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Abstract 

An asymptotic approximation analysis method 
is proposed here for evaluating closed type 
queueing network models with nonpreemptive pri
ority scheduling. By limiting the number of 
classes to two, service station with nonpre
emptive priority scheduling are separated into 
real servers , which process high priority service 
requests, and shadow servers, which process low 
priority service requests. This is done t o 
reduce the system models to BCMP queueing network 
models. Service rates for real servers and 
shadow servers are asymptotically determined 
using virtual holding and super request concepts. 

Comparison among exact solutions (numerical 
analysis), simulation results and the results of 
our analysis, shows that our method produces 
better approximations than those using other 
scheduling disciplines. 

This method can also be applied to models 
with an plural number of preemptive and non
preemptive priority scheduling service stations. 

1. Introduction 

Mult ic,lass models [1 'V 3], such as those t hat 
execute conversational and batch jobs concurrent
ly have been analyzed by queueing networks [4 'V 6] 
under the same priority a ssumption for every kind 
of job. But recently developed theory dose not 
allow solution of these models when priority 
service disciplines are present. Many approxima
tion techniques [7'V 16] have been proposed for 
central server models with priority. Most of 
these dealt with preemptive priority. Only a few 
studies [7, 15] analyzed nonpreemptive priority 
by flowequivalent methods which use aggregation 
of portions of the model. Though aggregation is 
computationally advantageous, it does not capture 
the interaction between individual portions. 

Priority scheduling has been studied using 
techniques other than approximation. These can 
be seen in the studies of combined interactive 
and batch jobs, where jobs are scheduled by 
dynamic priority discipline [17], in an analysis 
of central server models, where optimal sched
uling was determined [18], and in the analysis 
using the idea of the first passage [19]. 
Unfortunately, these analytical techniques have a 
disadvantage: the Markovian balance enquation must 
be solved directly. Therefore, if the scale of 
the model is increased even slightly, calculation 
becomes almost impossible. 

This paper proposed an approximate analyt
ical method for queueing network models with 
nonpreemptive priority scheduled service sta-

tions. For the preemptive method, Reiser pro
posed approximation analysis to evaluate central 

server models [8]. In his model, contentions 
between different types of requests are con
sidered only at one service station (CPU); other 
stations (Terminals) are free from such a con
tention. Sevcik extended Reiser's approximation 
technique for terminal stations which show such 

a contention [9]. 
This paper extends Servcik's real and shadow 

server method further, to evaluate nonpreemptive 
priority models using a Virtual holding concept. 
High and low priority requests affect each other 
at a nonpreemptive priority scheduled station. 
Therefore, mutual influences must be considered. 
The new method separates the nonpreemptive 
priority scheduled stations into real servers 
and shadow servers for high priority and low 
priority requests, respectively. The original 
server is replaced with these two servers to 
reduce models to BCMP queueing networks. Serv
ice rates for real servers and shadow servers 
are determined using virtual holding and super 
request concepts. These concepts help derive 
the relation between server utilization factors 
for the original server and replaced servers. 
Service rates for real and shadow servers are 
calculated using this relation and the BCMP the
orem. 

Comparisons with exact solutions for a 
simple model and simulation results for an actual 
system model showed that this method is suffi
ciently useful for evaluating the influences of 
a scheduling method on system performance to re
place simulations. 

2. Analytical Model 

Consider a BCMP queueing network model 
restricted in the following manner: 

CD Two kinds of requests exist; high and 
low priority requests. 

GD Routing is a decision sequence made upon 
job arrival and after each service com
pletion. Such a transition conforms to 
a closed chain. The population of high 
priority requests in the first chain, 
and that of low priority requests in the 
second chain are represented by Nl and 
N2, respectively. 

Q) Requests are scheduled by a nonpreemp
tive priority discipline at a service 
station, i. High priority calls and low 
priority calls are respectively sched-
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uled by FCFS (First Come First Se~ed) 
discipline. 
The number of servers for nonpreemptive 
priority scheduled station i is assumed 
to be 1. Server holding time for both 
high priority requests and low priority 
requests is assumed to be distributed 
exponentially. If station i is shorted, 
this model reduces to a BCMP queueing 
model and can directly be analyzed by an 
ordinary program package [6]. 

3. Analysis 

3.1 Virtual Holding and Server Separation 
The service rates at the nonpreemptive 

priority scheduled station i are represented by 
~l and ~2 for high and low priority requests. 

Hereafter ~i1, ~i2, Pi1, Pi2, ••• are simply 
denoted as ~1, ~2, Pi, P2, .•• abbreviating the 
suffix i for station i . Similarly, server util
zation factors are represented by Pi and P2. 
Throughputs can then be expressed by Al = ~l P1 
and 1..2 = ~2 P2· -

At this station, high priority and low 
priority requests affect each other and cause 
time delays to arise. These delays can be 
represented by virtual server holding time ~hl 
and ~h2. These service time inflations are added 
to the original server holding time hi (= 1/~1) 
and h2 (= 1/~2) . That is, the average server 
holding times are considered to have increased 
to hi (= hi + 6h1) and h2 (= h2 + 6h2). conse
quently, the original service station, i, can 
be replaced -by stations i1 and i2, a s shown in 
Fig.1. Stations i1 and i2 execute high and low 
priority calls, respective~y. 

Service Station 

_~ Server ~ 
hi1' hi2 

@ high priority requests 

® low priority requests 

Fig,l Service Station i Replacement by Real Server 
and Shadow Server 

Server holding times for the new stations il 
and i2 are not exponentially distributed. If one 
assumes that they are exponentially distributed, 
and that virtual holding time is not much 
than the original service time, the new model 
reduced to a BCMP queueing model and can be 
analyzed by an ordinary program package, such as 
QNET 4 [5] and QSEC [6]. This approximation 
yields better results for smaller values of ~l 
and ~h2. 

3.2 Average Service Time for Real Server and 
Shadow Server 

Service time inflation for a high priority 
request waiting for the completion of a low 
priority request execution at original station i 
is represented by the virtual holding time of a 
high priority request at replaced station i 1 • 

Therefore, the server utilization factor, pi, for 
station il will be -larger than p, for station i 
by.as.much as the virtual holding time by a low 
pr10r1ty request. Letting this defference be 
Px: 

The average service -time for station il is 
expressed by hi. Since the throughput for the 
real server coincides with that of high priority 
requests for the original station, 

pi/hi = PI/hI • (2) 

Substituting Eq.(l) into Eq.(2), 

hi = hl(l + px/Pl ) . 

Similarly, let the -virtual holding time for 
t~e shadow server be pY .. The .utili~ation factor, 
P2' and the average serV1ce t1me . h2' for the 
station, i2, can be represented by 

pI 
2 

hI 
2 

P2 + Py and 

h2 (1 + p
y

/P2 ) 

Thus , both hi and h2 are expressed using 
Px and py • 

3.3 Probability of Virtual Holding 

(4) 

(5 ) 

Here, balance equations for the original 
station, i, will be solved to yield Px and Py. 
(1) Super Request Approximation for High Prior

ity Requests 
In considering the high priority requests 

that continuously hold the station, i, we not e 
that they can be gathered to from a single super 
request. The queueing system for high priority 
requests can then be reduced to a finite (one) 
popUlation model where state transitions between -
idle states and busy periods take place itera
tively. 
In the analysis for preemptive priority schedul
ing [8, 9], there is the assumption* that the 
population for high priority requests (Ni) is 
sufficiently large in contrast to 1. The same 
assumption holds here . 

The average idle time for a super request 
can be represented by 1/1..1. Where, Al represents 
an arrival rate for an original high priority 
call. 

Average service time (busy period) for a 
super request can be approximately derived as 
follows. The probability that a high priority 
request arrives at _station i when there are no 
other high prior~ty requests alr~ady at station i 
is 1 - PI - Px. That is, under the assumption 
NI » 1, the probability can be approximated by 
the probability that no high priority request 
exists at station i in equilibrium. This means 
that a super request (busy period) is an aggre
gate of the amount of 1/(1 - Pl - Px) high 
priority requests. Thus, the average service 
time , Wi, and service rate, ~f, for a super 
request can be represented by 

* Reiser and Sevcik represented the service rate 
for the shadow server-by ~2 = ~2(1 - Pl) for 
preemptive cases without assumption. This 
relation, however, can be derived from the 
assumption that Nl » 14 

3.4A-2-2 



ITC 11 Kyoto September 1985 

W = hl/(l - PI - px ) 

1Ji = l/W • 

(6) 

(2) Balance Equations and Solutions 
When solving balance equations for station 

i alone, the population of low priority r equests, 
N2' is assumed to be much lar~er than one. High 
priority requests are dealt wlth as super re-
quests, as was just defined. _ 

State variables, k and n, which represent 
the state of the sta~ion, it can be defined 

t
o: There is no high priority request 

at the station, 
k = 1: High priority requests are waiting 

(Virtual holding state), 
2: High priority request is being 

served. 

n: Number of low priority requests at the 
station. 

If k = ° or 2, then ° ~ n ~ N2, and if k = 1 
then 1 ~ n ~ N2. The probability that station i 
will take the state (k, n) in equilibrium, is 
defined as P(k, n). The normalization condition 
is represented by 

2 N2 
P(O,O) + P(2,0) + I L P(k,n) = 1 (7) 

k=O n=l 

The state transition diagram for station i 
is shown in Fig.2. From the definitions, the 
server utilization factors, PI and P2, and Px and 
Py, can be written as follows; 

1 1. 2 
I 
I 
I 
I 
I 

Prt" 
I 

I 
I 
I 
I 

I I 
I I 
I I 
I I Py <r 
I I P, 
I~ 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

/ 
------..,.,./ 

Fig,2 State Transi tion Diagram for Service Station 
(Approximated bt N2 » 1) 

N2 

N2 N2 
1. P(O,n) = 2 P(l,n) and (10) 

n=l n=l 

N2 

P = PI - P(2,0) =- 1. P(2,n) • 
y n=l 

There are 3N2 + 2 states in Fig.2. For each 
of these, the following balance equation can be 
derived under the super request assumption 

(A
I

+A
2

) p(O,O) = 1J
2 

p(O,l)+1Ji P(2,0) , (12) 

(A
2

+1J
2

) P(l,l) Al P(O,l) , 

1J
2 

P
i

(i,N
2

) = Al P(0,N2 )+A2 P(1,N2-1) , 

(1Ji+A2) P(2,0) = Al p(0,0)+1J2 P(l,l). (14) 

By summing up both 
stituting into Eq.(lO), 

sides of Eq.(13) and sub
Px can be derived as 

Al h2 
Px = 1 + Al h2 P2 . 

From Eq.(12), the first equation 
and Eq.(14), P(2,0) can be derived as 

of (13), 

A
l

(A
l

+2A2+1J2 ) (1-PI -P2 ) 

P(2,0) = Al1Ji+(A2+1Ji)(A2+1J2) 

Substituting Eq. (16) in Eq.(11), Py 
represented as 

can be 

1 (Al +2A2+1J2 ) (1-PI -P2 ) 

Py = Al {1J
l 

- Al 1Ji +(A2+1Ji)(A2+1J2) } . 

(16) 

3.4 The Relation Between Average Service Time 
and Utilization Factor 

'By sUbstituting Eq.(15) in Eq.(3), the 
average service time for the real server, hi, is 
derived as 

h P 
h' = h (1 + 2 2 ). 

1 1 hI + h2 PI 
(18) 

Similarly, substituting Eq.(17) in Eq.(5), the 
average service time for the shadow server can 
be represented as 

1J P 
h'=h[l+~{~ 

2 2 P2 1Jl 

(]..11 p1+2]..12 P2+]..12)(1-P1-P2 ) 

1Jl 1Ji P1 +1J2 (1J2 P2+1Ji)(I+p2 ) 
}] . 

Here, ]..1~ (= l/W) can be expressed from Eqs.(6) 
and (15) as 

1. P(2,n) ( 8) 
PI P2 h2 

1Ji = 1Jl (1 - PI - hI +P
1 

h2 ) 
n=O 

1 N2 
2 l P(k,n) , 

k=O n=l 

(20) 

Since the values for h1 (= 1/]..11) and h2 
(= 1/1l2) were given as model description para
meters, when Pi and P2 are determined the average 
service time, hi and h2, for the real and shadow 
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server can be calculated from Eqs. (i8) 'V (20) . 

3.5 . Asymptotic Approximation Method 

An asymptotic approximation analysis can be 
established to yield the values for Pl and P2. 
The initial values for pl(O) and P2(0) can be 
chosen arbitrarily so that the relation 0 ~ 
P1(O) + P2(O) ~ 1 holds. However, for quick 
convergence, it is better to use network analysis 
results , assuming PS (Processor Sharing) schedul
ing as the intial values for P1(O) and P2(O). 
. The analytical procedure can be described 

as follows 
Step 1: The iteration counter, k, is initialized 

to zero. Solving the model (where station 
i is assumed to be scheduled by PS) using 
BCMP theorem yields values for Pl(k) and 
P2(k), where k = O. 

Step 2 : After substituting Pl(k) and P2(k) in ' 
Eqs.(18) and (19), hi and h2 are then cal
culated. 

Step 3: Through the BCMP theorem, a solution is 
possible for the new model, where station 
i is replaced by the real server, the 
service rate of which is hl' and the shadow 
server, the service rate of which is h2. 
This yields the utilization factors, 
pi(k+l) and P2(k+l), for the real server 
and the shadow server, respectively. 

Step 4: From Eqs.(l), (4), (15) and (17), 
Pl(k+l) and Q2(k+l) can be calculated* 
using pi(k+l) and P2(k+l) given by Step 3. 

Step 5: If Pl(k+l) and P2(k+l) coincide to a 
sufficient degree of accuracy with Pl(k) 
and P2(k), then the analysis is complete. 
Otherwise, increase k to k + 1, and return 
to S'tep 2 . 

4. Case Studies and Considerations 

4.1 Comparison with Exact Solution (Two Service 
Stations) 

4.1.1 Model Descriptions 
In the two station model shown in Fig.3, 

there is no waiting time at station NO.2 since 
the number of servers is infinite. Thus, the 

N 
1------------2 -----------
I I 
I N, I 
I I 
I I 
L ___ III __ J 

Sche.duling Discipline: Nonpreemptive Priority at 
Service Station 1 

-----. high priority requests. 
---- low priori ty requests. 

Service Rate 

~11 = 20, ~21 = 2 

~12 = 12) ~22 = 1 

N,: Population 
N2 : Populat i on 

Fig.3 Example with 2 Service Stations 

* Numerical calculation, such as a two-dimen
sional binary search, will be necessary for 
the solution. 

model coincides with a finite source model with 
NI input lines for high priority requests and N2 
input lines f9r low priority requests. 

The balance equation, the number of which 
is 2Nl N2 + N2 + 1, can be solved numerically; .1 
approximation results can be compared with 
exact solutions. 
4.1.2. Comparison of ReSults 

The responce time sharacteristics are com
pared in Figs.4 and 5. Since. the responce time 
for Station 2 is constant, only the responce 
time for Station 1 is shown in Figs •. 4 and 5. 

N2 = 12 

u 0.15 
Cl) N2 = 1 
~ 
en ..... 
en 
Cl) 
::J 
e-
Cl) 

c::: 

~ 
L-
a 0.1 
L-
a.. 
.c 
Cl 

z 
L-
a ..... 
Cl) 

§ 
f-

~ 0,05 N2 : NUf!1ber of Input LInes for Low 
c:: PrIori ty Requests 
a 
5; 
Cl) 

c::: 
Asymptotic Approximation 
Exact Solutions 

5 10 
Number of Input LIne for Hiah Priority 
Requests, N, -

Fig.4 Response Time for High Priori ty Requests 

--' Asymptotic Approximation 
--- Exact Solution 

u 
~ 0.7 

en ..... 
V) 

~ 
e-
Cl) 

c::: 

~ 
L- 0.5 a 
L-
a.. 
3: 
a 
-.J 

L-

~ 
Cl) 

E 0.3 j:: 
(l) 

en 
c:: 
a 
5; 
~ 

0,1 

N2 : Number of Input Lines for Low Priori ty Request 

10 
Number of Input Lines for High Priori ty RequesL N, 

Fig.5 Response Time for Low .Priority Requests 
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With respect to these figures, the following 
considerations are possible. 

i) . Analytical errors of the response time 
for high priority requests, Tl, 
increase with N2. Similarly, analyt
ical errors concerning the response 
time for low priority requests, T2, 
increase with N2 . . 

ii) Analytical errors concerning response 
time for high priority calls, Tl, 
decrease as the population NI increases. 
The same applies for analytical errors 
concerning the response time, T2, for 
low priority requests. 

That is, virtual holding for low priority 
requests increases with increase in high priority 
request population. Virtual holding for high 
priority requests also increases, with increase 
in low priority request population . These 
increase the coefficients of variation for the 
real and the shadow servers. However, service 
time was approximated by exponential distribu
tion. This is the reason why phenomena similar 
to i) are caused and why the results turn out 
very favorable 

Trend ii) indicates that the trends in i) 
will be weakened with an increase of NI or N2. 
That is, if N2 is fixed and NI is increased, the 
portion of high priority execution increas es, and 
virtual holding for every high priority request 
decreases. Thus, service time for the real 
server shows a close exponential distribution. 
If NI is fixed and N2 is increased, the through
put for low priority requests increases, virtual 
holding for every low priority request decreases, 
and service time for the shadow server approaches 
a exponential distribution. 

In addition to what was just mentioned, Fig. 
3 shows that the analytical errors increase with 
a decrease in the service rate, ~il and ~i2, for 
Station 1. 

4.2 Comparison with Simulation Results (5 sta
t i on model) 

4.2.1 Model Description 
A queueing network model with five service 

stations is shown in Fig.6. Parameter values 
for this model are listed in Table 1. This is 
the system model for a scientific computation 
system with two kinds of processors, namely a 
CPU and CCP (Communication Control Processor). 

-- class 1 (chain 1) 
interactive job 
(high priority) 

----- class 2 (chain 2) 
batch job 
(low priori ty) _ 

Transition 
Probabi li ty 
(class j) 
Average Server 
Holding Time 
(class j) 

st.2 

r~JI1 
I 
I h21' h22 
I 
I 
I 
I 

I 
I 
I 

Interactive job population Nl : 

------------------------~ 
Batch job population N2 

Fig.6 System Model with Interactive and Batch Jobs 

The results of the approximation analysis 
are compared with the simUlation results by GPSS 
(General Purpose Simulation System) . These 
results were also compared with the results for 
other three scheduling methods. The following 
schedulling methods were selected for the two 
processors (CPU, CCP). 

CD FCFS (First Come First Served): by 
simulation. 

® PS (Processor 'Sharing): by BCMP queueing 
theory. 

Q) Preempti ve Priority Scheduling: by 
Sevcik's approximation and simulation. 

QV Nonpreempti ve Priority Scheduling: by the 
authors' approximation and simulation. 

Other stations (NOs.2, 3 and 4) are scheduled by 
FCFS. 
4.2.2 Analytical Results and Considerations 

Results are shown in Figs.7, 8. Observa
tions and considerations are listed here. 
(1) Comparison of Approximation and Simulation 

Results 
These results showed the present analysis 

to be very useful as an evaluation method to 
take the place of simulation. From Fig.7, the 

lable 1. Parameter Value Table 

Device No. of Average Server Average No. Transition 
Name Uni t (r i) Holding Time of visits to Probability 

hij Station i/Job Pij 
class 1 13.9 23.3 

Service Station 1 CPU 1 
class 2 21.2 809 

class 1 17:2 11.5 0.494 
Service Station 2 Drum 5 

class 2 17.2 251 0.310 

class 1 61. 7 8.4 0.361 
Service Station 3 Disk Pack 14 

class 2 61.7 410 0.506 

Magnetic class 1 55.9 2.4 0.102 
Service Station 4 9 

Tape closs 2 55.9 147 0.182 
Communication class 1 92.8 La 0.043 

Service Station 5 Control 1 
Processor class 2 2280 1.0 0.0012 
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Fig,7 Comparison of Response Time with Simulation 

preemptive 
priority 
(OPproxima-
tion) 

x preemptive priority } 
~ nonpreemptive priority Simulation 

Batch Job Population N2 = 2 

10L---~2----~4----~6----~----~---------

Interactive Job Population N, 

Fig.8 Comparison of Response Time with Simulation 

same trends for high priority requests as in the · 
previous example can be observed. 

In addition, the present analysis required 
5 'V 7 iterations for the solutions to converge to 
a three figure order. Two seconds were used for 
every iteration by computer (3. MIPS). However, 
simulation required 3600 seconds per data point. 

(2) Comparison among Several Scheduling Methods 
It can be seen in Figs.7, 8 that the present 

analytical results with nonpreemptive priority 
scheduling are closer to those for FCFS schedul
ing in a small Nl region. However, in a large Nl 
region, the results approach those of preemptive 
priority scheduling. 

The reason for this is that if population Nl 
is small, virtual holding for low priority 
requests is also small, and it is easy to provide 
the service with low priority .requests. However, 
·if population Nl is large, high priority requests 
consecutively hold the server in many cases. 
The chance that a low priority request can be 

.provide !or the server then decreases rapidly • 

4.3 Approximation Errors in this Analysis 

The analysis described above employed the 
following approximations to solve the model de
fined in Section 2. 

G0 The service times for the real server 
and the shadow server were approximated 
by exponential distributions. (§3.l) 

GDAssuming that the population for high 
priority requests, Nl, is sufficiently 
larger than one, high priority requests 
we·re approximately represented by super 
requests. (§3.3 (1)) 

® Assuming that the population for low 
priority requests, N2, is also suffi
ciently larger than one, the arrival 
rate of low priority requests at station 
i was considered to be independent of 
the state of the total system. (§3.3(2)) 

In an initial considering of the influence 
from CD, the service time for the real server is 
the sum of the original service time for a high 
priority request at station i and the waiting 
time for the completion of low priority request 
execution, namely a virtual holding. The same 
goes for the service time for the shadow server. 

Subsequently, the coefficient of variation will 
be larger than that of an exponential distribu
tion. Nevertheless, the service time is appro
ximated as in G0. Therefore, response time 
will be underestimated by approximation analysis. 
This underestimation tends to grow according to 
an increase in the virtual holding. The phe
nomenon shows that the greater the service time, 
hil, or the population, Nl, for high priority 
calls, the larger the aproximation error for the' 
response time, T2, for a low priority call will 
be. On the contrary, the more service time, 
hi2, or the population, N2, for a low priority 
request grow, the greater the error for high 
priority calls will be. 

The greater the populations ·, Nl and N2, for 
high and low priority requests, the better appro
ximations ® and Q) hold. Subsequently, the 
approximation errors caused from ® and ® can 
be expected to decrease, according to the 
increases in Nl and N2. 

In summary, the following considerations can 
be made. 

~ As population NI increases, the approxi
mation error for the response time, Tl, 
decreases. And as population N2 
increases, the approximation error for 
the response time, T2 , decreases. 

® As service time hil and hi2 decrease, 
response time Tl and T2, for low priority 
and high priority requests, decrease. 
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These considerations can be made certain from the 
case studies. 

5. Conclusion 

An asymptotic approximation analysis method 
has been proposed here for evaluating queueing 
models with nonpreemptive priority scheduled 
stations. This method dealt closed type queueing 
network ~odels which exexute two kinds of calls, 
where the workloads are different from each other. 

The important aspects of this analysis are 
as follows: 

GP ,Nonpreemptive priority scheduled stations 
were separated into real servers, only 
for high priority requests, and shadow 
servers, only for low priority requests. 
The original stations were replaced by 
these two kinds of stations. 

GD The relations between average service 
time for the replaced stations, and 
server utilization factors for high and 
low priority requests at the original 
station, were derived using virtual hold
ing and super requests handling concepts. 

@ Combining reduced model Q) and relation 
GD, the ,average service time for both 
the real and the shadow server were 
asymptotically determined. 

When the population for each chain is small, 
a direct numerical analysis for balance equations 
is possible . For large populations, however, the 
numerical analysis becomes too expensive . 
Thus , in this analysis, the populations for both 
high and low priority requests were assumed to 
be much larger than 1. 

However , case studies showed that, even for 
small populations , if the workload per request 
was small enough , the approximation holds well. 
Consequently , it became clear that this analysis 
was useful as an evaluation technique for compar
ing the performance of nonpreemptive priority 

scheduling with that for FCFS, PS and other 
, scheduling methods. 

This analysis could easily be extended ' to 
queueing network models which include both 
preemptive priority scheduled stations and non
preemptive priority scheduled stations. 
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