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ABSTRACT 

Considering queueing systems in data communica
tion networks one can identify a special feature 
of the communication system: the service time, 
which is proportional to message length, is 
generally known in advance. This is a precondi
tion for applying the queueing strategy SRPT 
(Shortest Remaining Processing Time first), 
which offers the shortest mean delay time among 
all conceivable strategies. This paper analyzes 
new combined strategies based on the SRPT prin
ciple. First, a preemptive priority system com
bined with the SRPT strategy within each priori
ty class is presented. Second, a combination of 
Round Robin and SRPT including overhead is 
described. Both strategies show a considerable 
reduction of the mean delay time in comparison 
with the same strategies combined with FIFO 
instead of SRPT. 

1. INTRODUCTION 

In communication networks transmission ' schedul
ing is one of the most important factors influ
encing the performance of the system. It is well 
known that the application of the service time 
dependent strategy SRPT (Shortest Remaining 
Processing Time first) offers the minimum mean 
number of jobs or messages in the system and the 
minimum mean delay time. This is achieved by 
always selecting the job with the shortest 
remaining processing time and by preempting the 
job in service if necessary. A theoretical proof 
of the optimality of SRPT with respect to mean 
delay time was given by Schrage in [8]. In spite 
of this advantage the strategy SRPT has not been 
used for job scheduling in computers because of 
the requirement that the service times of jobs 
must be known in advance. But this condition i~ 
generally satisfied in data communication net
works due to the following feature: the service 
time of each job is proportional to the message 
length and is therefore known in advance. This 
feature allows the application of the pure SRPT 
strategy [7J as well as strategies which are 
built on the SRPT principle in order to improve 
the performance of communication systems, espe
cially for service time distributions with a 
large coefficient of variation. 

In this paper two new combined strategies based 
on the SRPT principle are presented and ana
lyzed. First, a preemptive priority system is 
considered in section 2, which uses the pure 
SRPT strategy within each priority class. The 

main aim of this investigation is to demonstrate 
the optimality character of SRPT in priority 
queues. A further interesting aspect of such a 
priority queue with SRPT is the quantitative 
performance of the mean delay in lower priority 
classes (not preferred classes) in comparison 
with the corresponding priority queue with the 
classical FIFO strategy (First In First Out). 
For the model Mi/Gi/1 with a Poisson input 
process Mi and a general service time distribu
tion Gi for the i-th priority class (i=1,2, •• ,n) 
the mean delay time is determined for each class 
individually and evaluated for typical applica
tion examples. 

Second, a combination of the RR strategy (Round 
Robin) and SRPT including overhead is consid
ered. The idea for this new combined strategy 
originated' from the fact that the preemption 
mechanism of the SRPT strategy is rather diffi
cult to implement, especially if overhead has to 
be considered [1]. For SRPT it is necessary to 
evaluate the selection upon every arrival. This 
disadvantage can be avoided by introducing the 
RR preemption mechanism giving each job a maxi
mum time slice. In section 3 the mean delay for 
the model M/G/1 with the combined SRPT/RR strat
egy including constant overhead time is evalu
ated and compared to the FIFO, RR, and SRPT 
strategies. In data communication networks the 
RR strategy corresponds to packet switching, 
Le. a time slice corr'esponds to a packet. The 
SRPT/RR strategy can be utilized for packet 
switching in a similar way. Basically this 
strategy selects the next packet of the message 
wi th the least number of remaining packets. In 
this way the mean number of messages and the 
mean delay are reduced. 

The results for both models are presented as 
formulas and diagrams for typical examples, 
which show the potential improvement of mean 
delay time in comparison with the commonly used 
strategies. Throughout the paper the terms job 
and message are used synonymously. A list of 
symbols at the end of the paper contains the 
notations used in the formulas. 

2. PREEMPTIVE PRIORITIES WITH SRPT 

Priori ty queueing is widely used in many real
time computer and data communication networks. 
Presently preferred scheduling strategies within 
the queue o'f each priority class are FIFO. 

RANDOM etc., which are independent of the serv
ice time and thus have the same mean delay time 
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TDi [4]. In data communication networks the 
service time of a message is known in advance so 
that the service time dependent strategy SRPT 
may be used within each class in order to reduce 
the mean delay time TDi to its lowest possible 
value compared to any other strategy. Improving 
mean delay in each class also improves the 
overall mean delay of the system. 

2.1 Preemptive Priority Model with SRPT 
The considered preemptive priority queueing mod
el, which is shown in fig. 2.1, is of the type 
Mi/Gi/1 with .!,?isson input intensity Ai, mean 
service time TBi and the coeff ic ient of varia
tion ci for each priority class 1. The basic 
load of each class is Pi = AiTBi. The priorities 
are defined externally and are considered to be 
static. The class with the lowest index (i=l) 
has the highest priority. Each message entering 
the queue of class i has a known service time 
TBi. Within each class the strategy SRPT is 
applied. 

highest 
priority 

Poisson 
Input 

\Al 

I'~---- - --- - -- -----------', 
: Remaining service time TRj I ordered according 
I to the SRPT - stra tegy 
I ~ 

: SRPT 
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I"'~ __ _ 
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I 
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I 
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Fig. 2.1: Preemptive priority model with SRPT. 

For this reason the model has the classification 
Mi/Gi/l-PRE-SRPT which is characterized by two 
preemption mechanisms, tha t is first the preemp
tions due to the process ing of higher priority 
classes and second the preemptions by SRPT 
within each class. Other strategies e.g. the 
nonpreemptive priority strategy wi th the nonpre
emptive strategy SPT (Shortest Processing Time 
first) are treated in [5]. 

2.2 Analysis of the Mean Delay TDi 
For the considered model the mean delay time TDi 
for each priority class i will be determined. 
TDi is the mean delay of a message of class i 
between arrival and departure. The calculation 
of TDi is done in three steps [5]. 

a) Approximate Model for each SRPT Queue 
Due to the fact that the SRPT strategy is based 
on a strict preference of the message with the 
shortest remaining service time, the processing 
within each SRPT queue may be interpreted as a 
new preemptive priority control with a priority 

" arrangement according to the value of the re
maining service time. An approximate priority 
model is constructed by dividing the time axis 
presenting the service time into m equidistant 

domains with the time slot T. Thus a message 
whose remaining service time TRi satisfies the 
relation (j-l)T ~ TRi < jT belongs to subclass j 
of the new approximate priority model. For a new 
message the service time TBi corresponds to the 
remaining service time TRi. If a message starts 
out in subclass j it passes through all subclas
ses j,j-l, ••• ,l as its remaining service time is 
reduced until it "leaves the system. The exact 
solution is obtained as the limit of infinitely 
many classes and tIme slot T -+ O. 

approximate preemptive 
priority subsystem for class i highest 

(~ ~ - - - J,.- - - - -FIFa 7::J,,,:;~s 
I j:1 it _u ~ I 
I I subclass P, FO I 
I 'index A ;2 ~ I 
I j::2 ---000, ~ 
I FIFO I 
I . \..A jm nnn~ I I )::m - .. ---I I 
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Fig. 2.2: Approximation of the SRPT queue of 
priority class i by a new preemptive 
priority subsystem. 

The new preemptive priority queue, which is an 
approximation for the SRPT queue, is independent 
of the initial "priority system. Therefore the 
approximate model is called priority subsystem. 
Messages belonging to the domain 0 < TBi < T 
have the highest priority subclass and the 
messages of the domain (m-l)T ~ TBi < = the 
lowest (m-subclass) priority subclass. The ap
proximate model for the SRPT queue is shown in 
fig. 2.2. Within each priority subclass 1J 
(index i shows the original priority class and j 
the subclass belonging to the value of the 
service time) the strategy is FIFa. Through this 
approximation the complete priority system with 
SRPT is transformed into a new priority system 
with internal priority subsystems containing 
only FIFa queues. 

For each priority subclass within each approxi
mate priority subsystem i the input intensity 
Aij has the following form: 

Aij = Ai qij 

jT 
f fBi(t)dt 

( j-l)T 

with the new distribution 

fBij(t) { ~8i(t)/qiJ 

(2.1) 

(2.2) 

for each subclass: 

for (j-1)T < t < jT 

otherwise 
(2.3). 

The corresponding service time for each subclass 
is now called TBij. The basic load for each 
subclass is: 
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(2.4). 

b) Mean Delay for the Approximate Model 
For the approximate model the mean delay time is 
determined by applying the classic priority 
approach [4], [3]. The mean delay time for a 
message of the class ij is given by: 

(2.5) 

with the mean initial waiting time TWij as the 
mean waiting time of a message from entry to~he 
first service and the mean completion time TCij 
as the mean time from the first service to the 
departure of the message. Due to the fact that 
for the mean initial waiting time TWij preemp
tions in higher priority classes are not essen
tial, TWij may be calculated exactly as for the 
case with no preemptions. TWij may be expressed 
by the following sum: 

TWij = TEij + TG<i + TN<i + TGij + TNij (2.6) 

with the mean remaining service time TEij of a , 
message which betongs to a priority class higher 
than i or to a subclass higher than j. A 
detailed calculation of TEij may be found in 
[5]. 

1 i-I Ai jT 2 
= - 1 Ar M2{TBr } + -- f t fSi(t)dt 

2 r=l 2 0 

A (jT)2 f fBi(t)dt + i-
2
-

jT 
(2.7). 

TG<i is the tptal mean service time of all 
messages found in the system upon arrival, which 
belong to the higher priority classes: 

i-I m 
TG<i = 1 1 PrvTWrv 

r=l v=l 
(2.8). 

TN<i is the total mean service time of higher 
priority messages which enter the queue during 
the mean waiting time TWij: 

i-I 
TN<i = TWij 1 Pr 

r=l 
(2.9). 

TGij is the total mean service time of messages 
found in the system upon arrival belonging to 
the observed class i, which have a shorter 
service time: 

TGij (2.10). 

TN·· is the total mean service time of messages 
wi~~ shorter service time of the observed class 
i, which enter class i during the mean waiting 
time TWij: 

j-l 
TN ij = 1'Wij I Piv 

v=l 
(2.11). 

The development of eq. (2.6) by using eqs. (2.8) 

to (2.11) and by eliminating the recursive form 
gives: 

TWij = TEij/(9i_1 j • 9i-1 j-1) (2.12) 

i j 

9ij = 1 - 1 Pr - 1 Piv 
r=l v=l 

(2.13). 

For the completion time the following expression 
is derived [5]: 

i-I 
TCij = L T/9i_1 v-I + 

v=l 
(bij - (j-1)T)/9i_1 j-1 

(2.14). 

Adding eqs. (2.12) and (2.14) results in the 
formula for the mean delay TDi' defined in eq. 
(2.5) of the approximate model !n fig. 2.2. 

c) Exact Formula for the Mean Delay 
The exact formula for the mean delay TDi is 
obtained by letting the number of FIFO classes 
within each priority class grow to infinity: 

lim TDij = TDi(bi) (2.15). 
m-cD 

The mean delay TDi (bi) for a message of length 
bi is then given by: 

1 i-I 
TDi (bi) = ----..::...----( L Ar M2{TBr } + 

i-I r=l 
2(1-1 Pr-PiP1(bi))2 

r=l 

2 
AiM2{TBi}P2(bi) + biAi(l-Po (bi))) + 

. bi dt f ----:~-
i-I o 

1-1 Pr-Pi PI ( t) 
r=l (2.16). 

In eq. (2.16), Po(bi), PI (bi), P2(bi) are the 
abbreviated terms of the formula: 

(2.17) 

denoting the distribution function of order h of 
the service time TBi. The final mean delay TDi 
is obtained by 

J TDi(t)fBi(t)dt 
o 

(2.18). 

A comparison of eq. (2.16) with the correspond
ing formula for a preemptive priority queue with 
FIFO within each class shows a similar structure 
[3]. 

2.3 Numerical Results 
In Fig. 2.3 the mean delay 

Mi/Mi/l-PRE-SRPT related to 
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time is shown for the case that the considered 5 
priority classes have the same input intensity 
Ai = A/5 and the same mean service time. The 
corresponding FIFO curves are presented in dash
ed lines for each priority class to allow a 
comparison. For the examples in this section the 
following equations are required: 

n A I i TB. 
i=1 A 

(2.19). 

A,. = A/5; TB. = TB 
I I 

number of 
, 

i I 
priority classes: n = 5 I I 
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Fig. 2.3: Modell Mi/Mi/1-PRE-SRPT 
Comparison of the mean delay for the case "all 
messages have the same input intensity and the 
same mean service time". 

The mean delay time for the queue with SRPT is 
generally better than for the queue with FIFO. 
The improvement increases with the offered traf
fic p and with the priority index i. The strict 
preference of higher priority classes by preemp
tive control causes a relatively higher popula
tion (offered traffic) of waiting messages in 
lower classes, which means that the SRPT selec
tion mechanism can be appl ied to more messages 
thus being more effective for lower priorities. 

In fig. 2.4 the mean delay time for the model 
Mi/H2i/1-PRE-SRPT with 5 priority classes i~ 
shown for the case that the input intensity Ai 
and mean service time TBi increase proportion
ally to i. The service time distributions are 
hyperexponentiill with the same coeffic ient of 
variation ci = 2.0. The improvement of SRPT in 
comparison with FIFO is in this case more 
distinct than in fig. 2.3, especially for high 
values of p. 

Ai = Ai/15 TB; = TB ·3il71 t----T-+---I---l 

TO.! . I 

TB. 
I 

number of 
priority classes: n = 5 

-SRPT --- FIFO 

o .2 .4 .6 

Fig. 2.4: Model Mi/H2i/1-PRE-SRPT 

.8 

/ 
/ 

Comparison of the mean delay for the case "input 
intensity and mean service time proportional to 
priority index i". 

3. ROUND ROBIN WITH SRPT: SRPT/RR 

One of the main disadvantages of the pure SRPT 
strategy is the necessity to preempt a job 
depending on the service time of a new arrival, 
which means that preemptions can occur at any 
time. Restricting preemptions and giving a job a 
maximum time slice before it is preempted leads 
to a new strategy: a combination of the SRPT and 
RR (Round Robin) strategy called: SRPT/RR. 

3.1 The SRPT/RR - Model with Overhead 

ARRIVAL 

r--:-----------l 
I I 
I 
I 
I 

ITR>CS 
I -- TR'CS ----__t_. ----

A 

min {TR.CS} 

QUEUE SERVER 

Fig. 3.1: M/G/1-SRPT/RR model with overhead time 
CV, maximum time slice CS, and remain
ing service time TR. 

Fig. 3.1 shows the M/G/1 model for the SRPT/RR 
strategy. Jobs arrive with the Poisson arrival 
rate A in a single server system, where service 
times are independent and identically distribu
ted according to a general distribution. If the 
server is idle the next job with the shortest 
remaining service time is selected. 

The model includes overhead as a constant setup 
time CV, which is needed every time a job enters 
service. A constant takedown time can also be 
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modelled by including it in CV, because the 
order is not of importance in this model. A job 
is then served for a maximum time sI ice CS. If 
the job requires more processing after it has 
received its maximum time slice, it returns to 
the queue, otherwise it leaves the system. The 
queue is sorted according to the remaining 
service time of the jobs. 

There are two ways of interpreting this system. 
First, one can say it is Round Robin with a 
queue sorted according to the remaining service 
time. Second, one can" view it as SRPT with 
preerriptions restricted to the end of a maximum 
time slice. 

3.2 Method of Analysis 
Fortunately the analysis of the SRPT/RR strategy 
is less complex than the analysis of the indivi
dual strategies with overhead. The methods used 
for those strategies can be combined without the 
need for the more complex parts of those meth
ods. The integrals are not as deeply nested as 
for the SRPT strategy with overhead [1] and the 
matrix operations of the RR strategy [6],[2] can 
be eliminated. 

The analysis for the mean delay with overhead 
TD* can be divided into two parts: the mean 
initial waiting time TW(b) and the mean comple
tion time TC(b) for the observed job B with 
service time b. 

The total mean delay is then obtained by a 
weighted integration with the probability densi
"ty function fB(t) of the service time random 
variable TB: 

0.1). 
o 

For the derivation of TW(b) the same approach as 
for the SRPT strategy with overhead [1] can be 
used: 

TE(b)/([l-D(b-)][l-D(b)]) 0.2) 

x 
D(x) = A J TB*(t)fB(t)dt 0.3) , 

o 
where TE(b) is the mean initial waiting time due 
to the R-job in service when the B-job with 
service time b arrives. D(x) is the total load 
due to jobs with service time TB ~ x and TB*(b) 
is the service time with overhead for a job with 
service time b, which consists of the service 
time b and the overhead for every time slice: 

TB*(b) = b + N(b)CV 

N(b) 

[x]+ 

[b/CS]+ 

smallest integer value greater 
than or equal to x 

I 

0.4) 

0.5) 

(3.6) • 

The derivation of TE(b) is similar to [1]. Two 
cases have to be distinguished. If the remaining 
service time of the R-job at the end of the 
present time slice is " smaller than b then the 
R-job ' is completed before the B-job, otherwise 
only the present time slice is completed. 

The formula for TE(b) contains the length R( t) 
of the last time slice of a job with service 
time t and the index N(t-b) of the time slice of 
a job with service time t after which the re
maining service time is less than b: 

TE(b) = AoCV2/2 + A J R(t)(CV + R(t)/2)fB(t)dt 
o 

b 
+ Ao(CV+CS)2/2 J (N(t)-1)2fB(t)dt 

o 

+ AO(CV+CS) J M(t,b) fB(t)dt 
b+ 

R(t) = t - (N(t)-l)CS 

M(t,b) 

0.7) 

0.8) 

0.9). 

The mean completion time TC(b) for a job with 
service time b consists of the mean completion 
times TCj, one for every time slice j=l ••• N(b): 

N(b) 
TC(b) = L TC j 

j=l 

I: 
TF.,TC, TOIl: T~C2 TQ;I- - - - - - -

.- -I·~·- -I·~· -------
-Icv--I -CS-"\-- ~vl CS I --Icvl CS I 
I. TCfbJ 

0.10) . 

I" TCM~I' ·If;'~ 
Ic~ CS I--SJ 

.1 
Fig. 3.2: Interval partition for completion time 

TC(b). 

The mean completion time TC· for the j-th 
interval consists of the time slice and overhead 
TFj and the mean waiting time TQj: 

1. •• N(b)-1 

L •• N(b)-l 

CV + R(b) 

0.11) 

0.12) 

0.13). 

Note that TFj = " TFj and TB*(b) = TB*(b) because 
the number of time slices for the B-job is 
deterministic. 

The waiting time TQj consists of the sum of 
service times with overhead for all jobs with 
service time TB < b- jCS that arrive during TF j 
and TQj, because these jobs are served before 
the next time slice of the B-job is assigned. 
These jobs arrive with the Poisson rate 
AFB(b-jCS) and have a mean service time with 
overhead TB*(TB < b-jCS): 

5.2A·4-5 
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b-jCS 
TB*(TB < b-jCS)FB(b-jCS) J TB*(t)fB(t)dt 

o 
0.15) • 

Solving the recursive equation results in: 

TQj = TFj D(b-jCS)/[l-D(b-jCS)] 

TCj = TFj/[I-D(b-jCS)] 

N(b)-l CV + CS 
CV + R(b) + r 

j=l 1-D(b-jCS) 

0.16 ) 

0.17) 

0.18) • 

Eqs. 0.2) and 0.18) complete the formula for 
the mean delay TD* eq. (3.1). 

3.3 Evaluation of SRPT/RR 
For the computational evaluation of SRPT/RR 
integrals have to be evaluated that are general
ly not given as closed formulas. The numerical 
method used is the same as in [1] for the SRPT 
strategy: the continuous distribution function 
is approximated by a discrete distribution and 
the integrals are then evaluated as sums. In the 
following diagrams all time dependent variables 
are normalized with respect to the mean service 
time, i.e. TD*/overtextTB, ~CV, and ~CS are 
used. 

TO ·1 TB 

10 

pCV :: 0.1 
CB :: 2 

10 ---
pCS 

Fig. 3.3: Influence of maximum time slice CS. 

For a given arrival rate, service time distribu
tion, and overhead time the remaining parameter 
which influences system performance is the maxi
mum time slice CS. Fig. 3.3 shows the influence 
of the maximum time sl ice CS. For small values 
of CS additional overhead time increases mean 
delay, for large values of CS the strategy tends 
to the non-preemptive SPT (Shortest Processing 
Time first) strategy. Inbetween these two ex
tremes there is an optimal maximum time slice 

CS opt • 

In view of fig. 3.3 and similar results for 
different service time distributions the maximum 
time slice should be chosen somewhat larger than 
the mean service service time assuming overhead 
in the range of 10-20 % of mean service time. 

TO *1 TB 

10 f----+----+----t---nf--t~,__:::1 

o 
9:: A·TB 

Fig. 3.4: Comparison of strategies. 

In fig. 3.4 SRPT /RR is compared to FIFO, RR, 
SPT, and SRPT with overhead CV and preemption 
gap CP [1]. To assure a fair comparison the 
optimal maximum time slice or optimal preemption 
gap was chosen for each strategy. FIFO and RR 
show a similar behavior with respect to mean 
delay, but with preemptions improving the per
formance of the RR strategy. The SPT strategy 
displays the possible performance improvement of 
mean delay especially for higher loads if the 
service time is known in advance. But the strat
egy coming closest to SRPT/CV/CP is the SRPT/RR 
strategy, which combines the advantages of the 
SRPT and RR strategy provided that service times 
are known in advance. 

A potential application area for this strategy 
in data communication networks is pack'et swi tch
ing. The packet length then corresponds to the 
maximum time slice and overhead corresponds 
mainly to the packet frame. In networks with 
virtual or static routing this strategy selects 
the next packet of the message with the least 
number of remaining packets. For an equal number 
of remaining packets the message with the shor
test last packet is chosen. In addition the FIFO 
rule is used to resolve ambiguity. To implement 
this strategy packets are numbered in reverse 
order for each message. Together with a message 
number and the length of the last packet the 
specific order within the queue for this strate
gy can be maintained. An additional advantage of 
this strategy is the preferential treatment of 
control messages, which are usually the shortest 
type of message. A simulation study is planned 
to investigate the behavior of this strategy in 
networks. 
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4. CONCLUSION LIST OF SYMBOLS 

The analysis of the SRPT strategy combined with 
priorities and the Round Robin strategy has 
shown that mean delay can be reduced consider
ably especially for the hyperexponential case, 
if the service time is known in advance. Intro
ducing external priorities allows overriding the 
internal priority mechanism based on the remain
ing service time, which is necessary for practi
cal applications. The combination with the Round 
Robin strategy on the other hand simplifies the 
preemption mechanism. 

Future research should investigate the possibil
ities offered by further combining these strate
gies as preemptive priorities with SRPT/RR in 
each priority class. Similar to [9] several pre
emption mechanisms have to be studied for this 
combination. 
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mean of random variable TX. 

second moment of random variable TX. 

Poisson input intensity for the complete 
system, for priority class ij, and for 
priority class i. 

service (processing) time random varia
ble for the complete system and for 
priority class i and subclass ij. 

probability distribution function of TB, 
and probability density function of TB, 
TBi, and TBij. 

mean service rate and coefficient of 
variation for TB and TBi. 

ac tual service time: service time with 
overhead, and actual service time for a 
job with service time b. 

basic load: load without overhead for 
the complete syste~ and for priority 
class i and subclass ij, 
actual load: load with overhead. 

total load due to jobs with TB ~ x. 

overhead (setup) time, and maximum time 
slice for Round Robin (RR). 

number of overhead times for a job with 
service time b. 

total delay for the complete system, for 
a job of priority class i, and subclass 
ij. 

total delay with overhead for the com
plete system and for a job with service 
time b. 

remaining service time for the complete 
system, and for priority class i. 

observed job with service time b. 

job in service with remaining service 
time r. 

initial waiting time: from entry to 
first service, for a job with service 
time b, for priority class i, and sub
class ij. 

initial waiting time for the B-job and 
for a job of priority class i due to the 
R-job in service. 

completion time: from first service to 
exit, for a job with service time b, and 
for a job of priority class ij. 

completion time, actua~ service 
and waiting time for the j-th 
slice. 
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time 


