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Abstract 

Class of service analysis of subscriber line traffic 
identifies linear functional relations between a peak 
traffic value and the average busy season (ABS) value. 
For the highest day (HO), 

HD value = ABS value + (ABS-to-HD Increment), 

where, in a given area at a given period of day, ABS-to
HD increment is a linear function of ABS traffic per 
subscriber line. This . is apparently true of any other 
peak statistic of interest, such as THO (ten highest day 
average), 4HO (fourth highest day), OAM (once-a
month), etc. 

The introduction of the ABS-to-PEAK increment 
instead of the PEAK/ ABS ratio simplifies and improves 
peak period estimation procedures for traffic engineering. 
In particular, the increment method has made it possible 
to estimate HO usage and calling rate for all Bell 
Operating Companies. 

1. Overview 

This traffic variability analysis continues a series of 

su bscriber traffic studies described earlier at ITC9 [I] 

and ITCIO [2] . 

An extreme traffic value, e.g. the highest day (HD) 

CCS/Line or HO calling rate, is commonly estimated as 

HD value = (ABS value)X{HD/ABS ratio). (5) 

As shown in this paper, the HD/ ABS ratio can be 
adequately analyzed only in rare cases of homogeneous 

subscriber traffic (e.g. purely residential, purely indivi

dual business, etc.). In general, this ratio is an empiri

cally derived characteristic of day-to-day traffic variabil

ity, which is difficult to describe analytically. 

To develop an analytical model of variability, we 

examine the major factor behind the differences in day

to-day traffic variability among telephone exchanges. 

This factor is subscriber class of service mix. In a given 

area at a given period of day, class of service mix is the 

most significant factor that defines how large is the devi

ation of extreme traffic values from the average busy 

season value. 

We introduce (see sections 2 and 3) a new day-to-day 

variability characteristic of the exchange traffic - "ABS 

to HD Increment," so that 

HD value = (ABS value)+{ABS-HD Increment). (8) 

Analysis of the ABS to HO increment is based on linear 

functional relation (described in section 2) between ABS 

traffic and subscriber class of service mix. The same 

linear relation was found to exist between HD traffic and 

class of service mix. 

In section 4, we further show that the HO traffic is a 

linear function of the ABS traffic and the ABS-HD 

increment is also a linear function of the ABS traffic: 

ABS-HD Increment = (Z-I)'a + S . (13) 

Equation (B) suggests how typical variability charac

teristics of the total telephone area can be found and used 

for quantification of day-to-day traffic variability at each 

single exchange. First, the coefficients Z and S may 

be found by simple linear regression with large amount 

of input data collected at all exchanges in the given area. 

Then, ABS-HD increment value for a particular 

exchange is found by formula (13), in which a is the 

ABS value (CCS/Line~ . Calls/Line) at this exchange. 
The HD value is obtained by adding the ABS-HD Incre

ment to the ABS value - formula (8). This method is 

explained in detail in section 5. 
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The ABS-HO increment analysis reveals how the 

exchange-to-exchange variability splits in two parts (see 

section 5). The larger part, described by equation (13), 

is due to the class of service variability among 

exchanges. This part is easily defined and can be used 

for prediction of e~trrme traffic for any exchange with 

given class of .service ~ix or given ABS traffic per line. 

The uncertainty of this prediction is to be attributed to 

the second part, which is mostly . due to year-to-year 

variability of the extreme traffic at the exchange. In this 

sense, the highest day traffic would be predicted with 

almost all possible accuracy. 

Estimates of the coefficients Z and S in function (13) 

were obtained by linear regression for all Bell Operating 

Companies (BOCs) in the U.S.A. The estimates are 

based on observations at more than 800 exchanges dur

ing 5-6 years (section 6). 

Section 7 presents a more detailed analysis of relations 

between the ABS-HO increment and ABS usage or cal

ling rate depending on class of service mix and on time 

of day. 

The accuracy improvement achieved by the new 

method is illustrated in section 8. 

Time consistent busy hour values are assumed 

throughout this paper. It can be shown that the princi

ples apply equally well to bouncing busy hour statistics 

used in extreme value engineering [31, [41. 

The analysis described in this paper is applicable not 

only to the highest day traffic but to any other extreme 

value traffic statistic of interest, such as THO (ten 

highest day average), 4HO (fourth highest day), OAM 

(once-a-month)[41 etc. 

2. Class of Service Decomposition 
of Telephone 1fxchange Load 

Consider a telephone area and an exchange within it. 

Let there be r classes of service in the area with the 

traffic intensity per line aj in the i-th class. Vector 

a-(al,a2, ... ,a,) is the area class of service traffic vector. 

Let nj be the number of lines in the i -th class and n be 

the total number of lines at the exchange.· Denote 

n-(n l,n2' ... ,Il,). In the previous studies[21, we charac

terized the (total) exchange traffic intensity A by its 

mean value 

, 
E(A) = n·a = ~njaj , 

i-I 

and by its variance yeA), the latter being a measure of 

the residual variation after the class of service variation 

among exchanges is removed. Correspondingiy, the 

exchange traffic intensity per line a has the mean value 

E(a) = E(~) = .!!...·a = x·a , (2) 
n n 

where x=(x\,x2, ... ,x,) is the exchange class of service 

mix vector: xj=nJn. 

We have shown[21 that, with the time of day and the 

area given, most of the . exchange-to-exchange traffic 

variation is attributed to class of service mix differences 

among exchanges. Moreover, the residual variation, i.c. 

the variance yea), is small enough to allow reasonably 

accurate estimation of ABS exchange load on the basis 

of the exchange class of service mix x and the area 

class of service loads a. The residual variability is 

mostly year-to-year variability of the ABS load. 

The class of service traffic vector in formulae (I) and 

(2) may refer to the ; average busy season load, to .the 

highest day (HO) load: to the ten highest day average 

load etc. (The only difference is that the year-to-year 

variability of the HO load is somewhat larger than that 

of the ABS load.) To be specific, we shall reserve 

notation a for the ABS traffic, and use h for the HO 

traffic: 

r 
E(H) = n·h = ~njhj, E(h) = x·h , (3) 

j-I 

where h is the highest day exchange traffic intensity per 

line. 

The class of service decomposition (1)-(3) is equally 

applicable to subscriber call volume (calling rate). In 

this case, vectors a and h would describe ABS and HO 

call volume instead of ABS and HD traffic intensity. 
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For class of service analysis of day-to-day traffic varia

tion we shall express the r.v. a and h as 

where Ea,Eh are r.v. with zero mean values and the vari

ances V{a) and V{h). 

3. ABS-HD Increment vs. HD/ABS Ratio 

A peak traffic value, e.g. the high day (HO) 

CCS/Line or HO calling rate, is commonly estimated as 

H D value = (ABS value) x (H D / ABS ratio). (5) 

To analyze the HO/ ABS ratio, we assume that the 

area and time of day are given, so that the area class of 

service load vectors a and h are constants. Using (4) 

we express the HO/ ABS ratio as 

x·h + Eh 
HD/ABS Ratio = --~ 

x'a + Ea 

For one exchange, the class of service mix vector x is 

given, and the variability of ratio (6) is the residual vari

ability (not related to class of service) expressed by the 

random terms E. For the total population of exchanges, 

the class of service component x is a random variable, 

too, and the fraction (6) has much larger total variabil

ity. A typical example of this phenomenon is shown in 

Fig. 1. For the total population, the full range of the 

measured HO/ ABS ratio values in Fig. 1 is from 1.05 

(for purely business exchanges) to 1,50 (for purely 

residential exchanges) ,. For a given exchange, i.e. for 

each fixed class of service mix (fixed percentage of 

residential lines), the ratio has a much narrower range; 

variation within this range is attributed mostly to year-

to-year differences as explained in section 5. 

For traffic engineering applications, it may be feasible 

to quantify the residential and business HO/ ABS ratio 

for each telephone area at each of the three busy hour 

time periods - morning, ~fternoon and evening. But it is 

much more difficult to quantify the HO/ ABS ratio -as a 

function of class of service mix - the relation suggested 

by the tentatively drawn curve in Fig. 1, apparently a 

non-linear function. A major difficulty lies in the fact 

that, according to formula (6), the HD/ ABS ratio is a 

ratio of random variables, 

Consequently, day-to-day traffic variability may be 

adequately described by the HO/ ABS ratio, but only in 

rare cases of homogeneous subscriber traffic (e.g. purely 

residential, purely individual business, etc). In general, 

this ratio is a characteristic of day-to-day traffic variabil

ity that is difficult to describe analytically. 

As we show in section 4, functional relation between 

HO traffic' and ABS traffic is essentially linear. There

fore, instead of the HO/ ABS ratio, we introduce a new 

variability characteristic, which is also linearly related to 

class of service mix. We define the new variability 

characteristic as the difference between the HO and the 

ABS values: 

Then, instead of (5) we shall use 

HD value = ABS value + ABS-HD Increment. (8) 

Linear relations of this type result in sums and mix

tures of random variables. These are easier to analyze 

HDI ABS .---------------------y-----, 
Ratio 

1.4 

1.3 

1.2 

1.1 

lL---~L---~---~~ __ ~ ___ ~ 
o 20 40 60 80 100 

1 Residential lines 

Fig. 1. Example of HD/ABS Ratio Variability 

than relations in the· form of ratios (6), In particular, 

the non-linear function for the HO/ ABS ratio will be 

reduced to a linear function for the ABS-HD increment, 

as explained in detail in section 5. 

3.1B-2-3 



ITC 11 Kyoto September 1985 

4. ABS-HD Increment as a Linear 
Function of ABS Traffic 

'In many practical applications it is enough to consider 

only two classes of service, residential and business (the 

latter includes all non-residential services). Consider a" 

ab' h" hb' where a i~ ABS traffic value, e.g. CCS/Line, 

h is the high day CCS/Line, r stands for "residential", b 

stands for "business". The following analysis shows that 

the HD traffic and the ABS-HD increment are linear 

functions of the ABS traffic. 

With the proportion of residential lines equal to x" 

formulae (4) for a and h, will be written: 

a = a,x, + ab (I -x,) + Ea , (9a) 

h = h,x, + hb (I -x,) + Eh . (9h) 

Elimination of x, shows that the HD and ABS traffic 

values are linearly related: 

h = Z'a + S - Z ·Ea + Eh = Z'a + S + E , (10) 

where 

hb -h, h,ab -hba, 
Z=-- S=-~~-

ab-a, ab-a, 

Formula (7) is now 

ABS-BD Increment = (Z-I)·a + S + E. 

The residual E describes year-to-year variability of the 

increment about its mean value (shown in Fig. 2, section 

5) . The mean 'value is a good estimate of the ABS-HD 

increment engineering value: 

ABS-BD Increment = (Z-l)'a + S. (13) 

Special cases of (13) are discussed in section 7. 

Equation (I3) quantifies day-to-day traffic variability 

at any exchange. The coefficients Z and S may be. 

found by a simple linear regression with large amount of 

data from all exchanges in the given area. An examp!o 

of the new method is described in the next section. 

5. ABS-HD Increment Method: An ExampJe 

Fig. 2 shows the relation between HD and ABS usage 

as a function of the class of service mix for two classes 

of service, residential and non-residential (business). 

These data describe morning traffic in a telephone area. 

The mean, median and other percentiles were obtained 

from the raw data which consisted of 220 points 

observed in 1978-82 at 59 exchanges in one Bell Operat

ing Company. The x-axis variable is expressed both in 

ABS usage and in proportion of residential lines. These 

are linearly related - see section 4, formula (9a). 

, Single observation points shown in Fig. 2 represent 

typical year-to-year variation exemplified by 17 

exchanges. A vertical line with 4 or 5 points on it 

represents . the observed range of year-to-year HD load 

variability at one exchange. For most of the 17 

exchanges, the range of the year-to-year variation in any 

given exchange is on the order of the variation range 

shown by the percentiles for the entire 59 exchange sam

ple. (Only one exchange out of 17 has a much narrower 

range, with the increment value under 0.3 CCS/LineJ 

We conclude that the high day usage at an exchange 

can be predicted on the basis of the high day usage and 

class of service mix data for other exchanges in the tele

phone area. The inaccuracy (uncertainty) of this predic

tion ,should be attributed mostly to the variation of the 

highest day load from year to year. In this sense, the 

highest day traffic would be predicted with as much 

accuracy as feasible. Because of this fact, the class-of

service data can be used not only for default engineering 

but as an important component in forecasting, along 

with historical data available for the given exchange. 

Fig. 3 shows the median and the quantiles of the 

HDI ABS ratio calculated from Figure 2 data as 

HD/ABS Ratio = 1 + ABS-HD Increment 
ABS Value 

Since the ABS CCS/Line always depends on class of 

service mix[21, the HDI ABS ratio also does. It is clear 

that the increment method automatically accounts for 

this factor. 

Suppose that we tried to do this analysis in terms of 

the HDI ABS ratio instead of ABS-HD increment. The 

linear-fractional fitting curve (6) should be considered 

(instead of the straight line) - a very significant compli

cation in comparison with the linear regression. The 

comparative analysis of the 17 exchanges would not 

show that their year-to-year variation is essentially the 
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Fig. 2. ABS-HD Increment vs. Class of Service Mix 

same. This fact would be masked by different HDI ABS 

ratio ranges at different class of service mixes as shown 

in Fig. 3. 

HO/ABS 
RatIo 

1.3 

1.25 

I 

Fig. 4 describes the subscriber calling rate increment 

for the same population of exchanges. 
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Fig. 3. HO/ABS Ratio for ABS-HO Increment in Fig. 2 Fig. 4. Calling Rate ABS-HO Increment 
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6. HD Traffic Estimation by the Increment 
Method - All Bell Operating Companies 

Estimates of the coefficients (Z - 1) and S in function 

(13) were obtained by linear regression for all Bell 

Operating Companies in the U.S.A. Sample estimates 

are given in Tables I and'II (only 3 'out of the 17 com

panies are shown in each table). 

Table I. Sample ABS-HD CCS/Line Increment 

Bell Morning Afternoon Evening 
Compa-

nies S Z-1 n S Z-1 n S Z-1 n 

1 .37 .00 210 .45 .00 139 .02 .16 57 
2 .72 -.04 200 .55 -.01 322 .18 .09 72 
3 .28 .04 278 .21 .07 82 .06 .12 68 

n - sample size (number of exchange-years); S in CCS/Line 

Table 11. Sample ABS-HD Calling Rate Increment 

Bell Morning Afternoon Evenin~ . 
Compa-

nies S Z-1 . n S Z-1 n S Z-1 n 

1 .18 .10 210 -.01 .20 159 .01 .24 33 
2 .31 .11 194 .31 .10 321 .05 .25 66 
3 .20 .17 297 -.05 .26 85 -.13 .34 63 

n - sample size (number of exchange-years); S in Calls/Line 

Among the 17 companies, the sample size for each esti

mation (a fixed period of day for a company) varies 

between 15 and 278 ("exchange-years" points). The 

total volume of data used for each complete table is 

over 4000 points observed at more than 800 exchanges. 

With the values of Z and S based on the data from 

all exchanges in the area, the ABS-HO increment and 

the HO value for a particular exchange is found by for

mulae (13) and (8), in which a is the ABS value 

(CCS/Line, Calls/Line) at this exchange. 

7. Types of Relation between ABS -HD 
Increment and ABS Traffic 

This section provides additional analysis of the incre

ment behaviour depending on class of service settings 

and on time of day. 

Generally, in the daytime (morning and afternoon) 

Therefore S > O. (See formulae (1]) and (13». These 

relations can be applied to the evening traffic, too, if the 

residential subclass with custom calling services, in par

ticular call-waiting service, substitutes for the business 

class. (Residential subclasses have been discussed inl21.) 

An extreme type of the increment behaviour is 

observed when hr:ar ... hb:ab , so that S=O, and 

H D / ABS Ratio = Z ... const. (16) 

In particular, for the evening time the business class 

should be replaced by the custom calling service residen

tial class, which has almost the same HOI ABS ratio as 

the regular residential class. According to our 

comprehensive results on traffic in all Bell Operating 

Companies (see section 6), this case is almost never 

applicable to usage (CCS/Line), but is applicable to 

some of the afternoon and evening calling rates . 

Another, more typical, extreme in the increment 

behaviour is · represented by the morning usage 

(CCS/Line) example described in section 5 (Fig. 2) .In 

this case, Z -1 = 0, and by (11) and (13) 

(17) 

Here, the ABS-HO increment (not the HOI ABS ratio) 

is the same both for the residential and business class. 

Consequently the value of the usage increment is 

independent of the ABS CCS/Line value. This is the 

case in most of the morning and about half of the after

noon usage data, which show small values of (Z - 1). In 

these cases, formula (I7) is clearly applicable. 

Intermediate cases, with non-zero values of both Z-1 

and S, are observed in a smaller part of the afternoon 

usage cases, in almost all evening usage cases and in all 

morning calling rate cases. Formula (13) is applicable 

in these cases. 

8. Accuracy of HD Load and Calling Rate 
Estimation .by the Increment Method 

The morning usage increment for Company 2 (see 

Table n is 0.72-0.04' (CCS/Line). By formula (14), 

HD/ABS Rqtio - 0.96 + ABS ~~~/Line' This rela

tion is drawn in Fig. 5. 
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The histogram in Fig. 5 shows the HDI ABS ratio for 

all 200 sample points (200 exchange-years). Each of 10 

histogram bars represents about 10% of the sample 

~i:~sr-----------------------------------~ 
Ratio 

Increment 
based 
ratio 

points. The horizontal line designates the average 1.3 

HDI ABS ratio, computed for all exchanges used in the 

study (with the mornjng, afternoon and evening busy 

hour). 1.2 

The average company HDI ABS ratio (I.17) reflects 

the actual situation very poorly. At least for the 4 right 

histogram bars, i.e. for 40% of exchanges, the difference 

between the company average and exchange actual 

HOI ABS ratio is about 8.5%. That would mean an 

overestimation of HD usage by 8.5 % if the company 

average were used. For another 20% of exchanges there 

will be overestimation, too, by 3-4%. On the other hand, 

for predominantly residential exchanges, with ABS usage 

under 3 CCS/Line, the HD usage would be underes

timated by 8% or more. This could cause serious service 

problems. 

The increment based curve by formula (14) follows 

the histogram closely: the HDI ABS ratio based on the 

increment estimates the actual ratio correctly. 

A similar analysis shows that for calling rate the 

overestimation and underestimation errors are about the 

same as for usage. 

As seen in Fig. 5, when the observed value of ABS 

usage increases from predominantly residential (2-3 

CCS/Line) to predominantly business (6-8 CCS/Line), 

the HOI ABS ratio changes from 1.32 to 1.05. For cal

ling rate the HOI ABS estimate may be as large as 1.50 

and as small as 1.16. 

In the afternoon traffic, this class of service 

phenomenon is usually less pronounced than in the 

morning traffic because the actual range of the ABS 

values is narrower in the afternoon. For the same Com-
I 

pany 2, the observed afternoon values of ABS calling 

rate are mostly in the range from 1.5 to 2.5 with the 

corresponding HOI ABS ratio in the range from 1.31 to 

1.23. The total range, including a small number of 

unusual exchanges, is from 1.36 to 1.18. For afternoon 

usage, the basie range of the HDI ABS ratio is narrower, 

only 1.21 to 1.15, the total range being between 1.26 to 

1.10. 

1.1 

Average ratio - all exchanges 

Each his togrllm bar represents 
lOt of' sample exchanges 

1~--~----~----~--~-----L ____ ~ __ -U 
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100 
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40 Approx I ma te t Res I dence 

Fig. 5. HO/ABS Ratio Estimation by Increment 

The evening traffic is predominantly residential. 

Therefore the HDI ABS ratio does not change noticeably 

within the range of the observed evening ABS usage and 

calling rate. The ABS usage range itself can be larger 

depending on the penetration of special features, as 

explained in our ITCI0 paper[2J. 

9. Acknowledgment 

I am grateful to Mr. l.G. Kappel who contributed a 

great deal to this study providing valuable advice and 

criticism. 

REFERENCES 

1. Bolotin, V.A., Prokopovich, V.S. Characterizing 

Traffic Variation. Proc. 9th International Teletraffic 

Congress, Torremoli,nos, pp. 131.1-131.5, 1979. 

2. Bolotin, V.A., Kappel, l.G. Bell System Traffic 

Usage by Class of Service. Proe. 10th International 

Teletraffic Congress, Montreal, 2.4-1, 1983. 

3. Barnes, O.H. Observations of Extreme Value 

Statistics in Small Switching Offices. Proc. 9th 

International Teletraffic Congress, Torremolinos, pp. 

311.1-311.5,1979. 

4. Friedman, K.A. Precutover Extreme Value 

Engineering of a . Local Digital Switch. Proe. 10th 

International Teletraffic Congress, Montreal, 1.4-1, 

1983. 

3.1B-2-7 


