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ABSTRACT 

We address the problem of planning the cap~ 
city augmentation of a packet-switching network 
with given routing and topology under uncertainty 
of future costs and traffic requirements. Recent 
advances in hierarchical planning and lagrangean 
relaxation techniques allow to minimize the 
present cost plus the expected value of future 
costs, without exceeding a specified threshold 
for the average delay. 

1. INTRODUCTION 

The general problem of planning the develo~ 
ment of telecommunication networks consi"sts in 
determining topology , routing and capacities 
satisfying given constraints on cost, throughput, 
and grade of service, over a given time horizon. 

The formidable task of finding an optimal 
solution to this general problem becomes even 
more difficult when, as it is often the case, we 
have to deal with uncertain future conditions. 
For this reason, it has been found convenient 
to split the planning into a number of simpler 
problems, whose solution methods can be utilized 
heuristically to tackle the whole. 

Among the many examples of this approach, we 
would like to remember /1 ,2/ in the field of 
circuit-switching and /3/ for packet-switching 
networks. 

However, the uncertainty on future costkraf 
f ic . conditions is not taken into account in 
these works and indeed seldom considered in the 
literature. In order to begin exploring the pos
sibility of implementing more general decision 
tools, in this paper we focus on the problem of 
planning the (discrete) capacity augmentation of 
a packet-switching network with given routing and 
topology under uncertainty on future costs and 
traffic requirements. 

For this problem we propose a lagrangean 
relaxation approach, extending the method used in 
/4/ for similar, simpler problems. The results 

(*) A preliminary version has been presented at 
ORSA/TIMS 1984, Dallas, Texas, Nov. 26-28,1984. 

concerning our method are based on recent advances 
on multiple-choice knapsack /5,6/ and hierarchical 
planning problems /7 ,8/: 

Section 2 illustrates how the network design 
problem ·can be formulated by a hierarchical 
planning model; Section 3 thouroughly describes 
the methods for obtaining lower bounds and appro
ximate solutions. Section 4 presents some encoura~ 
ing computational results: a rationale for this 
good behaviour is given in Section 5. 

2 . THE PROBLEM 

The problem of planning the (discrete) 
capacity augmentation of a packet-switching net
work with given routing and topology under 
uncertainty on future costs and traffic require
ments, can be formulated as follows. 

Given: 

- a threshold T to the average delay for the 
network; 

- a finite set of L possible future traffic/cost 
conditions, each with probability p£ 
( £ = 1,2, ... ,L) ; 
a finite set Cl, ... , CK of possible capacity 
levels to be assigned to each of the J links; 

- total (external) traffic y£ that will be offered 
under future condition £ (£ = 1 ,2, ... ,L) and 
total known traffic yo presently offered to the 
network; 

- on each link j, the (internal) traffic fj £ under 
future condition £ (£ = 1 ,2, ... ,L) and present 
known traffic fjo; 

- a relationship (such as tj £ (k)=fj £ /[y£ (Ck-fj£)] 
in /9/) between the previous items and the 
average delay tj£(k) on link j under future 
(£ = 1 ,2, ... ,L) or present (£ = 0) condition £ ; 

- the (known) cost bj(k) of assigning capacity Ck 
to link j, at present time; 

- the cost aj£(k,h) of future installation of 
capacity Ch on link j under condition £, if 
capacity Ck is installed on the same link at 
present time. 
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where for £ 1,2, ... ,L 
J J 

VO (X) = min { I. a.o(y.,x.) I. t.o(x.) <T} (2) 
N xeS 1 J J N J J 1 J J N J -

- { }J . . . and S = 1,2, ... ,K ~s the space of the dec~s~on 
vectors y = (Yl' ..• 'YJ) and::- = (Xl, ... ,XJ ) of 
present and (respectively) future capacity assig~ 
ment. 

Such a model is of the hierarchical planning 
type /7/, as it involves two phases: a first 
(aggregate) phase aiming at minimizing the cost 
of present capacity installations, plus the 
average cost of future optimal installations; and 
a second (deterministic) phase, where the actual 
traffic/cost condition is known, and the cost of 
capacity augmentation is minimized •. The values of . 
aj£(k,h) and bj(k) being arbitrary, such a 
formulation is capable of modeling any type of 
relationship (e.g. concave non-linear) between 
capacity updating and cost. Similarly, the 
average delay on each link may be any specified 
function of capacity assignment and traffic 
condition. 

The second phase of this capacity planning 
problem is a mUltiple-choice knapsack problem 
/5/, thus implying that the whole problem is NP
~d. The theory of computational complexity of 
combinatorial problems has been applied on 
various occasions to provide fundamental insights 
into their inherent difficulty: we refer to /10/ 
for an informal int.roduction and to /11/ for a 
thorough exposition. Suffice it to say that the 
theory has allowed the identification of a large 
class of NP-complete problems, with the following 
two important properties: . 

(i) no NP-complete problem is known to be easy, 
i. e. , solvable by an algorithm whose running 
time is bounded by a polynomial function of 
problem size; 

(ii) if any NP-complete problem would turn out to 
be easy, then they would all be easy. 

All these problems are recognition problems, which 
require a yes/no answer. The optimization problems 
that correspond to many of them are at least as 
difficul t and are called NP-hard .. Many notorius 
problems such as 0-1 programming, travel ing sale~ 
man, plant location and knapsack problems are NP
hard. Hence, establishing NP-hardness of a problem 
yields strong circumstantial evidence against the 
existence of a polyn omial-time algorithm for its 
solution. This makes it easier to accept the 
inevitability of enumerative optimization methods 
or of fast approximation algorithms, where find
ing tight bounds to the value of the optimum plays 
a crucial role. 

3. LOWER ~OUNDS AND APPROXIMATE SOLUTIONS 

In this section we propose a lagrangean re
laxation method for f inding lower and upper bounds 
to z, together with corresponding feasible 
solutions. We assume in the f ollowing that the 
highest capacity level available for each link is 

large enough to ensure the existence of at least 
one feasible solution, i.e. a vector y and L 
vectors ~ satisfying the average delay require
ments; such vectors are called 6~~b{e . 

For each (not necessarily feasible) vector l, 

v£(~)~u£(~,~£) = :~~{-~£T+ 

J 

+ I. [a·o(Y.,x.)+~o t.o(x.)]}, 
lJ IN J J N I N J 

£ = 1,2, ... ,L, 

(3) 

where ~£ is any non-negative value of the 
lagrangean multiplier corresponding to the delay 
constraint in (2). For any ~ > 0, let 

J 0-

u (y,~ ) 0_0 

Let 

S(y) 

and 

-~ T + I. ~ t. (y.). 
o 1J 0 JO J 

(4) 

(5 ) 

L 

~(y ,~) S(y) + I£ p£ u£(l'~£)' (6) 
- 0 

where ~ (~o, ~1'···' ~L) and Po = 1. 
+ L+1 

TheM.em 1. For any function ~ : S -+ (lR) , 

min ~(y,M(y» < z. 
yeS 

(7) 

~~oo6._Let l be any optimal vector in (1) and 
~ = M(y). Then 
- - - L 

; = S(y) + Io P£ v£(y) 
1N L -

~ S(~) + I£p£ v£ (y) + uo(~,00) 
. -. 1. -

(s~nce y ~s feas~ble and ~ > 0) 
o 

L 

> S(y) + ~£ P£ u£(~,0£) = ~(~,~(~» 

(because of (3». 
Let Sf ~ S be the set of all feasible 

vectors y . 

Co~o{{~y 1. Over all choices of M in (7), 

z' = min max ~(y,~) (8) 

yeSf ~~O 

yields the highest lower bound to z. 

P~oo6. For any vector l e s, u£(l'~£ ) is a 
concave piecewise-linear function of ~£, 
£ = 1 ,2, ... ,L. Because of the feasibility as -
sumption, u£ (Y'~JI) cannot tend to +00 as ~£ 

tends to +00,;0 that for some~' ~O, 

u£ (~,~'£) = max u£(~,~£). 
~JI;~O 

For any feasible vector y, uo(y,~o) is 
ei ther identically zero, or t~nds t; - 00 as ~o 
tends to + 00 , so that 

'{I (Y , II ') = max '{I (Y , ll) , (9) 

~~O 

where ~' = (0, ~'1 ' ... '~'L). Since ~' depends 
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on l' we write g' = M'(y), where M' denotes a 
function ranging ove; the feasibl; vectors. 

For any unfeasible vector y, uo(Y'~o) tenqs 
to -tOO as ~o tends to + 00, hence -'l'(~ .. ~) is un -
bounded from above. Let then H be a large enough 
positive constant, such that for all feasible 
vectors y and ~ = (H,O, ••. ,O), 

'l'(y,M '(y)) < 'l'(y,~) . 

We can therefore extend the range of tl' to 
the unfeasible vectors l, by defining M'(y) 
(H,O, ... ,O)~ so that 

min'l'(y,M'(y)) 
yeS 

min 'l' (y ,M' (y) ) 
yeSf 

z' . 

Because of theorem 1, z' is a lower bound to z. 
Because of (9), for any other function 
M : S -+ (]R+)L+1, 

min 'l'(y,M(y)) < min 'l'(y,M(y)) < min 'l'(y,M'(~)), 
yes yeSf 

and z' is the highest possible lower bound over 
all choices of M. a 

The lower -bound (8) could be evaluated by 
computing for each feasible y., max 'l'(y ,~) . 

~>O 

This value, as already pointed o~t in the proof 
of Corollary 1, can be obtained through (6), 
by evaluating for each £ = 1,2, ..• ,L, 

u£(~,~'£) = max u£(~,~£). 
~Q20 

This in turn is the lower bound proposed in 
/1,3/ for the mUltiple-choice knapsack problem 
(2), and can be computed in polynomial time. 

Applying straightforwardly the results of 
/6/, a corresponding upper bound to v£ is 

J 

V£ (y) = Io a o£ (Yo,x£o) (10) 
- 1J J J J 

where ~£ is a suitable feasible vector among 
those solving the minimization of (3) with 
~£ = ~£'. Moreover Proposition 1 of /6/ ensures 
that V£(l) - u£(l'~'£) is not greater than 
E = max aj£(k,h). 

j,h,k,£ 

Let now y' e Sf and ~' > 0 be such that 

z' 

Hence 

'l'(y' ,~') min max 'l'(y,~). 

~esf ~~O 

is an upper bound to z, 

L 
z' BCy' ) + 1.:Q, PQ, UQ, C(,~' Q,) 

1 
and 

L 
Z '-z' 2:R, PR, [VR,«( )-uR, «(,~' R,)] 

1 
2. E: • 

( 11) 

(12) 

Unfortunately, the evaluation of the lower 
bound (8) suggested above would require to solve 
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a number of maximization problems growing expo
nentially with J. 

Therefore we propose in the . following a 
different, and possibly worse lower bound, which 
however can be computed much more efficiently. 

In fact Theorem 1 implies that, for any 

~~O 

w(~) .= min 'l'(y,~) < z, 
yeS 

so that 

z" = max w(~) = w(~") 

~~O 

(13) 

( 14) 

is a lower bound to z, although Corollary 1 
indicates that z" < z'. In order to compute z", 
we first observe that ~(1:) is the minimum of KJ 
functions of ~, each of them being the sum of 
L+1 pie'cewise-linear concave functions of ~£, 
£ = 0,1 , ..• ,L (see (6), (4) and (3)). It follows 
that w(~) is also a piecewise-linear concave 
function of ~, and any local maximum is a global 
one. Moreove~ for each ~ > 0, both w(~) and a 
subgradient V(w(~)) can b~ computed i~ polynomial 
time. In fact 0(K2Ji) . steps suffice for computing: 

J 
(i) w(~) ~(~)+~j min{8j(~'Yj,X1j, ... ,XLj) : 

Yj ,x1j, ... ,XLje{ 1, ... ,K}} 
where 

for j = 1, ... ,J; 

where 
J 

aw/a~o = -1" + LO t J
oo (Yj) , 

1J 
J 

ax/a~£= p£[-L+ Lo tj£(~£Jo)J 
1J 

for£=1, ... ,L, 
and Yj, X£j, £ = 1 , ... ,L are any values in 
{1, ... ,K} minimizing 8j for j = 1, ... ,J. 

(Note that these values and the correspond
ing subgradient are not necessarily uniquely 
determined for each vector ~.) 

In order to maximize w(~), many techniques 
are available. One of them is the modified sub
gradient method of /12/, taking into account the 
constraint ~ ~ O. Because of (13), :he final 
value obtained is a lower bound to z, even when 
the optimum 1:" is reached only approximately. 

An upper bound Z" and feasible vectors 
corresponding to ~" can be obtained as follows. 
Because of the optimality of ~", one of the two 
following cases must occur. 
(a) There exists a set of vectors ~, ~£, 

R, = 1, ... , L, minimizing 6j, j = 1, ... ,J, 
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such that all the components of the correspon~ 
ing subgradient V(w(].l")) are zero. 

(b) ~here exists a set oi vectors yf, x~, 
Q, = 1 , ... ,L, such that yf corr~spo~ds to 
dW(].l If) /d].lo < 0 and for ~ach Q, = 1, ... ,L, 
xf ", corresponds to dW(].l")/d].ln < O. _Q, _ x., -

In the first case r, ~Q, , Q, = 1, ... ,L are 
feasible and optimal vectors; in the second case, 
although optimality is not obtained, we still 
have a set of feasible vectors yf xf and an 

- ' -Q,' 
upper bound 

f L 
Z" = S(y ) + LQ, PQ, 

1 

J f f 
~j ajQ,(Yj' xQ,j ). (15) 

f f 
The feasible vectors ~ , ~Q, can be 'evaluated by 
solving ties in the minimization of 8j in favour 
of choices which yield minimum delays. Even when 
only an approximation to \::" is available this 
policy is likely to give feasible vectors. 

4. COMPUTATIONAL RESULTS 

A FORTRAN code has been implemented along the 
lines of the previous sections and an ex tensive 
testing is in progress. 

The initial phase of this testing aims at 
collecting evidence on the quality of the 
bounds and the approximate solutions obtained, 
by generating a set of random instances of the 
capacity assignment problem. To this aim, we have 
more in mind the simplicity of the simulation 
model, than the need of testing our method on 
realistic data. 

This latter need will be hopefully fulfilled 
in a second phase of our experimentation. 

Eve'n in this first phase, however we have 
tried to simulate some features of realistic 
data. 

In particular we have, considered the 
two following models for generating the present 
end-to-end traffic requirements ygi: 

(T.1) a randomly generated matrix r whose elements 
y~i are independently and uniformly 
distributed in [0, 10J; 

(T.2) a matrix r whose elements y~i are proportio
nal to sh,si, where ~ is a randomly generated 
vector of the (relative) "sizes" of each 
communication center; the components si are 
independently and uniformly distributed in 
[0.1, 1]. 

The internal traffic fjo on each link j is 
derived from r by routing each external traffic 
y~i along a path of minimum length: the length of 
each link is also randomly generated, uniformly 
and independently in the intervals A = [1, lOJ or 
B = [10,1 OOJ ; Of course this particular choice 
of routing has the only purpose of generating the 
internal traffics. 

For each link j. the present cost bj(k) is 
the sum of a part bl(k) depending on the link 
capacity according to Table 1, and a part b"(j) 

depending on the link length Aj either 

(C.A) 

(C.B) 

0 
10 
15 
30 
60 

proportional to A' J 
interval A, or 
according to Table 
interval 

k 

1 

2 

3 

4 
5 
6 

7 
8 
9 

B. 

Table 

Ck 

0.0 
1.2 
2.4 
3.6 
4.8 
6.0 
7.2 
8.4 
9.6 

if 

2, 

Table 2 

range of A j 

< A j < 10 
< A j < 15 
< A j ~ 30 

< A j < 60 
< A j < 120 

it ranges in 

if A' J ranges 

b I (k) 

0 
452 

1020 
1950 
2910 
3950 
4500 
5000 
5486 

b" (j) 

626 
968 

1822 
3188 
3985 

on 

For what concerns the future traffic/cost 
conditions, nine different scenarios, each with 
the same probability of occurrence, have been 
considered by combining three traffic and three 
cost conditions. In order to simplify input data, 
the routing has ' been assumed to remain the same 
in all scenarios, as well as the pattern of the 
external traffics, but for a multiplicative 
factor, which takes the values 1, 1.5, 2 in the 
three traffic conditions. Each cost of future 
installation is given by 

ajQ,(k,h) = XQ,[b"(j)+bl(h)- t bl(k)] 

where XQ, takes the values .8, 1, 1.2 in the three 
cost conditions. 

In order to avoid generating instances for 
which the average delay requirements are either 
unsatisfiable or trivially satisfiable with the 
minimum capacity level, we have normalized all 
the traffics so that for each instance the most 
loaded link is given an interval traffic equal 
to 9. 

Table 3 summarizes the computational results 
obtained so far. The first four rows refer to 
the different traffic/cost models described above. 
The three columns correspond to different sizes 
of the network, in terms of the number of 
communication centers. Each entry reports three 
figures obtained by averaging over twenty 
randomly generated instances. (More specifically, 
five instances have been generated for each one of 

5.3A-3-4 
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Table 3 

1 I· 
1 centers 1 

5 10 15 1 
1 traffic 1 1 

1 
11.60(1.88) 11 .04(1 .19) 10.79(0.89) 1 

T.1/C.A 
226 1 379 1 392 1 

I I 1 
0.67 (1 .84) 1 0.52 (1 .51) 10.37(1.28)1 

T.l/C.B 1 346 1 282 1 
220 I I 1 

1 .61 (1 .86) 11 . 13 (1 .37) 10.78(0.92)1 
1 1 T.2/C.A 1 

229 I 339 I 311 1 
0.59(1.66) 10.38(1.21) 10.26 (1 .11) 1 

1 1 T.2/C.B 1 
202 I 339 I 344 

1 
1.12(1.81)10.77(1.32) 10.55(1.05) 1 

1 1 Av~rage 1 
219 I 350 I 332 

four values of T, selected appropriately in order 
to give neither too tight, nor too loose require
ments.) The first upper figure measures the 
quality of the upper bound Z" by the relative 
difference 

Z"-z" 
--·100 

Z" 

The second upper figure in parenthesis reports 

Z"-z" 
--·100 

Y" 

where y" is the cost of the approximate solution 
when only the costs depending on the link capaci
ties are considered. This aims at avoiding the 
masking effect of the costs depending on link 
lengths only. The lower figure in each entry 
measures the computational effort by reporting 
the number of evaluations of w(~). 

The average results corresponding to each 
network size are shown in the last row. 

It appears that all relative differences 
shown in Table 3 are quite small and tend to 
decrease when the problem size increases. A 
similar behaviour for the upper bound Z' is 
theoretically derived in the next section. 

5. ASYMPTOTIC PERFORMANCES 

1 

Let us measure the quality of the upper bound 
Z' by the relative difference 

Z'-z' 
n' = --Z-,-

Similarly as in /6/, we investigate the asymptotic 
behaviour of the sequence of random variables 
n' = n'(J), as J tends to infinity with K, L 
fixed and assuming a reasonable stochastic model 
for the cost of the capacities. Specifically, let 
us assume that: 

(i) aj£(k,h) 0 for all j,£ and all k ~ h; 

(ii) bj(k) and aj£(k,h) for ~ll j,£ and all 
k < h are ' realizations of independent 
r.v. IS, with a common distribution defined 
over ~ + = {1 ,2, •.. }, and with finite 
variance; 
L 

(iii) ~£ p£ n£ = ~ (/J) , where n£ is the number 
of links j for which. fj£ > 0, and hence 

. either bj(Yj) or aj£(Yj,X£j) or both, must 
be greater than zero for all feasible . 

vectors: and :£. 

Notice that assumption (iii) is very mild, 
since it is satisfied when the average number of 
links with non zero traffic is not smaller than 
the number of links in a connected network. 

L 
Because of (12), n'(J) < E/Z' < E/(rl p£ nl). 

. - - 0 

Known results /7, 13/ from extreme order stati -
stics imply that 

lim 
E 

= 0 a.e. 
J+oo /3 
From assumption (iii) it follows that 

lim n"(J) = 0 a.e. 
J+oo 

(16) 

For what concerns the quality of the upper 
bound Z", measured by the relative difference 

Z"-z" 
n" - --z-,,-

it is not s~raightforward to obtain an inequality 
similar to (12), uniquely in terms of the costs of 
the capacities. Nevertheless, it appears that an 
upper bound to Z"-z" could be found assuming a 
suitable model also for the average delays, thus 
providing a result similar to (16). In fact it 
can be proved that among the vectors y correspond 
ing to ~, a procedure similar to REFINE of /3/ -
yields in polynomial time a feasible and an un
feasible vector which differ only in one component. 
The question of finding a model (as unrestrictive 
as possible) implying the asymptotic optimality 
of Z", is still under investigation. 
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