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ABSTRACT 

The paper presents a new method for determining 
node to node grade of service for circuit 
switched networks with alternative routing. It is 
based on decomposition of the overall network 
analysis into a set of "path analysis problems" 
solved by means of the Equivalent Path Method. 
This approach takes into account correlation 
between occupancies of links carrying the same 
traffic stream. The method is valid for both 
hierarchical and non-hierarchical networks with 
conditional or step by step selection. 

1. INTRODUCTION 

The main problem of the performance analysis of 
a circuit switched network is the determining of 
node to node grade of service (NNGOS) for each 
origin-destination (O-D) pair. This problem was 
treated by several authors [1] - [10]. Usual 
analysis techniques decompose the overall 
network analysis into a set of link analysis 
problems. As a consequence, dependence of states 
of subsequent links carrying common traffic 
stream is neglected. It was shown (for the case 
of a single path) [11] -[13] that this approach 
results in considerable errors in GOS 
evaluation, i.e that the above dependence is an 
important factor. This observation motivated the 
deveI'opment of the network analysis method 
proposed in the paper. It employs decomposition 
of the overall analysis into a set of "path 
analysis problems". Each of these subproblems is 
solved by means of the Equivalent Path Method 
(EPM) the idea of which was introduced in the 
authors previous paper [13]. The EPM treats all 
paths links and streams totally and 
simultaneously thus the correlation between 
links carrying common traffic streams on a path 
is taken into account. 

The traffic model of the presented method is 
based on the following widely used assumptions: 

- streams offered to origin-ciestination node 
pairs are Poissonian, 

- traffic streams are well described by their 
first two moments, namely the mean (M) and 
var iance (V), 

- call holding times satisfy a negative 
exponential distribution, 

- the network is in statistical equilibrium, 
- call set up times are negligible, 
- blocked calls are cleared and do not return, 
- no congestion is encountered in the nodes. 

The following Section presents a modified 
version of EPM. The modification lies in a new 

analytical model based on Bernoulli-Poisson
Pascal distribution; the main idea of the EPM 
is preserved. Section 3 considers the 
utilisation of EPM to determine NNGOS values for 
whole networks. In Section 4 the EPM-based 
approach is compared (numerically) with 
simulation and some other methods. 

Z. EQUIVALENT PATH METHOD (EPM) 

Z • 1. The id ea 

We recall in short the basic idea of EPM [13]. 
Cons id er a path between or igin (0) and 
destination (D) nodes which is offered a traffic 
stream (further refered to as O-D traffic 
stream) with parameters d=(M, V). An example of a 
path traffic structure is depicted in Fig.l; Ni 
denotes i-th link dimension and dj=(Mj, V·) 
denotes parameters of j-th background tra!fic 
stream offered to a part of the path . 

NZ 
0-0---0---0 

d x x 

d 1 x-x 

dZ x x 

d3 x-x 

Fig. 1 Example of a path traffic structure. 

To simplify notation let us introduce 

~=(Nl,···,Ni,···,NI)' 
""'" (""" ...,. ..... ~ = d 1 , •.• ,d j , ... ,du) 

where: I - number of links, u - number of 
background streams. 

The PATH-problem is formulated as follows: 

Given d,d,N, 
~ parameters of traffic carried on and 

'rejected from the path; d=(M,V), 'd=(M',\f) 
respectively. 

Let X and Xi den.,ote the number of O-D 
connections and the number of background 
connections carried on i-th link at any time, 
respectively. Now consider the path's state as 
",seen" by an arbitrary arrival from the O-D 
stream. The situation for the example from Fig.l 
is depicted in Fig.Za. Notice that the arrival 
"sees" the path as if it was onelink (a "pipe") 
of dimension Nmin=MIN(Nl,N2,N3) with x trunks 
occupied by O-D traffic and Xt trunks occupied 
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by background traffic. This "view through the 
pipe" is shown in Fig.2b. 

a) 

Fig.2 "View" through the path. 

It is obvious that 

xt=MAX(X1-~N1,X2-AN2,X3-6N3) 

where ~Ni=Ni-Nmin 

b) 

Nmin 

Previous remarks lead to the conclusion that 
instead of the entire path we may analyse an 
equivalent link of dimension Ne=Nmin which is 
offered the 0-0 stream and an equivalent 
background stream with parameters de=(Me,V e). 
This equivalent path model is presented in 
Fig.3. 

o Ne D 
0---0 

d' =d x---x 

d e =? x---x 

Fig.3 Equivalent path model. 

Now the main problem is to determine de. Let X' 
and Xe denote the number of 0-0 connections and 
equivalent background connections at any time, 
respectively. To achieve exact equivalence the 
equivalent background stream should be such that 

. Pr (X=x) = Pr (X' =xl) (2) 

for x=x' 

Pr(Xt=Xt) = Pr(Xe=xe) 

for Xt=Xe 

It is difficult to find exact solution 
satisfying this condition. To overcome this 
problem an approximation is used. It is based on 
the assumption that eqs (2), (3) approximately 
hold provided they are exact for Nmin=oo. 
This can be stated as follows 

for m= 1,2, ...• 

Further Pr(Xe=xe) is denoted Pe(xe)' Notice that 
the distributions of Xi (i=1, ... ,1) and Xe for 
Nmin=oo equal to the distributions of 
background traffic streams and equivalent 
background traffic stream, respectively 
(according to usual def. of offered traffic 
distribution). Thus de can be determined using 
eq. (4) . 

2.2. Analytical model 

Consider the path provided 0-0 stream is 
neglected and all links are infinite (Nmin-OO). 
Let Zj denote the number of calls in service 

from the j-th background stream at any time. The 
path's state description may be of the two forms: 

- vector ~=(X1"" ,xi, .• · ,Xl), 

- vector ~=(Z1"" ,Zj,' .•• zu)' 

Denote steady-state probabilities as follows: 

px(~)=Pr(X1=X1.···,Xi=Xi' ••• ,Xl=Xl), 

Pz <.~) =Pr(z1 =z1 , ... ,Zj =Zj,' .• , Zk=zu)' 

The advantage of Z description lies in the fact 
that the Markov chain taking value from {~}may 
be modeled by a '~ultidimensional Birth-oeath 
Process" and thus has a product form solution 
[14]-[16]. Assume the birth rate for j-th 
background stream in state Zj (Aj (Zj) ) is 
defined according to the Bernoulli-Poisson
Pascal distribution. Additionally, to simplify 
the notation, assume the mean service time is 
equal 1. Thus, following [16]-[17]. 

{ 

<Xj+f>jZj • if CXj+~jZj > 0 
~-j(Zj)= 

o , otherwise 

where: CXj =Mj 2 f\7j 

As a consequence 

p.. =(v· -~. )/V. 
YJ J J J 

ZjPz(i)=Aj(Zj-1)Pz(~-~j) 

wher e ~j = (s 1 •...• si ••..• su) 

si ={ 0
1 

,if i=j 
otherwise 

Since we are looking for Pe(xe) we need px(x). 
The latter can be obtained in two ways. The
first is based on a simple realtion 

(5) 

where , if j-th stream uses i-th link 

o , otherwise 

so 

R (?y = { ~: /\ x· = L 8 .. z. } . 
i ~ j ~J J 

where 

The second is based on a recurrence formula which 
may be derived from eq. (5) 

x. P (x) = L 8 .. ~. (X-6.)P (x-~.) 
~ x - j ~J J - -J x - -J 

(s) 

where: A.=(01 .•••.• 0l.) 
-J J J 

p(z-s.) 
~ . (X-A. )= :z::= A. (z . -1 )_Z_-_-..::.J __ _ 

J --J ~ER(~) J J L P (z-s.) 
zER(x) Z --J 

Notice that X· (x) can be treated as a mean value 
of the j-th stream's birth rate on condition the 
system is in state x. 
Unfortunately both ways are r~ther complex 
(except for Poissonian case: Aj (.!Y ~j - eq. (8)). 
Moreover transition from px(x) to Pe(xe) using 
eq.(4) still requires a lot ~f computational 
effort. To overcome these difficulties we will 
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use the following approach. 

First consider the case z=x (no overlaps of 
background streams) for -which a recurrent 
relation (11) may be derived. To see that we 
define 

where 

g.={ 1 
1. 0 , otherwise 

this vector takes values from the set of 
patterns 

~ =(c1k ' '" .c ik ' '" ,c 1k), 
1 k =1, 2, ..• ,2 -1 

1 ;-1 
where c ik equals 0 or 1 and k= ~ c ik2- . 

i=l 
Next we define the probability Qk(m) that Xe=m 
on condition Xi=m+~Ni for cik=l,Xi<m+~Ni for 
cik=O: 

Qk(m)=Pr(Xe =m I ~(~)=~). (9) 

It is obvious that 

21 -1 

P (m)= ~ Qk(m). 
e k=l 

(10) 

Finally using eq .(5) the following recurrent 
relation is obtained: 

where C"l - { ~rk- 0 
, if S:-l!I~ =~ 

otherwise 

l!I - logical multiplication. 

The initial values Qk(O) are given by 

s 

of i-th and j -th streams then one "cover s" the 
other totally. This can be stated as follows: 

Aj Cl Ai equals or 

o Nl N2 N3 D 
0------0-----0------0 

x---------x 

x----x 

x----x 

x-x 

Fig.4 "Nice overlapping" of background streams. 

For the example from Fig.4 the recurrent use of 
function H may be applied in the following 
manner: 

d'e =H( (d 2,'d3), (6N'1' 6N'2)) , 

d" =d' .q =(M' +M Vi +V ) 
eel e l' e 1 

d =H«d" ,d4), (AN" ,AN
3
)) , 

e e e 
where cNi=Ni~IN(Nl,N2) i=1,2 

6N~=MIN(Nl,N2)-Nmin' 

Now consider "nasty overlapping" of background 
streams cf. Fig.Sa. 

a) 
o Nl N2 N3 D 
0-----0 0-----0 

x-------------x 

x---------x 

b) 
o Nl N2 N3 D 
o 0 0--0 

dl x-x 

x---x 

x---------x 

Fig.S "Nasty overlapping" of background 
streams. 

( 12) n 
i=l 

In this case ~ l!I 6i does not equal ~ or ~ 
so we cannot use tne procedure used tor "n1.ce 

where px(Q) =Pr(X,=O, ... ,X1=0). 

Now it is easy to find P e(Xe ) from 
eqs (9),(10),(11),(12). Then we can find de by 
definition. 

The presented procedure can be stated using 
function H: 

d =H(d,6N) 
e --

where A~=(AN1' ...• ~Nl). 

Since there is a trend to use at most two links 
in one alternate path, function H determines de 
for most cases of practical interest. 

If overlaps of background streams exist de can 
be determined by recurrent use of function H. 
Fir st consider "nice overlapping" of background 
streams. It means that if there is overlapping 

overlapping". To overcome this problem we apply 
ilcutting" of background streams. For the example 
from Fig. Sa "cutting" results in "nice 
overlapping" of background streams - see Fig.Sb 
and thus we may use function H recurrently 
just as before. One might expect that the error 
introduced by "cutting" can be minimized by 
taking values cl'. and d:~ which satisfy the 
following equatIons: 1. 

d. =H(d'., d'.') 
1. 1. 1 

'd'.=ti'.' 1. 1. 

2.3. Equivalent path function 

Provided parameters (de) of equivalent 
background tr~ffic stream are determined the 
equivalent path model from Fig.3 can be analysed 
by means of several existing methods. It was 
verified that the most suitable for our purposes 
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are the following: 
- Hayward's approximation [18] determining 

parameters of total carried stream (d~e) and 
total overflowing stream (d+de ). The advantage 
of this approach lies in that it treats 
uniformly cases with rough and smooth offerd 
trafic. 

- Lindberg's approach [19] for determining 
individual stream blocking probability and 
then M and M values. The advantage of this 
method lies in that it gives good results for 
wide range of blocking probabilities. 

- The formulae presented in [20] for determining 
individual stream variances V,~: 

e=8+p~'-e) 
t 

8=8+p(e' -e) 
t 

where 

p=M/(M+Me ) : O-D stream's share, 

8=V/M O-D stream's peakedness factor, 

peakedness factorsof total carried 
and rejected traffics in modified 
equivalent path model. 

The modification of the equivalent path model 
consists in substituting Ve (variance of 
equivalent background stream) by a new value 
V~ 

Vi =M 8 (i. e. 8~ =8) e e 
other parameters remain unchanged. The 
validation of this approximation was tested in 
[20]. Notice that eqs.(13),(14) become exact 
for the Poissonian case (8=8e =1). This was 
proved in [21] and [20] respect iveiy. 

Summarising the discussion presented in this 
section we can introduce an Equivalent Path 
Function(EPM-functio~ of the following form 

(d,d)=f (d,d,PTS) 
e -

where PTS denotes path traffic structure: 

PTS=(~,~), ~=(~l""'~u)' 
Thus the PATH-problem is solved. 

3. NETWORK ANALYSIS 

The NETWORK-problem is formulated as follows: 

Given: 

- network structure, 
- set of routing schemes for each 0-0 pair, 
- vector of link dimensions N, 
- vector of parameters of traffic streams 

offered to o-D pairs 

A=(A 1, .•. ,A , .•. ,A)", 
- n r 

find vector of NNGOS values 

B=(B
1

, ••• ,B , ••• ,B). - n r 
The routing scheme for ~ach O-D pair is 
described by a path-loss sequence (PLS) 
according to the concept introduced in [6]. PLS 
consists of alternate paths and loss paths (loss 
paths · are situated between alternate paths if 
step by step selection is applied). The first 
free path from a sequenceis used. If it is a 
loss path· then the call is lost, otherwise 
(alternate path) a connection is established. 

The idea of the proposed network analysis is to 
decompose the overall analysis into a set of 

path analysis problems. Then a set of network 
equations is derived by means of the 
EPM-function. This set of equations consists of 
the three following subsets. 

Equations determining parameters (d~) of traffic 
. h ~ carr~ed on alternate pat s. 

These are simply obtained by applying the 
EPM-function to each alternate path: 

(d~ ,d~) =f (d ~ ,d~, PTS~) (15) 
~ ~ e ~ -~ ~ 

where n - 0-0 pair index. 
i-alternate path index. 

In general, parameters of background streams 
@~)and offered streams are not given. 

Equa tions determining parameters (d~.) of 
background traffic streams. ~J --

Notice that the j-th background stream from PTSi 
is a part of a traffic stream offered to an 
other alternate path determined by, say, PTsT 
Thus to gauge dij we have to divide PTSi into 
two parts. The f~rst (~TS') is common w~th PTSr 
and the second (PTS") ~s separate from PTS~. An 
example of this operation is shown in Fig.6. 

d~ 0 Nl 
~ n 
~ 

o 
m 

d' =? N2 N3 

D 
m 

d"=? N5 N6 
~ 0---0----0 ----;. 0---0---0 

(PTS') (PTS") 

Fig.6 Path's division. 

Then by determining parameters d' of traffic 
offered to PTS' we can find d~j assuming 

d~. =d' (16) 
~J 

It is reasonable to demand that parameters of 
traffic streams carried on the paths determined 
by PTS', PTS" and PTS~ ar e equa 1 : 

Thus according to eq.(17) and applying the 
EPM-function to PTS' we have 

(17) 

(d~,'d' )=fe(d' ,~~PTS') (18) 

To solve eq.(18) for d' we use 

-m 
Ml 

M'(k+l)= ------
1-11' (k) /M'( k) 

and aproximation 

e'=8m 
1 

(k)-iteration index 
(19) 

which altoget~er constitute iterative 
procedure. 

Equations determining parameters (d~) of 
~ -

traffic offered to alternate path. 

Traffic stream offered to the first alternate 
path (i=1) of each O-D routlng scheme is equal 
to traffic offered to the O-D pair. Thus 
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dn
1 

=(A ,A ) 
n n 

(21 ) 

If the considered alternate path is preceded by 
an other alternate path~onditional selection) 
then the traffic stream offered to it is equal 
to the traffic rejected from the preceding 
alternate path. Thus 

n ""'n 
d i =d i _1 (22) 

where di-1 can be determined from equation of 
type (lS). If there is at least one loss path 
between the considered one and its preceding 
alternate path (step by step selection) we have 
to divide the path traffic structure of the 
preceding alternate path(PTSi_l)into two parts 

- PTS'; rejected calls from PTS' are offered to 
the next alternate path, 

- PTS"; rej ected calls from PTS" are lost. 

An example of a paths structure is depicted in 
Fig.7. 

n 
di_~~n 

N1 N2 
o-'--O~ loss path 

d'=-? N1 
--> 0----0 

(PTS' ) 

loss p~th 

d"=? N2 NJ 
~O--~ 

(PTS") 

Fig.7 Path's division (step by step selection). 

Parameters of traffic offered to and rejected 
from PTS' and PTS" can be evaluated in the same 
manner as parameters of background streams (eqs 
(la),(19),(20)). However, note that all calls 
rejected when both PTS' and PTS" are congested 
are in fact rejected from PTS'. This is due to 
the fact that all calls offered to the PTSi-1 
are first offered to PTS'. To take this into 
account we use the following approximation: 

(23) 

The derived set of network equations (lS)-(23) 
can be stated as a function F: 

(~,~,~)=F(~,I,I, J>rS) (24) 

where P't'S - set of all PTS generated according 
to presented rules, 

d dd - vectors of parameters of traffics 
-'-'- offered to, carried on and 

rej ected from all PTS€ PiS 
This function may be easily solved using an 
iterative procedure. Finaly the NNGOS value for 
n-th O-D pair is given by 

L:-n M. . ~ 

Thus the NETWORK-problem is solved. 

4. MODEL VALIDATION 

The presented model was compared with a 
simulation model. We have also compared the 
equivalent path approach with [10]- PIORO, [6]
LIN, [a]- MANF, [1]- KATZ,i.e. methods based on 
decemposition of the network analysis into a set 
of link analysis problems. The simulation 
results are given with a .OS confidence 
coefficient. Four network structures were 
tested. 
Example 1 ; non-hierarchic~l, fully symmetrical, 
two-way trunks, 3 nodes, 3 o-n pairs (two-way). 
Each O-D pair has one direct and one alternate 
path consisting of two links. The parameters are 
as follows: 

Nk =20, k=1,2,3" 

An
= { 14 , low blocking 

, n=l, 2~3. 
17 , overload 

The results are presented in Table 1. 

Example 2 ; non-hierarchical, fully symetrical~ 
two-way trunks, S nodes, 10 O-D pairs (two
way). Each O-D pair has one direct and three 
alternate paths consisting of two links. The 
parameters are as follows: 

Nk =20, k=l ,2, ..• ,10, 

{ 

14 , low blocking 

An = 16 overload 
, n=l, 2, ..• , 10. 

The results are presented in Table 2. 

Example 3 ; non-hierarchical, non-symetrical, 
one-way trunks, 5 nodes, 4 O-D pairs. This 
example was analysed in [a]. The structure of 
the network is depicted in Fig.a where e

k denotes k-th link. 

Fig.a Network structure IEx.31. 

Alternate path sequences for each O-D pair and 
parameters are as follows: 

1. A-B e1,e3ea,e4eS,e4e7ea A1=20 

2. C-B ea 
3. D-B e S' e7 ea 

4. E-B e2,e6eS,e6e7ea 

N1 =N 2=N7 =12, N3 =N 5=8, 

A
2

=a 

A3=6 

A4=16 

N4=N 6=10, Na=24 

The results for two cases - conditional and step 
by step selection - are presented in Table 3. 

B =1- --~-- (25) 

Example 4 ; hierarchical, .fully symetrical, 
two-way trunks, 4 local nodes, 1 transit nod e , 6 
O-D pairs (two-way). Each O-D pair has one direct 
and one alternate path through the transit node. n 

A 
n 

.. 
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Table : NNGOS values for Ex.l. 

low blocking overload 

SIMUL. .0132 - .0176 .086 - 0.99 
EPM .0137 .093 
PIORO .0100 .116 
LIN .0054 .099 

Table 2 NNGOS values for Ex.2. 

low blocking overload 

SIMUL. .0025 - 0.0069 .073 - .108 
EPM .0030 .093 
PIORO .0022 .135 
LIN .0001 .123 

Table 3 NNGOS values for Ex.3. 

a) Conditional selection 

O-D A-B C-B D-B E-B 

SIMUL. .043 - .087 - .068 - .050 -
.049 .101 .078 .058 

EPl1 .041 .098 .105 .054 
PIORO .027 .105 .071 .039 
LIN .022 . 094 .052 .025 
MANF .028 .080 .055 .046 

b) Step by step selection 

O-D A-B C-B D-B E-B 

SIMUL. .046 - .081 - .062 - .048 -
.052 .093 .068 , .056 

EPM .052 .091 .086 .049 
PIORO • 042 .101 .064 .038 
LIN .035 .089 .047 .023 
MANF .037 .077 .051 .045 

Table 4 NNGOS values for Ex.4. 

low blocking overload 

SIMUL. .0090 - .0130 .056 - .067 
EPM .0113 .063 
PIORO .0121 . 064 
KATZ .0125 - .0127 .065 - .070 

The parameters are as follows: 

v{ 17 k=1,2,3,4 high usage links 

16 k=5, .•. ,10 final links 

v{ 16 low blocking 
n=l ,2,3. 

19 , overload 

The results are 'presented in Table 4. 

The equivalent path approach was compared, with 
simulation and PIORO-method for all examples. 
Moreover LIN-method(destined for 
non-hierachical networks) was used for exs 
1,2,3 and KATZ-method (destined for hierarchical 

networks) was used for ex. 4. Additionally 
results given in [8] (MANF) are presented for 
ex.3. 

The results show that the EPM approach gives 
NNGOS values very close to those obtained by 
simulation (in almost all cases they lie in the 
'confidence interval). It is also important that 
in most cases the EPM approach gives better 
results than methods based on decomposition of 
the overall analysis into set of link analysis 
problems. This means that correlation between 
path links carrying common traffic streams is an 
important factor in evaluation of the NNGOS. 

5. CONCLUSIONS 

A new method for circuit switched networks 
analysis has been proposed. It is based on 
decomposition of the overall analysis into a set 
of path analysis problems. Each path problem is 
solved by means of the Equivalent Path Method 
(EPM). In this paper a new analytical model for 
EPM basing on BPP distribution has been 
presented. Comparison with simulation has 
indicated that the proposed approach gives good 
results for both hierarchical and 
non-hierarchical networks with conditional or 
step by step selection. Moreover comparisons 
with other methods have shown that in most cases 
the EPM approach gives better results. This is 
due to the fact that the presented method takes 
into account correlation between links carrying 
common traffic stream • 

Note that the EPM features make it suitable for 
analysis of networks with dynamic routing. The 
author plans to present result on this subject 
soon. 
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