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ABSTRACT 

A loss system with a state-dependent Poisson 
arrival process, state-dependent probability of 
blocking, and homogeneous servers is shown to be 
insensitive to the holding time distribution. 
This model comprises all the classical loss 
systems. The model is generalized to cover multi
dimensional models of Erlang's loss system, Eng
set's loss system, the Negative Binomial case, 
the machine interference model, Palm-Jacobreus' 
formula, Erlang' s interconnection formula, the 
generalized Engset formula, the A-formula, etc. 
The mathematical derivations are elementary and 
easy to comprehend for switching engineers. They 
are based on results for Cox distributions and 
the well-known Erlang phase method. 

1. A GENERALIZED LOSS SYSTEM /1/ 

We consider a loss system with n homo
geneous servers, and define the state of the 
system to be the number of busy servers. The 
arrival process is a Poisson process the 
intensity of which may depend on the state of the 
system. The probability of blocking may also 
depend on the state of the system. 

When the system is in state y, the arrival 
intensity is denoted by ~" Thus the net 
arrival intensity of accep~ed calls in state y 
is: 

A A' • u(y) 0 $ y :s n (1) y y 

where u(y) 1 - w(y) • (2) 

u(y) is called the passage probability. 

1.1 Macro State probabilities 

If the state probabilities of the system are 
independent of the holding time distribution, we 
may obtain the state probabilities by assuming 
exponential distributed service times (intensity 
~ for every server). The state transition diagram 
of this system is shown in fig. 1. 

Under the assumption of statistical equi
librium we have the following state probabilities 

where P(O) is obtained from the normalization 
condition 

n 
E p(y) = 1 (4) 

y=o 

p(y) is equal to the proportion of time, the 
system spends in state y. These probabilities are 

1A-5-1 

in general different from the probabilities 
experienced by arriving calls. 

The time congestion may be defined as: 

n 
E = I: p(y) • w(y) 

y=O 

The state probabilities at call arrival 
epochs for all call attempts are obtained as 
follows: 

Q(y) 
n 

A' .p(y) 
y 

I: A! • P(i) 
i=O l. 

The call congestion becomes: 

n 
B = I: Q(y) • w(y) 

y=O 

(6) 

Other performance characteristics are also 
obtained from the state probabilities. Wallstrom 
/2/ has derived the distribution of the overflow 
traffic and its moments for an infinite overflow 
group (Kosten system). 

Fig. 1: State transition diagram of a generalized 
loss system. 

1.2 Cox distributions 

To prove that the above-mentioned model is 
insensitive to the holding time distribution we 
introduce Cox distributions (branching Erlang 
distributions). An example is shown in fig. 2. 
A Cox distribution has a rational Laplace trans
form and can be approximated arbitrarily close to 
any distribution function. 

In the sense of weak convergence /3/ a Cox 
distribution is equivalent to a general distri
bution. If we are able to prove that a system is 
insensitive to Cox distributions, then it is in
sensitive to any distribution. We are able to 
deal with Cox distributions by means of birth 
and death processes. This approach is simple to 
understand and is in accordance with the classic
al tools of teletraffic theory based on Erlang's 
phase method and statistical equilibrium. 
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Fig. 2: A phase diagram representation of a Cox-k 
dist~ibution. . 

The mean value of the distribution shown in 
fig. 2 becomes: 

k :" ~i k 
m= 2: 2: m. (8) 

i=l ll· i=l J. J. 

where i-l 
q. IT b 1 ~ i ~ k (9) 

J. v=o V 

is the probability of reaching phase i. 
m. = q./ll. is the contribution of phase i to the 

J. J. J. 
mean value. The relative contribution from phase 
i to the mean value is mi/m. 

The second moment can be written 

k i q . 
m = 2 • 2: {(. 2: ;.) --1:.} 

2 A. 
J.=l J=l J J. 

and Palm's form factor is defined as 

m2 e: =-
2 ' m 

l<e:<oo 

as 

(10) 

(11) 

Cox distributio~s are extremely useful in 
teletraffic theory /4/. They include the 
negative exponential distribution, Erlang distri
butions, hyper-exponential distributions etc. 
Fig. 3 illustrates a decomposition of an exponen
tial phase into a Cox-2 distribution /4/. By 
this decomposition a k-phase hyper-exponential 
distribution is easily transformed to a Cox-k 
distribution. An interrupted Poisson process 
(IPP) is equivalent to a two-phase hyper-exponen
tial distributed inter-arrival time /5/, which is 
transformed to a Cox-2 distribution. As the 
hyper-exponential distribution has e: ~ 2, whereas 
the Cox-2 distribution has e: ~ 1.5, we notice 
that a Cox-2 distribution is more general than 
an IPP arrival process. 

Fig. 3: Decomposition of an exponential distri
bution into a Cox-2 distribution. To 
obtain a true branching ,probability we 
must require that A ~ '\.l. 

1.3 Micro states 

We want to show that the above-mentioned 
generalized loss system is insensitive to the 
holding time distribution. By insensitive we 
mean that the state probabilities (3) depend only 
upon the mean holding time, but is independent of 
the actual distribution. 

We assume that the holding time distribution 
is a Cox distribution. To describe the state of 
the system we must not only know the number of 
busy servers y (macro states), but also th~ 
number of servers in phase i, y. (micro states). 
For a system with n servers andJ.Cox-k distributed 
holding times we get: 

k 
y = 2: y. 

i=l J. 
(12) 

If the system is insensitive, then every portion 
of the holding time has equal importance for the 
state probabilities. For a given holding time, 
·the probability of observing the server in phase 
i is proportional to the relative contribution of 
this phase to the mean holding time (~/m (8)). 
Thus we have a polynomial experiment WJ.th k out
comes. 

If the system is in state y, then this macro 
state is split up in a number of micro states 
given by the polynomial distribution: 

P{yIYl'Y2' ••• ,Y } =( y ) 
k Yl Y2 •.• Yk 

(13) 

where 
y y! ) = , (14) 

Yl Y2 ••• Yk Yl!· Y2! ••••• Yk· 

is the polynomial coefficient, and p(y) is the 
macro state probability given by (3). 

In appendix A we prove that these state 
probabilities fulfil the equilibrium equations. 

1.4 Examples 

In this section we mention some classical 
models, which are particular cases of the above 
model and thus are insensitive to the holding 
time distribution. 

A. Full availability: w(y) = 0 

·a.l: Erlang's loss system: 
I 

A = A 
Y 

a.2: Engset's loss system: 

A' = (N - y) • y 
y 

a.3: Negative Binomial model: 

A' = (N + y) • y 
Y 

B. Limited availability k: 

b.l: Erlang's interconnection formula: 

A' A y 

w(y) (Y)i(n) 
k k 

k -~ y ~ n 

w(y) 0 o ~ y < k 

1.4-5-2 

(15) 
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b.2: Gradings and link systems. 

Many methods of calculation only takes 
account of the total number of busy servers 
by using e.g. a passage factor. This goes 
for e.g. Jacobreus' method for link systems. 
In section 1.5 we consider a generalization 
of Erlang' interconnection formula. 

C. The machine interference model /6/,/7/ 

This is an example, where we interprete the 
model in a different way by interchanging the 
arrival process and the holding time process. In 
this way we get a waiting time system with a 
limited number of sources. We consider a model 
of n machines and m « . n) repair-men. We assume 
the operating time of a machine is exponential 
distributed (intensity ~) and that every repair
man services a machine at rate y. If we define 
the state of the system to be the number of ope
rating machines, then we get: 

A' y 
A' y 

m • A 

(n - Y)'A 

o ~ y ~ n-m 

n-m :s y :s n 

Thus the machine interference model is insensi
tive to the operating time distribution of the 
machines. The distribution of the waiting time 
for an idle repair-man is also independent of the 
operating time distribution. 

1.5 Generalization of Erlang's Ideal Grading 
(EIG) to several traffic streams with indi
vidual hunting capacity /8/ 
The assumptions of Erlang's ideal grading 

(also called Erlang's Interconnection Formula) 
(EIG) are as follows. The offered traffic is 
pure chance traffic type 1 (PCT-l). The system is 
in statistical equilibrium, and lost calls are · 
cieared. The number of trunks is n, and the 
availability is k. A call is allowed to hunt k 
different trunks, which are chosen at random • . 

If the system is in state y when a call 
arrives, then the probability that the call is 
accepted is given by the passage probability u(y) 
(2), where w(y) is given by (15)". In statistical 
equilibrium the state probabilities are given by 

p(y) 

where 

Q y 

Q
O 

AY 
~. y! 

n Aj 
E Q . . -:r 

j=O J J. 

y-l 
IT {l - w( j )} 

j=O 

1 

y 0,1, ... ,n (16) 

, Y 1, 2, ... , n 
(17) 

The arrival process is a Poisson process and 
therefore the time congestion E is equal to the 
call congestion B: 

n 
E = B = E w(j) • p( j ) 

j=O 
(18) 

We can generalize the above system to several 
traffic streams. We consider the following system: 

n = total number of (homogeneous) trunks 
g number of traffic streams 

Av = AV/~ = offered traffic (peT-l) from 

stream number V, V = 1,2, ••• , g 
kv availability of stream number V 

Ev time congestion for stream number V 

Under the assumption of statistical equilibrium 
we get the following equations: 

g 
(i+l)~'P(i+l) = { E A.(l-w(i,j»)}·P(i) (19) 

j=l J 

where i = 0, 1, ••• , n-l , and w(i,j) is the 
blocking probability for stream number j . when the 
system is in state i: 

P(O) 
tion 

w( i ,j) 0 0 S i < k. 
J 

w(i,j) = (:) If:) ,kj :s i S n 
J J 

is obtained from the normalization 
(4) • 
For traffic stream V the 

n 
E p(j) .w(j ,V) 

j=O 

congestion 

(20) 

condi-

becomes: 

(21) 

For g 1 or kv = k we obtain the ordi
nary EIG. We notice that the generalized EIG is 
insensitive to the holding time distribution. EIG 
gives the lower limit of the blocking probability 
for gradings with random hunting. The model is 
ego applicable to radio communication systems, 
where the customers have individual availability. 

The above system can easily be generalized 
to a system, where every traffic stream is a 
state-dependent Poisson process, i.e. to Engset 
traffic etc. 

In part 2 of the paper EIG is generalized in 
a different way. 

1.6 The single source model 

If we consider the case n = 1 server (fig.l), 
then this may be interpreted as a single traffic 
source having access to one server. Let the 
offered traffic from this source when it is idle 
be 

y == A/~ (22) 

where l/A is the mean inter-arrival time and 
l/~ is the mean holding time. It is easy to see 
that this model is insensitive for both the inter
arrival time distribution and the holding time 
distribution. We shall return to this example in 
part 2. 

1.7 Other works 

Many authors have lately dealt with the pro
perty of insensitivity in queueing theory. We 
shall only comment on a few works with a back
ground in teletraffic theory. In general, the 
approaches are highly mathematical and often 
based on generalized semi-Markov schemes. This 
holds good for the works of Konig et al /9/. 

An applicable approach was published by 
Basharin & Kokotushkin /10/. On the basis of a 
theorem of Kowalenko, they give necessary and 
sufficient conditions (Basharin's theorem) for 
insensitivity, a property which they call strong 
statistical equilibrium. Theses conditions are 
fulfilled for systems with state-dependent Poisson 
arriVal processes which are 'quasi full avail
able'. The conditions are similar to the 

1.4-5-3 
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conditions for V.E. Benes' thermodynamic model of 
telephone traffic. In /10/ it is also shown that 
the overflow traffic from insensitive systems is 
sensitive with respect to the holding time distri
bution. 

In /11/ Hordijk et al. showed that the semi
Markov process corresponding to fig. 1 has state 
probabilities, which depend on the holding time 
distribution only through their mean values. 

Henderson /12/ has also dealt with the sub
ject and given practical examples of insensitive 
systems. 

Cohen /13/ has given a survey of the subject 
with a historical background. 

2. MULTI-DIMENSIONAL LOSS SYSTEMS 

We consider a loss system with n homogeneous 
servers (trunks). This system is offered N inde
pendent traffic streams. Every traffic stream is 
a generalized loss system as described in part 1. 
The state of the system is described by the 
vector 

(Yl' Y2' ••• , YN) 
where Yi is the number of servers occupied by the 
i'th traffic stream. Traffic stream number i is 
allowed to occupy at most ni serv~rs: 

o < n' l. ~ n (23) 

If N 
L 

i=l 
n' l. ~ n (24) 

then we have N independent loss systems, and the 
state space is described by a multi-dimensional 
reversible Markov process /14/, which is insensi
tive to the holding time distribution. 

If we truncate the state space by con
straints as 

N 
L c. 'y. '< n 

i=l l. l. 

L c.·y. ~ n ~ n 
h:X l. l. x 

(26) 

where X is a subset of the N traffic streams, 
then the relative values of the remaining states 
are unchanged, and the system described by the 
restricted state space is still insensitive to 
the holding time distribution. 

Besides the passage probabilities of the 
individual traffic streams we may introduce a 
common passage factor for a set of traffic 
streams, which is a function of the total number 
of servers occupied by this set of traffic 
streams. 

The above model is useful for combining the 
traffic from several trunk groups 'onto one common 
group, for introducing virtual circuit protection, 
for investigating systems with re-arrangeme~t of 
calls /15/, for analysing systems with traffic 
streams with differing capacity requirements etc. 

Multi-dimensional models have previously 
been dealt with by a.o. Erlang & Arne Jensen /16/, 
Gimpelson /17/, Lam /18/, Aein /19/, Roberts /20/. 

2.1 Erlang's multi-dimensional loss system /16/ 

As an example we may consider a system with 
N PCT-l traffic processes (Al'~l)' (A2'~2)' 

, (AN' ~N)· 
We denote the offered traffic by Ai , = Ai/~i. 

Under the assumption of statistical equilibrium 
we get the state probabilities: 

Yl Y2 YN 

P(Yl'Y2' 'YN) 
Al A2 ~ C·-·-· .--, 
Yl! Y2 ! YN· 

where 0 ~ y. ~ n. 
l. l. 

and (25) is fulfilled. C is a normalization 
constant. 

(27) 

This is Erlang's multi-dimensional los·s 
system /16/. The probability of loss for a traf
fic stream is obtained by adding together approp
riate state probabilities. We may restrict the 
state space further by restrictions like (26). 
X may e.g. be the traffic streams which have 
access to occupy a trunk group (link) in a 
connection between two exchanges. 

An example of this is given in /21/. 

2.2 The A-Formula /22/ 

A simple N-dimensional case is obtained by 
using the single source model of section 1.6. Let 
us introduce the passage probabilities from 
Erlang's ideal grading (formula (2) & (15)) for 
the total number of calls. Then the system is 
described by the following parameters: 

Structure: N number of sources (dimension), 
n number of servers (homogeneous), 
k availability. 

Traffic: y(i) A(i)/~(i) = m(i)/~(i) 

~(i) 

m(i) 

offered traffic from source i 
when this source is idle, 
l/A(i) mean inter-arrival time 

for source number i, 
mean holding time for 
source number i. 

In general we have k ~ n ~ N. 
This system has the following state probabilities: 

~. 

p(y) 
n 

N y 
L ( IT 

1,2, ••• ,y i=l 
N 
L ( ~ 

(28) 

y(i) ) L ~. 
y=0 1,2, ••• ,y i=l 

The left side denotes the probability of finding 
a total of y sources busy. The inner summation 

N 
L 

1,2, ••. ,y 
is to be extended over all (N) combi

y 

nations of y sources. ~ is given by (17) & (15). 
The time congestion is gl.ven by (18). The call 
congestion for source number i becomes equal to 
the time congestion when this source is removed 
from the system. 

For k = n we obtain the Generalized Engset 
Formula of Cohen /23/. Many more details on 
micro states etc. are given in /22/. 

This model is insensitive to the inter-arriv
al time distribution and the holding time distri
bution, if the sources are independent. This is, 
however, only fulfilled for exponential distri
buted inter-arrival times! 

The above-mentioned system can be further 
generalized to several groups of inhomogeneous 

, sources with indi vidual availability for the 
groups (cf. section 1.5). 

1.4-5-4 
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2.3 Applications to simulation and traffic 
measurements 

In the above-mentioned systems we are free 
to choose the holding time distribution. When 
simulating these systems we should choose a con
stant holding time as this results in minimal 
variance of the observed statistics /11/. Simil
ar considerations are valid for traffic measure
ments. 

All other systems (e.g. O'Dell gradings, 
overflow systems) are sensitive to the holding 
time distribution. When the arrival process is 
a (state-dependent) Poisson process, then the 
worst case (maximum call congestion) is constant 
holding times. This is confirmed by the exact 
calculation of small gradings and extensive 
numerical simulations. 

If the Poisson arrival process is deformed, 
then the systems mentioned in this paper also 
become sensitive to the holding time distribution. 

If the arrival process is more smooth than 
the Poisson process, then constant holding times 
yield minimum call congestion. " 

If the arrival process is more peaked than 
the Poisson process (overflow traffic), then 
constant holding times yield maximum call con- " 
gestion. These results are confirmed in /24/, 
where exact numerical solutions are obtained for 
the queueing system Cox/Cox/n,m. For m = 0 
waiting positions we get a general full available 
loss system. 

For real loss systems (e.g. telephone net
works) a worst case is constant holding times. 
however, -che sensitivity is in general very 
small. 

The time-true simulation of loss systems 
using constant holding times has several advan
tages and no drawbacks /25/: 

- Worst case, i.e. maximum call congestion, 
- Minimum variance 
- Elimination of event scheduling, both for 

arri vals and departures, and, of course, 
- fast and exact generation of holding times. 
- time-true simulation has automatic dis-

connection of calls. 

For these reasons 'constant holding time'
simul~tion becomes more effective than the Markov 
Chain (rOulette) simulation method. The above
mentioned principles have been implemented in a 
software package SIMSOR for simulating large 
hierarchical telephone networks "/26/. 

2.4 Final remarks 

We have seen that all the classical tele
traffic models for loss systems are insensitive 
to the holding time distribution. As the calls 
are generated by a large number of independent 
subscribers, the arrival process is a Poisson 
process (Palm-Khintchine theorem). This explains 
why the teletraffic theory has been very success
ful in applications. 
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APPENDIX A 

In this appendix we show that under the 
assumption of statistical equilibrium the state 
probabilities P{yI Y1,Y2' ••• 'Yk} (13) fulfil 
the equilibrium equations. The general course 
of the proof is illustrated by the following 
example. 

We consider the state probability p(x) 
under the assumption of statistical equilibrium. 
After normalization of the equilibrium equation 
by p(x) we get: 

Flow in 

= "ratio" • "rate" 

Flow out 

= "rate" 

A 
v 

The course of action is similar to the one used 
in /22/. In the following we find the total flow 
in and the total flow out of the state 
p{yly

l
,y

2
, ••• ,yk }, and show that these flows 

are of equal size. 
Three different types of events give rise 

to state transitions: 
(1) acceptance of a call attempt, 
(2) phase shift in a service time, and 
(3) departure of a call. 

Every event results in either a flow in or a flow 
out. 

A.l An arriving call results in a positive 
holding time 

Lost calls have no influence upon the state of 
the system. Therefore we only consider accepted 
calls (net arrival intensity Ay)' We might also 
include the probability bo of the Cox distri
bution. However, for different reasons this is 

not done. 

a. Flow in: Fla 
State transition: 

p{y-l IYl -l,y2 ,···,yk } ~ 

p{ylyl ,y2 ,···,yk } 0 < Yl < Y 

Ratio ...!!!... • 
~ 

Rate A • b 
y-l 0 

Yl 
F =-. 
la Y 

...!!!... • 
lI). 

~ 
p(y) 

The mean holding time is 
(8) : 

m = 1:. and we have ].1 , 

= ql = b o 
lI). , ].11 ].11 

By inserting this we get: 

Fla = Yl • ].11 

b. Flow out: Flb 

State transition: 

p{ylyl ,y2 ,···,yk } ~ 

p{y+lIYl +l,y2 ,···yk } , 

Flb = Ay • bo 

A.2 Phase shift in the departure process 

(a.l) 

(a.2) 

The service time of a busy server shifts 
from phase j to phase (j + 1) (1 ~ j < k). The 
service continues in the succeeding phase. 

a. Flow in: F
2a 

State transition: 

p{yIY1'···'Yj+l'Yj+l-l,···,yk } 

p{yIY1""Yj'Yj+l""Yk } 1 < j < k 

Ratio - Yj+l • ~ 
- Yj+l mj +l 

_ Yj+l ].1j+l 1 
- y.+l ].1.' ~ 

J J J 

Rate = (y. + 1) . ].1 .• b
l J J 

By adding contributions from all existing 
calls under service we get: 

k-l Y'+l F
2a 

= E (:...J..!:!:. 
j=l Yj+l 

].1J+l . -.1...). (y. + 1) • ].1 .• b. 
l1j b j J J J 

~"';l 

j~lYj+l • ].1j+l 

k 

F2a = j~2Yj • ].1j 

b. Flow out: F
2b 

State transition: 

(a.3) 

1.4-5-6 
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P{Y\Yl 'Y2 ' ••. ,Yk} + 

P{Y\Yl ' ..• 'Yj-l'Yj+l+l, .•• ,yk }, 1 < j < k 

k 
F2b = .L y .• ~J .• b

J
. 

J=l J 
(a.4) 

(Notice that bk = 0). 

A.3 Departure process: a service time terminates 

In this case a service time terminates, and the 
state of the system is reduced by one. 

a. Flow in: F3a 

State transition: 

P{Y+l\Yl , ••• 'Yj+j, 

p{ Y \ Y l' ••• ,Y j , 

. ~ LtL.~ 
Rat~o = p(y) • y.+l 

Rs:te 

F = 3a 

m 
J 

Ay . LtL . 3i 
(y+l)·~ y.+l m 

J 

(y.+l) • ~ .• (l-b.) 
J J J 

k 
LA· m .• ~ .• (l-b.) 

j=l Y J J J 
k 

A • L q .• (l-b.) 
Y j=l J J 

1.4-5-7 

b. Flow out: F3b 

State transition: 

P{Y\Yl 'Y2 ' .•• ,Yk } + 

P{y~l\Yl' ••• 'Yj-l, ,Yk } 
k 

F3b = .L y .• ~J .• (l-b
J
.) 

J=l J 

A.4 Balance equations 

(a.6) 

We want to show that the total flow in: 

Fa = Fla + F2a + F3a 

equals the total flow out: 

Fb = Flb + F2b + F3b 

We get: 
k 

Fa = Yl • ~l + L y .• ~J. + A 
j=2 J Y 

k 
F = L y .• ~ + A • b 

a j=l J j Y 0 

k 

Fb = Ay . bo + j~lYj • ~j • bj 

k 
+ L y. • ~ . (l-b.) 

j=l J j J 

k 
Fb = I. y .• ~. + A . b 

j=l J J Y 0 

Thus we get: F = F 
a b 

q.e.d. 

• b 
o 


