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AN APPROACH FOR ANALYSIS OF A CLASS OF DISTRIBUTED SPC SYSTEMS 

ABSTRACT 

Wojciech BURAKOWSKI 

Institute of Telecommunication, 
Technical University of Warsaw, Poland 

The paper presents approximate methods for 
evaluation of mean waiting time in a priority 
tandem-queue system fed by a single task sequence 
according to a Poissonian process. A task 
sequence consists of several tasks executed one 
after the other in a prescribed order. Each task 
is characterized by: the position in sequence, 
the number of server the task is executed by, a 
non-preemptive priority assigned to it and 
service time (constant). Within each priority the 
FIFO discipline is assumed. 
Exact methods for calculating mean waiting time 
of tasks executed in the first server of the 
considered system are known. In this paper 
approximate evaluation of mean waiting time of 
tasks executed in the second server is proposed. 

1. INTRODUCTION 

This work is motivated by the need of analytical 
methods to analyse control systems in a class of 
distributed SPC switching systems. These systems 
are designed to serve different processes 
activated by external events. More specifically. 
the service of an event requires execution of a 
task sequence. 
These sys tems are generally modelled as open 
queueing networks with the number of servers 
corresponding to the number of processors. The 
input process is determined by the number of 
different types of external events and their 
arrival process. The type of an event corresponds 
to this task sequence which is to be executed in 
the system as a consequence of an arrival. 
A task sequence consists of several tasks served 
one after the other in prescribed order. Each 
task is characterized by the following set of 
parameters: 

- position in the sequence; 
- number of server the task is executed by; 
- a non-preemptive or preemptive priority; 
- the service time distribution. 

Tasks from the sequence are executed 
consecutively according to their positions in 
the sequence. A task is said to be activated 
when the previous task has been served (the first 
task is activated at the moment of an external 
event arrival). 
Taking the above said into account, we arrive at 
an open queueing network with priorities 
(non-preemptive and preemptive) and internal 
(within one server) as well as external (between 
servers) feedbacks. 
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State of art 

In the case of a single-processor control system 
we a're able to calculate exact values of mean 
waiting time for all tasks executed in the 
system. This issue was studied with success by 
several authors [1], [2], [3], [4] (in [2] the 
author considers one task sequence case only but 
the method may be generalized to the multi - task 
sequence case). The proposed methods are based 
on a set of linear equations in which the mean 
waiting time for particular tasks are the 
unknows. 
Attempts of calculating the distribution of 
response time for tasks were made by Fontana [8]. 
Unfortunately, the proposed model is constrained 
to two priority system case. 

Generally, the analysis of queueing networks with 
priorities and feedbacks is very complex. At 
present no satisfactory solution has been 
proposed. The existing approximate methods of 
analysis of general queueing networks ( e.g. 
[9], [10]) do not consider priorities. On the 
other hand, approximations which take priorities 
into account( e. g. [5], [7], [11]) are suitable 
only for BCMP network representations and rail 
in the case of internal feedback. Few realistic 
approximations were proposed to cope with control 
systems in SPC switching systems. For example. 
Villen [6] considers the impaat of internal and 
external feedbacks on waiting time for particular 
tasks but without priorities ( processors 
independence also assumed). 

Given the present state of art, the most 
realistic approach to the analysis of a 
multi-processor system with priorities and 
feedbacks seems to be assuming independence 
between processors and analysing them separately 
using one of the methods presented in 
[1], [ 2], [3] t [4] • 
It is also worth noting that in most practical 
SPC systems the service time is approximately 
constant [12]. From analytical viewpoint this is 
a serious difficulty since constant service times 
introduce strong correlation between processors. 
An attempt to study this correlation is one of 
the goals of the paper. . 
The system considered in this paper is simplified 
with respect to the general system we have 
described earlier. It consists of two servers and 
one type of task sequence. External feedback is 
not considered. Approximate methods to evaluate 
mean waiting time for tasks executed in the 
second server are proposed. 
In section 2. the considered model is presented 
in detail. Approximate methods for particular 
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subsystems are discussed in section 3. 

2. THE MODEL 

The considered model consists of two servers , in 
tandem (Fig. 1) such that: 

- one type of task sequence is executed; 
- the external events arrive accoring to a 

Poisson process with parameter A (i.e. the 
first task of a sequence is activated at the 
moment of its arrival); 

- each task sequence consists of several tasks. 
T, executed one after the other in a 
prescribed order; a subsequent task is 
activated at the moment in which its preceding 
task has been served; 
task i ( i=l,. ••• , T ) is characterized by the 
following set of parameters: 

• position in the sequence i; 
·number of server the task is executed by 
(j=1,2); 

• non-preemptive priority - p; ( p=1 t 2; 1 is 
the high, 2 is the low); 

- for each priority the queue discipline is FIFa; 
there is no feedback between servers. 

(p",n,,) Si (P3,h3 ) 52 
A ~_~~~I~"';:-__ I_~~I~--. 

<.. I I ",.., '+- I I I I...#' 
( P2 ' n2) (P4 , h4 ) 

Fig. 1. The general model 

Using one of the methods presented in [1]. [2], 
[3] or [4] we can calculate exact values of mean 
waiting time for tasks executed by server no. 1. 
Approximate methods of evaluating mean waiting 
time in second server for several subsystems of 
the model from Fig.1. are proposed in the next 
section. 

3. ANALYSIS 

In this section we describe methods that are used 
in the analysis of several subsystems of our 
system from Fig. 1. First of all we analyse a 
simple queue-tandem without priorities and 
feedbacks. We show simple closed formula for mean 
waiting time of tasks in the second server. This 
can be extended to the case of many servers in 
series. Next, we consider two cases of three-task 
sequences such that: i) two first tasks with 
different priorities are executed in the first 
server; ii) two last tasks with different 
priorities are executed in the second server. 

3.1. Subsystem no.l. 

The considered subsystem is depicted in Fig.2. 

(h.f) S1 (h2 ) 52 

A ---. 1111,,0- I I II-+O~ 

Fig.2. The subsystem no.l 

Let: 
h1, h2 - constant service times of task 

and 2; 
A - intensity of Poisson stream; 

~1'W~ - mean waiting time of tasks 1 and 2. 

From the M/D/1 system solution the expresion for 
W1 is: 

W1=(h 1/2) 91/(1-91) " 

where 91 = A' h 1 • 

(1) 

It appears that we may calculate the value of W2 from the simple expression: 

W = {W~-W1 for h2 > hl 

2 0 for h2 ~ hl 
(2) 

where: 

W~=(h2/2) 92/ (1-9 2) (see expression (1». 

Formula (2) may be extended to the case with n 
servers in series. Let l-li denote ' mean waiting 
time of tasks executed by the i-th server 
(i=2, ••. ,n): 

~ j =1 J 
W.= 
~ 

o 

f or h. > max h. , ~. J 
J (3) 

otherwise [W~- f W. 

where W~=(hi/2)'9i/(1-9i) (see expressions (l) 
and (2». 
Formulas (2) and (3) had been verified by 
simulation for a wide range of i,A, hi values. 
Excellent accordance of analytical and simulation 
results was observed in all cases. Unfortunately~ 
the authors failed to prove these formulas. 
In Appendix the general expression for the mean 
waiting time in the second server in a 
tandem-queue with constant service times is 
derived. It converges to the expression (2) in 
some special cases. The above said suggests 
that (2) is generally true. 

3.2. Subsystem no.2 

The system is depicted in Fig. 3 

Fig.3. Subsystem no.2 

The task sequence consists of three tasks. Two 
first tasks have different priorities and are 
executed in the first server. 
Clearly, for h3 ~ h2' W3 equals O. Thus h3 > h2 
is the interesting case. 
We distinguish two cases: 

A: P1 =2, P2=1 

B: Pl =1, P2=2 

3.2.1. Case A 

From the viewpoint of analysis, we can reduce this 
system to simple tandem system from section 3.1 
and use the expression (2) with (h1 +h 2 ) being the 
total service time in the first server. This 
results from the fact that W2=O. 
3 .2.2. Case B 

In this case, we can not calculate the value of 
W3 in simple way. Thus.we use an approximation. 
Consider a "test-event" occuring at random. The 
test-event is said to activate the 
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"test-sequence" containing "test-tasks". 
The approximation is based on the following: 
i) At the moment of . test-event arrival (the 

moment of test-task 1 activation) the 
average number of tasks present in the system 
(and in each queue separately) follows from 
the Little~s theorem; 

ii) The value of the test-task 3 mean waiting 
time f W3 ' depends on the following factors: 
10 the number of tasks present in server 1 at 

the activation moment of test-task 1 
(excluding the task with priority 2 being 
in service at this moment) • 

20 the service time of all tasks present in 
server 2 (queue and service) a t the 
moment when first task from among those 
defined in lo 1eaves server 1 ( we denote 
this moment as tl)' 

Let 1~31 and W3" denote complements of W3 resulting 
from factors 10 and 20. respectively. Then: 

W =W' +W " 333 

The approximations for W' 
below. 3 

W' 

(4) 

and W3" are shown .' 

.2 
The mean number of the tasks from p.l~ say L2, 
is given by the following expression: 

(5) 

All these tasks at the activation moment of 
test-task 2 have priority 2 and they will leave 
server 1 before the activation moment of 
test-task 3. We assume that the distribution of 
the number of these tasks is approximated by the 
geometrical distribution with parameter: 

(6) 

Now:. 

00 

W~ =I: 
n=l 

(7) 

where: 
( "')An - Pn = 1- 9 9 

- W~ (n) - condi tional mean wal.tl.ng time of 
test-task 3 resulting from the 

10 
presence .of n tasks defined in p. 

In order to evaluate W3 (n), we must know the 
distribution function of random variable, say X, 
describing the time interval between consecutive 
output moments from server 1 of tasks described 
in p. 1'? 
The X takes values from a numerable set, say H, 
H={h 2+k h

1
; k=O,l, ••. } with probabilities: 

pr(X=h 2+k.h 1)=F
k

(92'91) • eXP[-<92+k 91>] (8) 

where: 

FO(a~b)=l 

F 1 (a, b) =a 

F2(a,b)=(a2/2!)+a F1(b,b) 

F3(a,b)=(a3 /3!) + (a 2/2!) F1(2b,b)+ a'F 2(b"b) 

F 4 ( a, b) = < a 4 / 4!) + ( a 3 /3!) F 1 (3 b, b) + (a 
2

/21) F 2 (2b, b) + 

e.t.c 

We introduce a new random variable Xl which takes 
values from the set, say Hl, Hl={h3-h2-k'hl; 
k=O,l, ••• } with probabilities: 

(9) 

Xl describes the influence on the waiting time 
of test-task 3 of a single task served in server 
1 just_before test-task 2. 
Next, we assume server 1 is empty at moment tl 
(in reality, it may be occupied by tasks from 
p. f). 
We calculate W;( 1) from the expression: 

1-1;( 1) = L x.~r(X=x) 
x:x>O 

(10) 

I 
In order to evaluate W3(2), we make two following 
steps~ 

step 1: 
Define random variable X21 which takes only 
non-negative values from set Hl with 
probabilities: 

vx>o 

pr(x 2
1=o)= 2: Pr <X

1
=x) 

x:x.,O 

step 2~ 1 
Introduce random variable X22=Xfl+Xl (Xl a~d X2 
are independent). The distributl.on of X2 can 
be calculated as the convolution of (9) and (11). 
and thus: 

W;< 2)= 2: 
x:X>O 

(12) 

2 
Let H2 denote the set of values of X2• F,or , 
calculating W31

( 3) we use the above algorl.thm l.n 
the. following way: in step 1., w1 put new random 
variable X3 1 and H2 instead of X2 and Hl~ 
respectively; in step 2. we introduce random 
variable X3 2 , X2=xl+x ; and so on. 

331 
W3" 
A~ the beginning we define a factor, say D, which 
express the decrease of influence of tasks from 
p. 20 0n the waitng time of test-task 3. 
The value of D is obtained similary as W~ 

00 

D=L: Pn- D(n) 
n=l 

where n is defined as previously. 

( 13) 

To evaluate D(n), we calculate the n-fold 
convolution of the distribution function (9). Let 
Xn denote the sum of n random variables each 
distributed identically as Xl' Thus: 

Den)= L 
x:x<O 

x' Pr(X =x) . n 
( 14) 
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Finally, we obtain W3" using the following 
algorithm: 
il At the beginning we calculate ~3 which is 

defined as the total service time of tasks 
present in server 2 at moment tl: 

where: 

B I ( B-y) f 1( y ) dy I (1-93 ) 

.0 

- B=W~ '93+93(h3/2) -

- A=( W1+h 1) I( 1-91) -92(h2/2)+D'~3 

- f (y)=(l/A) • exp -(-y/A) 
1 /'to. 

iil We c~lculate W3" using W3 and D: 
W3 

W ~'= f ( ~ 3 -y ) f 2 (y) d Y 

where: 0 

f 2(y) = (1 ID)· exp <-y ID) 

Checking by simulation 

(15) 

In table 1. we compare sample values of W3 
calculated from formulae (4) -K16) - W3 approx, 
with simulation results - W3sim. Simulations 
results are given with .05 confidence coefficient. 
In all cases h3=5, so evaluation of W3 assuming 
independence between servers leads to the value 
2.5. 

Table 1. 
A=.l 

hl h2 

2 
I--

4 0 
r--

6 

2 
r---
4 2 

I----

6 

2 
r--
4 4 

~ 

h3 W, 
3 

1.4 

4.45 

13.15 

1.07 

5 3.15 

9.0 

.45 

1.09 

1.8 

D ... W3sim . W3app~ox . 

0 2.9-3.2 2.48 

0 6.2-6.8 5.64 

0 16 - 18 15.3 

.02 1.9-2.2 1.77 

.58 3.75-4.25 3.5 

1S·76 9 - 10 9.1 

.38 .46 - .48 .47 

~.96 1 .02-1 .09 1 .09 

p.72 1 .73-1 .87 1.81 

Table 1 shows that: i) The max. value of relative 
error is about 15'%; ii) The value of W3' is 
always smaller than Wand, iii) for large 
values of the factor ~ and, as a consequence, 
for small W3", the approximate results are very 
close to simulation. 

3.3 Subsystem no.3 

The considered subsystem is depicted in Fig.4. 

(P2' ha) 
51 ~ I , I 1 S2 

I~O.../ -"---~--. 
( .. I I ,1/ 

(h., ) 

~-"I I I 

(P3,11 3> 
Fig.4. The subsystem no.3 

It is obvious, that W2=W3=0 for (h2+hj~hl • 
We distinsuish two cases for (h2+h~>hl~ 

A: h2 ~ hl 

B: h2 < hl 

3.3.1. Case A 

In this case, the expression for W2 and W3 take 
the following form! 

* W2=W2 -W1 

* W3=W3 

where W2 and W3 denote mean waiting time (for 
tasks 2 and 3,. respectively) for tasks executed 
by server 2 given Poissonian input~ 

W ~ = [92 (h 2 I 2) + 93 (h3 12)] I ( 1-92) , 

W: =(W~ +h 2+W' (92+93) • 

Expression (17) is a generalization af formula (2) • 
As before, the obtained evaluations are very 
close to simulation results. 

3.3.2. Case B 

Unfortunately, in this case we are not able to 
calculate W2 and W3 separately. So, we use an 
approximation to evaluate the sum (W2+W3): 

where: 

- W*=[(h 2+h3 )/2]'( 92+(13)/( 1-92-~3) 
- A=1-h 1/(h 2+h3) 

Checking by simulation 

In Tables 2. and 3. we compare the values of 
(W2+W3) calculated from (17) -(18) -
(W2+W3 ) approx~ assuming independence between 
processors - (W2+W3) ind, and simulation results -
(W2+W3)sim. Simulation results are given with .05 
confidence coefficient. 
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Table 2. 

A=.l 

hl h2 

4 

3 

5 

2 

1 

Table 3. 

'A=.1 

hl h2 

2 
-

4 5 
I--

6 

2 
~ 

4 3 
f---

6 

2 
I---

4 3 
I--

6 ' 

2 
i---

4 2 
~ 

6 

h3 (W 2+W3) sim 

2 4.7-5.42 

3 10.0-13.2 

4 21 .8-25.8 

5 53.0-67.0 

3 3.1-3.6 

4 8.0-9.0 

5 29.3-22.8 

6 45.5-57.5 

4 2.5-2.81 

5 7.0-8.3 

6 16.0-18.6 

7 46.0-52.0 

5 2.0-2.2 

6 5.9-6.7 

7 14.0-16.0 

8 39.0-44.0 

h3 (W 2+W3) sim 

19.8-22.21 

2 18.5-20.7 

10.7-12.0 

15.1-16.7 

4 14.0-15.7 

7.0-8.0 

12.2-13.5 

4 10.0-11.7 

6.0-6.8 

10.0-11.0 

5 8.3-9.2 

4.3-5.1 

(W 2+W3) 

approx 

4.61 

11 .63 

25.37 

66.74 

3.6 

9.8 

20.97 

56.25 

2.9 

7.76 

17.76 

48.55 

2.38 

6.56 

15.43 

42.93 

( W2+W3) 

approx 

21.05 

19.96 

9.53 

16.03 

14.90 

7.46 

12.75 

11 .28 

6.05 

10.46 

9.3 

5.02 
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(W2+Wy 
ind 

10.2 

16.3 

29.3 

70.2 

7.7 

13.0 

24.2 

59.1 

7.1 

11 .7 

20.5 

50.1 

5.1 

9.2 

18.9 

45.1 

(W 2+W3) ind 

21.3 

16.28 

13.0 

10.7 

Tables 2., 3. show that: i) The proposed 
approximations (17,18) give results close to 
simulation in all cases; ii) Max. relative error 
by using formula (18) is less than 10%; iii) 
Formula (17) is very correct; iv) Corelation 
between servers is very strong, so the 
approximation by assuming independence between 
servers is only acceptable for (W2+W3)ind »Wl' 

4. CONCLUSIONS 

We have proposed approximations for mean wa1t1ng 
time of tasks executed by the second server in 
some tandem-queue systems given non-preemptive 
priorities, internal feedback and constant 
service times. According to the tables from 
section 3., the results obtained with the aid of 
proposed methods are in good accordance with 
simulation results. As follows from the tables, 
even small changes of service times often lead to 
large variations in mean waiting times. Though 
these variations can be predicted in some cases 
by an intuition still they are difficult to 
evaluate by means of reasonably simple analysis 
assuming independence of processors. In fact, 
knowing the performance measures of independly 
analysed one-processor systems we can say almost 
nothing (e.g. see Tabae 1. or 3.) .about the 
behaviour of the whole system. 
The authors did not succeed to create a uniform 
analy ·tical approach to all considered cases 
(systems). Further authors efforts are focused in 
this direction. 
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Appendix 

The considered model is depicted in Fig. 2. We 
assume that h2~hl • 
We may express the mean waiting time in the 
second server~ W2_ as follows: 

( lA) 

where: 

- p(i,j) (i,j=O,l, .•• ) is the probability that 
upon an external arrival there are i and j 
tasks (including service) in the first and 
second server, respectively; 

- W2(i,j) is the conditional mean waiting time 
of the second task of a sequence ( in the 
second server) given that upon activation of 
the first task of this sequence the system is 
in state (i,j). 

It is easy to show that: 

\l2(i,j)= 

i(h2-h1) 
(hrh1> [h2 (2i +1) -hl] / 2h2 

ih2+(j-1)h2+ h2/2 + hl 
ih2+ (j-1)h2+ h2/2 + hl/2 + 
+ ihl 

i~O, 
i ~1~ 

i=O, 

i~l , 

(2A) 

j=O 
j =1 

j ~2 

j~2 

Next,putting (2A) into (lA), we obtain, after 
some algebra_ the following general expression 
for W2: 

where: 

00 

00 

+ h1 /2·E [p Ci, 0) +p (i, 1)J 
i=l 

P2(1)= L: p(i,1) 
i=O 

(3A) 

Using expression (lA) and denoting W~=92h2/2(1-92) 
, we can rewrite (3A) as follows; 

(4A) 

It may be shown that in two important limiting 
cases ( Le for h,~h2 and h,->O, h2-constant), W 

tends to 91h2 yielding expression (2). 
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