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ABSTRACT 

We consider approximations for the moments of the 
delay in a GI /G /1 queue which are obtained by assuming 
that the idle time distribution is the same as the equilibrium 
excess distribution of interarrival time. The resulting 
approximation for the expected delay depends on the first 
three moments of the interarrival time and the first two 
moments of the service time. The approximation for the 
second moment of the delay uses one additional moment of 
each distribution. As a partial justification for such 
approximations we prove theorems about the behavior of the 
idle time distribution in heavy traffic, and about the 
monotonicity of the expected delay for the K 2/G /1 family 
with respect to the third moment of the interarrival time. 
Next we show how to improve the approximations. Finally, 
we present numerical results which show that such 
approximations work well for various queues with medium to 
heavy loads. 

1. INTRODUCTION 

The problem of finding bounds and approximations for 
the delay in the GI /G /1 queue has been extensively studied. 
Results which were obtained in the 1960s are summarized in 
Kingman [61. Those include the Kingman [5] and Marshall 
[10] bounds on the expected waiting time, and exponential 
bounds for the distribution itself. A current comprehensive 
survey of this area can be found in Daley et al. [4]. 

In recent years the need for algorithms for . performance 
evaluation of networks of queues led to renewed interest in 
approximations. Non-Markorian networks cannot generally 
be treated by exact analysis at the current state of the art. 
Kuehn [8] and Whitt [111, [12] developed methods to 
analyze non-Markovian queues by considering few (usually 
two) moments of the external and internal flows. Thus it is 
important to find out to what extent these moments 
determine the congestion and delays at the nodes (queues), 
and develop approximations which depend on few moments. 
Whitt [131, [14] addressed those issues. He found that the 
expected number in queue (and therefore also the expected 
delay) depends mainly on the first two moments of the 
service time, and on the first three moments of the 
interarrival time. The dependence on the third moment is 
negligible in heavy traffic, but quite pronounced for 
moderate loads. Approximations for the expected delay 
which do not depend on the third moment of the interarrival 
time, like that of Kraemer and Langenbach-Belz [7], work 
well for certain regions of" the parameters, but are off target 
in other regions. 

In the current work we pursue the idea that for long busy 
periods the subsequent idle periods tend to be distributed as 
the equilibrium excess distribution of the interarrival time. 

S.ince idle times are intimately related to delays, this idea 
Ylel~s approximations for the moments of the delay. In 
particular, the approximation for the expected delay depends 
on the first three moments of the interarrival time and on 
the first two moments of the service time. Notation is 
introd~ced in ~ection 2. The approximations are presented 
and discussed In Section 3. In Section 4 we show that the 
idle .. ti~es in the GI /M /1 queue indeed converge to the 
eqUIlIbrIum excess distribution of the interarrival time in 
heavy traffic. In Section 5 we show that for the family 
K 2/G/I the expected delay is a monotone decreasing function 
of the third moment of the interarrival time, when the first 
two moments are kept fixed. Numerical results for other 
families are presented in Section 6. A useful lower bound 
for the delay in H 2/G/l queues is obtained in Section 7. We 
introd~ce an. "improved" approximation for the expected 
delay In SectIOn 8. Finally, the results are summarized and 
discussed in Section 9. 

2. NOTATION 

. v.: e .denote by A ,B and I ~aria bles possessing the 
distrIbutIOns of the interarrival time, service time, and idle 
time, respectively. Let ai = E (Ai),bi = E (Si),i = 0,1, ... and 
let p = bl/a!> be the load coefficient. We always assume 
that p < 1, and that enough of the ai's and bi's exist. Let D 

denote a variable pos.sessing the stationary delay distribution, 
and let Y be a varIable whose distribution is that of the 
d~fference between an interarrival time and a service time. 
FInal~y, let a(s), b(s), and i(s) be the moment generating 
functIOns of A ,B and I, respectively. 

3. APPROXIMATIONS FOR THE MOMENTS OF THE 
DELAY. 

Lemoine presented in [9] relations between the moments 
of the delay and the idle time. They can be rewritten as 
follows 

j;(-I)j [r+l) E(Dj)E(yr+l-j) =.E(Y) E(I'+I) . (3.1) 
i-O J E(J) 

In particular for r = 1 and r = 2, one gets 

E(D) = E(y2) _ E([2) 
2E(Y) 2E(J) 

and 

E(D2) _ E(J3) + E(D) E(y2) _ E(y3) 
3E (J) E (y) 3E (y) . 

(3.2) 

(3.3) 

Formula (3.2), which appears in [10], gives rise to 

Kingman's bound E (D) ~ E (y2) 
.." 2E(Y)· 

1.4-3-1 . 
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We examine the approximations which are produced by 
assuming that I is distributed as the equilibrium excess 

distribution of A . Specifically, we replace E (I') by (r~;;al 
in (3.)). In particular, we define by substituting in (3.2) 
and (3.3) 

a2 - 2a lb l + b2 
dj = 2(al - bl) 

(3.4) 

a3 - 3a2bl + 3a lb2-b\3.5) 
2(a I-bl) 

and proceed to check the behavior of the approximations 

E (D) - dj (3.6) 

and 

(3.7) 

Clearly, (3 .6) and (3.7) are exact whenever the interarrival 
time is exponential, or exponential with an atom at 0, i.e. for 
the M /G /1 queue, and the M /G /1 queue with batch arrivals, 
where the batches have a geometric distribution. On the 
other hand, there are situations where these approximations 
are completely off. For instance dj can become negative if 
a3 is large. 

Intuitively, one would expect that the approximations 
would work well if the busy periods a re mostly long, i.e. the 
heavier the traffic , the better the approximatiDn (except in 
the singula r case of the D / D /1 queue) . 

4. THE GI/M/ I CASE 

We prove the following theorem 

Th eorem 4.1 For a family of GI / M/I queues with a fixed 
intera rriva l time distribution , the idle time distribution 
converges to the equilibrium excess distribution of the 
intera rriva l time when p - I. 

Proof Following [3], formula (5.194), we have 

b- I (I-a(s » - (J. i(s) = --.:..1 _____ _ 

S - (J. 

where (J. is the unique solution in the interval (0,1) of the 
functiona l equation 

(4.1) 

It is well known (see a lso the proof of Theorem 4.2) that 
when p - I, (i .e. b l - a ),) then (J. - O. Thus 

lim i(s ) 
p- I 

- a (s ) 

But the right hand side is the equilibrium excess distribution 
of A . This completes the proof. 

For the mean delay we can prove the following 

Th eorem 4.2 Under the conditions of Theorem 4.1 we have 

E(D) = dj + o (\-p) 

1.4-3-2 

Proof Using the expansion 

a (s) = I - a s + !!2. S2 + ~ S3 + ... 
I 2 6 

equation (4.)) can be rewritten as 

h«(J.) = al(l-p) 

where 

(4.2) 

(4.3) 

Following [2], we have that if y = h(s) , then the inverse 
function s = h- I (y ) has the following expansion 

(4.4) 

Putting y = al(l-p) in (4.4), and using (4.2) we get 

2al 4 a ta3 
(J. = - (I-p) + - -- (I_p)2 + 0«I-p)3) (4 .5) 

a2 3 a1 

or 

Thus 

But it well known that 

E (D) = «(J.) - I - bl> so by substituting (4.6) we get 

a2 - 2a lb l(J-p) a3 () 
E(D) = --+0 I-p . 

2a I (I -p) 2a2 

Finally, since a I (I -p) = a'l - b I> and b2 = 2b t for the 
exponential distribution , we get by comparing to (3.4) 

E(D) =dj + O(i-p) . 

This completes the proof. 

5. THE K 2/G/1 CASE 

Following [3], we denote by K2 the family of 
distributions whose moment generating functions are 
rational , with the degree of the denominator being at most 2. 

" £XI (s) 
Thus for thIs famIly a (s ) = -(-) , where £XI (s) = us + V 2 

. £x2 S 

a nd £x2 (s) = S2 + V I S + V 2' This three parameter family 
includes as subfamilies H 2, and E 2, the exponential , as well 
as other distributions . 

If we consider subfamilies of K2 for which the first two 
moments are fixed, then we get for all cases, except for the 
exponential distribution (as we will see later) , a one 
parameter family, where the parameter can be taken as the 
third moment. We prove the following 

Theorem 5.1 For the family K 2/G /1, if the first two 
moments of the interarrival time and the service distribution 
are kept fixed, then E (D) is a monotone decreasing function 
of the third moment of the interarrival time. 
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a· 
Proof Let qi = 7,- , ;-1,2,3. It is somewhat more 

I. 

convenient to use the qjS instead of the ajs. Differentiating 
the identity 

three times, and each time evaluating at s = 0, we get three 
equations, from which we solve v), V2, and q3 in terms of 
u,q), and q2 

Uq 2-ql uql-I uqi-2qlq2+qr 
VI = --2-;V2 = ---2 ;q3 = ------. (5.1) 

q2-ql q2-ql uql-l 

It is easy to verify that uql - 1 = 0 if and only if 
q2 - q f = 0, and that happens if and only if the interarrival 
distribution is exponential. But in that case q3 and u are 
constants, and there is nothing to prove. So from now on we 
assume that q2 - qf ~ 0 and uql -I ~ O. 

By differentiating (5 .1) we get 

dq3 = _ 

du [~j2 uql -I 
< o. 

Thus q3 is strictly decreasing as a function of u. We 
complete the proof by showing that E (D) is strictly 
increasing as a function of u. 

By [31, formula (5.205) we have 

P [a 2+b2 al '(O) a2'(0) 1 -I 
E(D)= b\(J-p) -2-+b \ a\(O) -al a2(0) +0 , (5 .2) 

where 0 is the (unique) positive root of 

a(-x)b(x ) = I . 

Substituting (5 .1) into (5.2) and collecting terms we get 

2 
E (D) = c - u q 2-q \ + 0- 1 

uql-I 

p a 2 + b2 q\ . 
where c = --- --- - -- IS a constant 

bl(\-p) 2 \-p , 

not dependent on u. Thus 

dE (D) = 

du 
q2-q r _ 0-2 !!.i. 

(uql-I)2 du 

The proof will be completed if we show that 
_ 2 

d o < 02 q 2 q\ 
du (uq \-])2 

(5 .3) 

(5.4) 

(5 .5) 

a 2(-0) 
Solving b (0) - --- for a non-zero root is equivalent to 

- a\ (-0) 

solving 

b·(o) = a·(u,o) (5.6) 

1.4-3-3 

where 

b.(O) = I-b (0) and 
o ' 

-0(q2-qf) + (uql-])ql 

-UO(q2-qf) + uql-l 

Note that b·(s) - blb(s), where b is a 'moment generating 
function. Thus b·(s) is strictly decreasing, and b·(O) ;,.. bl' 

By the implicit function theorem we get from (5.6) . 

do oa· [db. oa.j-I 
= (5 .7) dt: a;; --;n - w-

Calculating the derivatives we get 

oa· = ___ -_0_2(_q_2-_q_f_)_2 __ 

ou (-uo(qCqf) + Uql-])2 
and 
oa· '"" __ (-,-q_2-_q_f_)_(U_q_I_-_I_)2 __ 

00 (-UO(q2-qf) + uql-])2 

Consider the inequality 

db· oa· oa· 
--;n-W-<-W- ' (5.8) 

Detailed analysis of how the functions b· and a· intersect, 
which is left to the reader, shows that either both sides of 
(5.8) are positive (when q2 - qr < 0), or both sides are 
negative (when q2 - qf > 0) . Thus in both cases 

[~o· - 0:0· rl 

> - [ 0:0· rl 

Substituting in (5 .7), and noticing that ~:. is negative we 

get 

So (5.5) is satisfied, which completes the proof. 

6. NUMERICAL RESULTS FOR OTHER QUEUES 

We compared simulation results of Albin [11 for the first 
two moments of the delay of various queues, to those 
obtained by using approximations (3.6) and (3.7). Tables I 
and 2 summarize the comparisons for p = 0.7 and p = 0.9, 
respectively. 

Four service time distributions are used . The first two, a 
hyperexponential and a lognormal, have equal first and 
second moments, with the common squared coefficient of 
variation being c/ = 5. Their third moments, however, are 
quite different. The results of the simulations show that 
indeed for both these distributions the first moments of the 
delay are close, while the second moments are quite distinct. 
The other two service time distributions, an exponential 
shifted by a constant, and an Erlang of order 2, also have 
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Table 1 Comparison of simulation and approximation results for p - 0.7. 

S H2 - 5 LNOR-5 M+D - 0.5 E2 - 0:5 
A E(D) E(D2) E(D) E(D2) E(D) E(D2) E(D) E(D2) 

H2 - 3.1 Simulation 6.9 140 6.8 176 2.7 17 2.8 19 
Approximation 6.3 132 6.3 180 2.6 17 2.6 17 

M+D - 0.58 Simulation 4.5 73 4.4 101 0.75 1.9 0.75 1.8 
A pproxima tion 4.4 71 4.4 119 0.75 1.9 0.75 1.8 

Table 2 Comparison of simulation and approximation results for p - 0.9. 

S H2 - 5 

A E(D) E(D2) 

H2 - 4.6 Simulation 41 3800 
Approximation 39 3400 

M+D - 0.52 Simulation 23 1200 
A pproxima tion 22 1200 

equal first and second moments, with c/ = 0.5. However, 
unlike for the first pair, their third moments are-pretty close. 
Here, as expected, the simulated results for both fir~t and 
second moments of the delay differ very little between the 
two distributions. Two interarrival time distributions are 
used for each p, one being a hyperexponential, and the other 
a shifted exponential. Thus we have a variety of 
combinations of interarrival and service distributions, which 
hopefully cover a sizable 'portion of "real life" situations. 
The load range of 0.7 to 0.9 corresponds to medium to high 
traffic, a range where calculating delays is important. 

Observing the numbers in Table I and 2, we conclude 
that (3.6) and (3.7) work well for these .queues. 

7. A LOWER BOUND FOR £(D) FOR THE H 2/G/l 
QUEUE. 

Let 

with 0 < p < 1, and m I > m2' 

Clearly we have 

(7.1) 

i(s) = p. _1_ + (I-p.) _1_, (7 .2) 
I +mls 1 +m2s 

where p. is the probability that the customer which ends a 
busy period is followed by a "long" (exponential with mean 
111 J) interarrival time. 

Thus 

p ~ P (customer is followed by a "long" interarrival time & 
customer starts a busy period) = 

LNOR-5 M+D - 0.5 E2 - 0.5 
E(D) E(D2) E(D) E(D2) E(D) E(D2) 

39 3700 20 790 21 930 
39 3700 20 860 20 860 
22 1600 3.9 34 4.0 35 
22 1500 3.9 36 3.9 35 

P (customer is followed by a "long" interarrival time, 
given that the customer starts a busy period). P (customer 
starts a busy period). 

But 

. £(y) 
P (customer starts a busy penod) = E (n 

(see [10]) . 

Thus 

Define 

(7.4) 

Fr~m (7 .3) it follows that if the denominator of the right 
hand side of (7.4) is positive, then 

p. ~ ji . (7.5) 

But 

£([2) m} + p·(mr-mj} 
2£(!) = m2+p·(m2-ml) , 

(7.6) 

and the right hand side of (7.6) is monotone increasing in p •. 
Thus if (7.5) is valid, we get 

£([2) ~ m? + j(mr-mj} 
2£ (!) "" m2 + ji(m2-m.) 

This proves the following theorem 

(7.7) 

1.4-3-4 
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where p is given by (7.4). 

The importance of Theorem (7.1) is that it enables us to 
use an alternative approximation for E (D) when (3.6) fails 
due to a3 being very large. If a2 > 2ar, we can fit a H2 
distribution to the first three moments of A, and use the 
corresponding bound (7.8), in case where it is larger than 
value which is produced by (3.6). 

8. AN IMPROVED APPROXIMA nON 

The idea here is to take into account that some busy 
periods are short and the distribution of idle periods that 
follows may differ substan.tially from the equilibrium excess 
distribution of A. 

Specifically, the probability of having a busy period of 
length 1 is 

where FA and Fs are the distribution functions of A and S, 
res pecti vel y. 

The distribution of an idle period 11> which follows a 
busy period of length I is 

p(Jl~z)=p(Y~zIY>O) . (8 .2) 

The "improved approximation" follows by making the 
assumption that idle periods either follow a busy period of 
length I, in which case they are distributed as (8.2) , or else 
they are distributed as the equilibrium excess distribution of 
A. 

The problem with this approach is the resulting 
approximation for the expected delay depends on more than 
just a few moments of A and S . However, in many special 
cases it is possible to obta in the corresponding approximation 
for the expected delay. For example, for Cl/M /1, the 
expression for the delay depends on the usual moments of A 
and S, and also on a(b 1). 

Finally, Tables 3 and 4 present numerical results for the 
original and the improved approximations for H 2/M /1 
distributions. Table 3 has a 1 = 1 a2 = 13 and a3 varying, 
with p = 0.7. Table 4 has al = 1, a2 = 3, a3 = 16.2, and p is 
varying. 

Table 3 - Relative errors for approximations of E(D) for 
H2/M/l queues, with al - 1,a2 = 13,p - 0.7. 

Original Improved Kraemer, 
Q3 approximation a pproxima tion Langenbach-Belz 

254 0 0 0.40 

281 0 0 0.37 

313 0 0 0.33 

352 0.01 0.01 0.28 

401 0.02 0.01 0.21 

468 0.05 0 0.09 

565 0.15 0.04 0.13 

1032 0.68* 0.68* 1.39 

1946 0.40* 0.40* 2.67 

18287 0.05* 0.05* 4.11 

• These values were obtained by using the lower bound (7 .8). 

Table 4 - Relative errors for approximations of E(D) for 
H2/M/l queues with al = 1, a2 = 3, a3 = 16.2. 

Original Improved Kraemer 
p a pproxima tion a pproxima tion Langenbach-Belz 

0.4 0.30 0.05 0.15 

I 

0.5 0.12 0.01 0.13 

0.6 0.05 0 0.11 

0.7 0.02 0.01 0.08 

0.8 0.01 0.01 0.06 

0.9 0 0 0.03 

9. SUMMARY AND CONCLUSIONS 

We presented various approximations for the first two 
moments of the delay, and obtained theoretical results for 
special cases. At the penalty of using an additional moment 
of the interarrival time we get approximations which seem to 
work well in those ranges of load and peakedness which are 
of interest to practitioners of traffic theory. 

1.4-3-5 
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