Markov chains, [9], we know that 
there exists a stationary probab i lity 
distribution, TI = (TI1 , ••• ,ITk ), say, for this 

process. We assume, in addition, that this is 
the only stationary probability distribution for 
the process (X n )n>O ' and tha t TIi i 0, 

i = 1, ••• ,k. We denote by ETI {Z} the expected 

value of any random variable Z defined in terms 
of X1'Y1'X2 , ••• , when X1 has the distribution TI. 

The main ' purpose of this paper i s to show how we 
can express and calculate the joint stationar y 
distribution of delays an d signal sta t e f o r 
signals passing t~rough a queue, such as in the 
above example. We shall denote this vector 
function by A(x) = (A 1(X), ••• ,Ak (X» with the 

understanding that Ai(X) is the stationary 

probability that a signal arrives when Xn = i 
and is delayed for less than or e qual to time x 
before service begins, assuming that a unique 

joint stationary probability distribution for 
these quantities exists. 

Any vector of right continuous, non-decreasing 
functions, f(x) = (f 1(x), ••• ,fk (x», such that 

lim f (x) 
x+-oo i 0, i 1, ••• ,k, 

will be referred to as a vector distribution 
function. Note that in this paper we use row 
vectors exclusively. 

3. FORMULA FOR THE STATIONARY DELAY DISTRIBUTION 

The formula for A which we derive in this 
section is stated in Theorem 3. It is given in 
terms of the Fourier-Stieltjes transform of A; 
the Fourier-Stieltjes transform of such a 
function is defined in §3.1. In the next two 
sections we outline the derivation of this 
Theorem. For the reader mainly interested in the 
formula, these sections may be skimmed. 

3.1 An Algebra and a Vector Space of Transition 
Functions 

In order to be able to express the formula for A 
we need to "define a type of transition function 
which incorporates information about the service 
time distribution of signals as well as the 
arrival process. The following function turns 
out to be the appropriate one: 

Q(x) (1a) 

where 

qi/x ) = 

P{Sn_1-Yn ~ x, Xn j I X
n

_
1 

= i}, (1b) 

X E R, in which Sn denotes the service time of 

th 
the n signal, and (Xn'Yn)n>O is the inter-

arrival process. The transition probability 
matrix for (Xn )n>O is then gi ven by Pi j = 

lim lim 
x~qij(x) - x+-ooqij(x), O~i, j~k. 

For the results of this section to hold, all that 
it is necessary to assume of the process (Sn)n>O 

is that the process (Xn,Sn_1-Yn)n>O forms-a 

semi-Markov sequence, as defined in [3]. That 
is, (Xn,Sn_1-Yn)n>O must form a Markov process 

with stationary transition probabilities in which 
the conditional probability of any event defined 
in terms of future values of Xn,Sn_1-Yn' given 

the past of the process, depends on the current 
value of Xn only. This is true, for example, 

if the process (Sn)n>O forms a sequence of 
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independent, identically distributed random 
variables, each of which is independent of the 
process (Xn'Yn)n>O' 

The general name for a transition function such 
as Q is a semi-Markov transition function. A 
product of semi-Markov transition functions, 
generalizing convolution of distribution 
functions, is defined by Q(2) = Q(1)Q(0) with 

Q(2) _ (q(2» where - ij , 

(2a) 

in which "*" denotes convolution, as defined 
for distribution functions, i.e., 

CD (1) (0) 
J qit (y-x)dqtj (x) 

_CD 
(2b) 

By including matrix functions which have function 
entries which are right continuous but not 
necessarily increasing, the set of all semi
Markov transition functions of dimension k, say, 
may be embedded in a linear algebra (also termed 
a ring, see [10], p152, for a definition), which 
we denote by B(k). The identity element of this 
algebra, denoted by E, is the matrix whose 
diagonal entries are unit step functions, and 
whose off-diagonal entries are zero functions 
(the identity matrix is denoted by I). In 
addition to being a matrix of right continuous 
functions, we require of any element, e.g. Q = 
(qij)' of B(k), that 

k k CD 
sup L J Idqij(x)1 < CD; (3) 
i=1 j=1-CD 

this ensures that the product of any two elements 
of B(k), as at (2a-b), is well-defined. 
Furthermore, two transition functions, Q and R 
say, which differ by a constant matrix, in which 
case all of the Stieltjes integrals at (3) take 
the value zero, so IQ-RIB(k)=O, will be 

identified, as elements of B(k). 

The reader familiar with the theory of signed 
measures will recognise that B(k) is isomorphic 
to the algebra of kxk matrices of signed 
measures. A proof that B(k) forms an algebra, 
in fact a complete normed algebra, is given in 
[ 12]. 

The set of transition functions satisfying the 
weaker condition 

b+x 
sup J 
xe:R a+x 

Idqijl < CD, i,j = 1, ••• ,k, a,b ER, 

forms a vector space containing B(k), which we 
denote by V(k). Again, any two functions which 
differ by a constant matrix are regarded as 
representing the same element of V(k). The 
product of an element Q = (qij)' of B(k), and an 

element R = (rij),of V(k), is the element S 

(sij) of V(k) defined by 

CD 
J dqit(y) (rtk(x-y)-rtk(-y»)· 

_CD . 

A similar definition applies to the product RQ, 
with R E V(k), Q E B (k), and to the product fQ, 
when f is a vector f.unction and Q E B(k). In the 
latter case the result is a vector function. 

We say a certain transition function Q(x) is 
concentrated on the interval A 'in R if Q(x) is 
constant on each interval in R\A and 

lim Q(x) = Q(y) for any y t A. (The latter 
x+y-
condition ensures that if A does not include 
its left endpoint, e.g. A = (y,z), then Q(x) 
does not have a jump there.) This same 
terminology will be used for vector 
functions, with exactly the same definition. A 
transition function (vector function) is said to 
be non-decreasing if each element of the defining 
matrix (vector) is a non-decreasing function. 

The Fourier-Stieltjes transform of an element of 
A 

B(k) is defined to be Q(9) = (qij(9», where 

CD 
J iay 
. e dqij(y), a E R. 

_CD 

The Fourier-Stieltjes transform of a vector 
function is defined analogously. 

The Fourier-Stieltjes transform of the product of 
two elements, Q = (qij)' R = (rij ) say, of B(k) 

satisfies the equation 

(QR) ( 9 ) = Q ( a ) R ( 9), a ER, 

where the product on the right hand side is 
defined to equal the matrix Sea) = (sij(a», 

where 

a E R. 

An analogous equation holds when Q is replaced 
by a vector function. 

3.2 Canonical Factorization 

A factorization 

of transition functions in B(k) is said to be 
left-canonical (c.f. [11]), if: 
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(ii) Q is concentrated on (-00,0] and there 

exists a transition function Q € V(k) 

concentrated on (-00,0] such that 
-

(E-Q_)(E+Q_) = E. 

Intuitively, a left-canonical factorization is 
one in which the left factor is concentrated on 
[0,00), together with its inverse, and the right 
factor is concentrated on (-00,0], together with ' 
its inverse. Also, as a normalization condition, 

lim 
it is required that x+O_Q+(x) = Q+(O). 

If the definition of canonical factorization 
given in [11], for example, were applied in the 

present context, the terms Q+ and Q would 

also be required to belong to B(k). For this 
reason, the type of canonical factorization 
defined here should be termed improper. It is 
the use of such an "improper" type of canonical 
factorization which allows us to solve the 
problem at hand in an effective way. 

The type of factorization defined in [4] and [6] 
allows a solution for the problem at hand which 
is ideritical in form to that given below. It is 
probable, in fact, that the factorizations are 
identical in most cases. Given that this is the 
case, the contribution of the following theorem 
is an alternative means of characterising the 
factorization in question which has the advantage 
that a ready means of computing the factors is 
available for a large class of cases. 

The rather technical condition on 
P{Y2>0IX1=i,X2=j} may be unnecessary, but the 

currently existing proof of the existence of a 
canonical factorization requires this to prove 

that Q € B(k). 
+ 

Theorem 1 

If E1T{S1-Y2} < 0, and P{Y 2>0IX 1=i,X2=j} > 0, 

o < i, j < k, then there exists a unique left
canonical-factorization 

E - Q (E - Q ) (E - Q ) 
+ 

where Q+, Q+, Q and Q are all non-decreasing, 

-
and Q+€ B(k). Furthermore the unique stationary 

joint distribution of queueing delay and signal 
state is given by 

with the understanding that Q+ is represented 

by a transition function 

Q (-0) = -E. 
+ 

Q (x) such that 
+ 

Remark 

The condition that Q+(-O) = -E ensures that 

A(X) = 0, x < 0; if any other representation of 

Q+ were used, A(X) as defined here would not 

satisfy the condition lim A(X) = 0 and hence 
X+_OO ' 

could not be a vector distribution function. 

Proof 

It follows readily from the results in [12], that 
in the present case a canonical factorization 
with the required properties, and a stationary 
distribution A(X), exist, and both are unique. 
The formula for A(X) may be proved as follows. 

Let Dn denote the delay experienced by the 

Signal. Then 

(c.f. [13], eq. (2». 

th 
n 

(4) 

Define the operator IT on vector functions of the 
form f(x) (f 1 (x), ••• ,fk(x» by IIf = g = 

(g1, ••• gk) , where 

{ 

lim f () < 0 y+-oo i Y , x , 

fi(x) - fi(O) , x ~ 0 , 

whenever the limit exists. This operator is the 
natural generalization in this context of the 
operator denoted in the same way in [13]. 

In order to solve for the stationary joint 
distribution of X and D we now transform 

n n 
(4) into an equation in terms of vector 

distributions. Let A(n) denote the vector 

distribution for (Xn,D n ), i.e. A(n)(X) = 

(n) (n) 
(A 1 (x), ••• ,Ak (x», where 

Then, since Xn ' Dn are defined in terms of the 

past of the semi-Markov sequence (Xn,Sn_1-Yn) , 

(n + 1 ) n , of the vector distribution, 

(Xn+ 1 ,Dn +Sn -Yn+ 1) , is given by A (n)Q, l.e. 

(n+1)( ) _ ( (n+1)( ) (n+1)( » n x - n1 x , ••• ,~ x, where 

k 
(n+ 1) () ~ 100 (n) ( ) ( ) 
~ x = ~ 0 Aj dy qji x-y • 

j=1 

Also, if (X,V> is any pair of random variables 
wi th X in {1 , ••• , k} and ' V in Rand wi th 
joint distribution described by the vector 
distribution function n(x) = (n1(x), ••• ,nk (x», 
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then (Xn,max{O,Vn }) 

function ITn. 

has the vector distribution 

Using both of these facts we see that (4) leads 
to the following equation in vector 
distributions 

and hence, the stationary vector distribution, 
A, for (Xn,Dn ) must satisfy the equation 

A = II( AQ) • 

Now (5) is equivalent to 

II( A(E-Q» = ° (6) 

together with the requirement that the vector 
distribution function A(X) is concentrated on 
[0,00). The choice 

A(X) = n(I-Q (O»(E+Q (x» 
+ + 

is concentrated on [0,00). To see that (6) holds, 
observe that 

A(E-Q) n(I-Q (O»(E-Q ) 
+ 

is concentrated on (-00,0], so IT(A(E-Q» is 
concentra~ed on {O}. Furthermore, using the 
properties of canonical factorization, and the 
fact that 

f(O) lim f(x) 
x+-oo 

R(O) = limR(x) _ lim R(x) 
x-+oo x+-oo ' 

for any vector function, f, and transition 
function, R, we see that 

lim IHA(E-Q» (x) 
x-+oo lim II(A(E-Q»(x) x+-oo 

lim A(E-Q)(x) _ lim A(E-Q)(x) 
x-+oo x+-oo 

n(I-Q(O» 

n(I-P) 

° , 
since n is a stationary distribution for the 
process (Xn)n>O' It follows that (5) holds also. 

Notice, now, that the factor (I-Q+(O» equals 

I _ lim Q (x) + lim Q (x) 
x-+oo + x+-oo + 

( I + lim Q (x) _ lim Q (x) r 1 , 
x-+oo + x+-oo + 

and hence, recalling that lim Q (x) 
x-+-_oo + 0, 

(I - Q (0»(1 + Q (x» 
+ + 

tends to the limit I as x -+- 00. This ensures 

that limA(x) = n. It follows from (5) (since x-+-oo 
each side of the equation must have the same 
total variation) that each component of A(X) is 
monotonic, and hence non-decreasing, and by the 

choice of representation of Q+, 

;~ooAi (x) = Ai (0-) = 0, i = 1, ••• ,k. Thus A(X) 

is a vector distribution. This concludes the 
proof ~ 

3.3 Wiener-Hopf Factorization of Matrix Functions 

Suppose ~(a) is a kxk matrix of functions, 

~(a) 

defined on the real line. Typically, ~(a) will 
be the Fourier transform of a function in B(k). 
A (left) Wiener-Hopf factorization of ~(a) is a 
factorization 

in which 
(a) ~+(a) is analytic and bounded in 

Im(a) > ° and continuous in Im(a) > 
0, and ~_(e) is analytic and 

bounded in Im(a) < ° and 
continuous in Im(a) ~ 0, and 

(b) ~-1 (a) is analytic and bounded in 
+ 

Im(a) > e: for any e: > ° and ~:1 (a) 

is analytic and bounded in Im(a) < 
-e: for any e: > 0. 

Note: condition (b) is somewhat weaker than the 
usual requirement (as in, e.g., [14]) that 
condition (a) apply to the inverses of the 
factors as well as to the factors themselves. 
For this reason, the type of Wiener-Hopf 
factorization defined here should be termed 
"improper". 

Theorem 2 

Taking Fourier Transforms of a canonical 
factorization of transition functions gives rise 
to a Wiener-Hopf factorization, in which 
lim ~ (ix) = I. 
JC++OO + 

Proof 

The proof may be based on the proof of Theorem 
29 • 2 of [1 5] • 

This result p'rovides us with a practical means of 
obtaining a canonical factorization. It would be 
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nice to have a general result which ensures that, 
in the context of Theorem 1, every Wiener-Hopf 
factorization arises as the Fourier Transform of 
a canonical factorization, or by modifying such a 
factorization by multiplying the factors by 
constant matrices. Such a result is not true, in 
general. It is possible, however, to give simple 
conditions, satisfied in all reasonable cases, 
under which a Wiener-Hopf factorization of a 
rational matrix function does take this form; for 
example, if each of the functions det(~+(a» 

and det(~_(a» have at most one zero on the 

real line, and when this zero occurs it has 
multiplicity on~, then the Wiener-Hopf 
factorization ~(a) = ~+(a)~_(a) arises from a 

canonical factorization in this way. 

The following result follows from Theorem 1, by 
taking Fourier transforms. 

Theorem 3 

If Q is as defined at (la-b), and 

I - Q(a) 

is a Wiener-Hopf factorization which corresponds 
to a canonical factorization, the Fourier 
transform of A may be expressed as 

).(a) = ~ (0 )~-1 (a) • 
+ + 

4. EXAMPLE CALCULATION 

Suppose, making the example introduced in section 
2 more specific, that 'm = 3, Cl1 = .5, Cl2 = .75, 

Cl3 = 1.0, II = 1.0, and 

[ .95 .05 
0.0 J 

(Pij) .05 .9 .05 
0.0 .05 .95 

Then 1T = (1/3,1/ 3, 1/3) and 

~ I -
.... 

~(a) Q( a) = 

o 

.0511Cl1 

o • 9511Cl3 
1 + (w-ll) (W+Cl3) 

, 
where w 
find 

ia. Using the algorithm of [1] we 

~(O)x~-l(a) x . 
+ 

1-8.467W+14.117w2 .308w-l.438w2 • 185w-. 161w2 

.385w-l.60aw2 1-7 .52OW+ 10 .581w2 
• 798w-l .276w2 

.471w-. 729w2 

whence 

A(a) 

(1/3-2.54W+3.93W 2
, 1I3-1.87W+2.09w2

, 

1/ 3-1 .1 a..>+ • 981( 2 ) • 

x 

By calculating a partial fraction representation 
of this vector function, and using well known 
Laplace transform inversion formulae, we find 
that the stationary marginal distribution of 
delay is 

P{delay<x} = 1_.551e-·1607x_.128e-·4231x_ 

.05;-·5623x• 

5. CONCLUDING REMARKS 

We have presented a fairly general method for 
determining stationary distributions of delay in 
queueing systems in which the stream of inputs 
forms a semi-Markov process and the service times 
of signals are independently and identically 
distributed, and are independent from the inter
arrival process. Without significant changes, 
the same method is applicable to systems in 
which, in addition, the successive service times 
of inputs to the queue form a "semi-Markov 
sequence" (as in [3]). 

What makes the described method an effective tool 
for solving such problems is the availability of 
an algorithm for Wiener-Hopf factorization of a 
large class of rational matrix functions [1]. A 
FORTRAN subroutine has been developed for 
computing the joint stationary distribution of 
state and delay for a queue in which both the 
service times and the interarrival times depend 
on the underlying state. This subroutine is able 
to solve problems in which the number of states 
is less than or equal to 10. Further work is 
required to determine numerical properties and 
the limits of applicability of such algorithms • 
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