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ABSTRACT 

In this paper a method is given for 
dimensioning circuit groups in digi
tal networks. The model described 
includes hierarchical and non-hier
archical networks, bothway opera
tion of the circuit groups, the mu 1-
tiplexing hierarchy of transmission 
links, and end-to-end blocking con
straints. This problem is solved by 
means of a heuristic procedure which 
takes into account both all traffic 
relations and the capacity of the 
transmission links in each step of 
the algorithm. 

1. INTRODUCTION 
An important task in planning the 
switching network consits in deter
mining the most economical number 
of circuits between any two switch
ing nodes. Literature gives a 
variety of dimensioning procedures 
developed for the application in 
analog networks. In digital networks, 
however, there are a number of new 
technical possibilities which have 
to be considered in the planning, too. 
For example, digital networks can 
assume a hierarchical as well as 
non-hierarchical structures. Further
more, bothway operation of the cir
cuit groups is possible and finally 
the multiplexing hierarchy of the 
transmission links, which has 30 
circuits in the smallest group al
ready, is to be taken into considera
tion. For the solution of this prob
lem in digital networks a mathemati
cal model is defined and a procedure 
is given in which, moreover, the 
grade of service is not defined by 
values indicating the allowed link 
blockings on final choice routes, but 
it is required that the end-to-end 
blocking value of each traffic rela-
tion does not exceed a certain given 
value. Examples illustrate the method 
applied and the respective results 
are discussed. 

2. THE MODEL 
For the network considered the follow
ing is given: 

- the set of switching nodes (the 
set of vertices of the model graph) 

V= Ivi/i=l, ... ,NI NflN 

- the distances between any to nodes 

1:1 \V x \V ~IR+:= lr f IR/r ~ 01 
(vi,v j )-+ l(i,j):= l(vi,v j ) 

- and the total traffic which is to 
pass from any switching node to 
any other switching node 

1
VXV -+IR 

AV: (vi,v j ) -+ A~(i,j):= AV(Vi,v j ) 

As the internal traffic of a switching 
node is ·not offered to the network, 
we set without loss of generality 

AV(i,i) = 0 'fI vif\V 

Definition 1: 
A tupel (vi,v j ) E V x W is called 
traffic relation with origin Vi and 
destination vj ' iff AV(i,j) > O. 
The set of all traffic relations 
is given by 

VB:=lvb(i,j): =vb(Vi,Vj)/Vi,VjEW,AV(i,j»ol 

and the quantity by K:= I\VBI. 

The hierarchy of the switching nodes and 
the method of setting up a call - infor
mation assumed to be known - determine 
the routes (represented as a sequence 
of nodes) on which the traffic AV(i,j) 
can pass through the network in order to 
get from origin v. to destination v .. 

1 J 

Knowledge of the traffic routes for all 
traffic relations implies that also the 
switching nodes are known ·which act as 
transit nodes, and that the set of 
links, i.e. the edges of the model 
graph 

lE : = I e i I i = I,..., M I M fiN, 
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is given as follows: 

Two nodes vi and Vj are incident to 
an edge in lE if and only if there is 
a traffic route in which vi is di-
rectly followed by Vj or Vj is di-
rectly followed by vi· 

For dimensioning a network, the traffic 
routing strategy applied must be known. 
However, the model can also be formu
lated independently of the strategies 
used since the effect of all strategies 
is the same in the following respect: 
Each of them provides a selection of 
traffic routes and specifies the con
ditions under which a traffic route is 
examined as to whether or not it can be 
occupied. This is referred to as 
"weight on the traffic routes". 

Definition 2: 
The set of all possible traffic routes, 
together with the weight on the routes 
induced by the routing strategy is 
called list of traffic routes. 

Of course, this list of traffic routes 
does not include information about the 
link capacities 

ni E IN utol = 10 ,1,2,3, .•. 1 
we are looking for. Notice that ni = 0, 

i = 1, ... ,M, is allowed, i.e. not all 
edges in E must necessarily be in
stalled. This is to be decided in con
sideration of the costs 

K.(n.) E tR ' i = 1, ••• ,M, 
1 1 + 

resulting from the installation of the 
edge ei with capacity n .. In addition, a 
grade of service is tolbe provided for 
which the condition is set up that 

the value of the end-to-end blocking 
EEBij of each traffic relation vb(i,j) 
is not higher than a given parameter 
(ij EIR. 

It is well known that EEBij depends on 
the link blockings 

xi € [O,lJ CIR i = 1, ... ,M, 

defining the probability P(e i is busy) 
of all circuits ni of e i being busy. 

The above conception is now illustrated 
by the following example. 

Example 1: 
In a non-hierarchical network with four 

switching nodes V = /vl,v2,v3,v41 two 
traffic relations vb(1,2) and vb(1,3) 
are given. The list of traffic routes is 
shown in Table 1. 

As can be seen from the table, the 
routing strategy (alternative with step
by-step routing) defines an order of 
the traffic routes for each traffic rela
tion induced by the conditions (column 
'weight') under which the traffic route 
is examined with regard to whether or 
not it can be occupied. The sign (-) 
indicates that this route is examined 
first without any conditions. The model 
graph thus defined is given in Fig. 1. 

AV(1.3) 
~ 
/" 

AV(l.2) 

Fig. 1 Example 1 

Table 1 List of traffic routes 

vb number nodes edges weight 

(1,2) 1 v 1-v2 e 1 -
2 v1-v3-v2 e 2-e3 e 1 is busy 

3 v1-v4-v3-v2 e 4-e5-e3 e 1 and e 2 are busy 

------ --------- ---------------------------------------------------
(1,3) 1 v 1-v3 e 2 -

2 v1-v4-v3 e 4-e5 e 2 is busy 
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The list of traffic routes also provides 
information to determine the EEB. j • For 
this purpose, we define the event1 

AWk(i,j) = (traffic route k of vb(i,j) 
is offered a traffic) , 

which represents the condition set up 
in column 'weight'. 

Formula for the EEBij 
The end-ta-end blocking of a traffic 
relation vb(i,j) which can make use 
of L different traffic routes is: 

L 
EEB iJ· = 1 - E P«AWk(i,j» and 

k=l 
(traffic route k is not busy»). 

For the calculation of these values we 
make th e us ual 

Assumption: 
P«e i is busy) and (e j is busy» 

= P(e i is busy) . P(e j is busy) 

V ei,e j E E, i~j 

which means that the events are sto
chastically independent. 

Thus, the model is as follows: 

Given 
- the (undirected) graph G(V,E) 

with the set of nodes Wand set 
of edges lE 

the traffic matrix 
AV = lAV(i,j)/v.,v. Ewl 
the distances 11= 11(i,j)/v i ,V j EW} 
the list of traffic routes 
the grade of service parameters 

3. THE HEURISTIC PROCEDURE 

Since the values Ki(n i ) depend also on 
the transmission equipment which is part
ly not known before the transmission 
network is calculated, the problem (B) 
can hardly be solved in its given gener
ality. That is why we make, as .usual, 
the following approach 

Ki (n i ) =: c i · ni i = 1, •.• ,M, 

which, however, requires an adaptation 
of the factors c i to the given situation 
by an iteration between switching and 
transmission network optimization ([3]). 

The functional relations between ni' x. 
and traffic Aj offered to ej result 1 
from the traffic theory applied. If A. 
is Poissonian, the relation is given 1 
by the Erlang formula 

A.
n
i0

ni 
x. = E(n.,A.) = _1_,_ ~ 

1 1 1 ni • j=O 

It is well known that, if the traffic 
offered has other stochastical attrib
utes (for example overflow traffic), the 
relations are much more complicated. To 
dimension a link which is offered non
Poissonian traffic, Wilkinson proposed 
the "equivalent random method" [5J, 
which is widely used in the procedures 
for planning a switching network. 

E i j E [0, 1] C IR V v b ( i , j ) E \' B 

Applying this method one has to distin
guish between links offered Poissonian 
traffic and those offered overflow traf
fic. To meet the different dimensioning 
functions and the end-ta-end blocking 
constraints in the procedure given by 
Blaauw [2] the whole problem is divided 
into the dimensioning of the 'high usage 
links' on the one hand and into the di
mensioning of the 'final choice links' on 
the other. Since the problem dealt with 
here can hardly be decomposed especially 
when bothway operation of the links is 
considered, we suggest now another method: 

- the costs for switching and trans
mission equipment 

Required 
the number of circuits ni = 0 mod 30, 

V e i E E, resulting as the solution 
of the problem 

(B) 
Minimize C 

subject to 

EEBij ~ E •• 
1J 

V vb(i,j)E\VB 

Each traffic offered to a link is 
set to be a Poissonian traffic, with 
overflow traffic being replaced by a 
Poissonian traffic with a higher mean. 

This is done by applying a function AE 
that depends on the traffic offered to 
the traffic route the overflow traffic 
comes from, the probability that the 
traffic overflows, and the blocking of 
the link to which the overflow traffic 
is offered. 

Although being only a kind of I-moment
method for dimensioning the links, this 
approach offers the advantage that no 
further decomposition of the problem 
(the network) is required. (When setting 
up function A each overflow traffic was 
described by Ean Interrupted Poisson Pro
cess [4J. Thus, also the higher moments 
were taken into account). 
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Each of the A. can now be represented 
as a function 1 0f the values given in the 
traffic matrix and the blocking vector 
x = (xl, •.• ,xM), i.e. Ai = Ai(AV,x). 
Since the end-to-end blockings are also 
functions of x, we can use xi' i=l, ... ,M, 
as independent variables of our problem 
(B). The number of circuits is then cal
culated by applying the Erlang formula 
for which an 'inverse function ' nn(Ai~xi) 
of E(ni,A i ) was determined. 

For solving (B), the use of a nonlinear 
optimization method seems to be obvious, 
which, however, involves problems arising 
from the fact that the objective function 
is 'highly' nonlinear, nonconcave and non
convex. Moreover, in contrast to the prob
lem solved by Berry [1], we have to 
choose nj e 0 mod 30, which may have the 
consequence that, when observing this 
condition, the next point x determined 
by using the optimization method, leads 
to higher costs C. 

For these reasons, a heuristic procedure 
has been developed, the main step~ of 
which are indicated in the followlng: 

1. Choose a feas~ble point XE [O,l]M, i.e. 
a point meeting the constraints 

EEBij(X) ~ (ij 'rf vb(i,j) E\VB 

2. Calculate the 'flow ' in the network, 
i.e. the traffic offered to each link 

3. 

Ai(AV,x) 'rf e i E lE 

Calculate ni nn(Ai,x i ) 

M 
and C L ci . ni i=l 

If ni = 0 mod 30 

and x feasible go to step 4. 

If not, choose an appropriate, 
feasible x and go to step 2. 

'rf ei ' lE 

4. "Heuristic for improvement" 

Examine for each traffic relation 
vb(i,j) whether a reduction of the 
costs C can be achieved by another 
distribution of the traffic AV(i,j) 
to the different traffic routes. 
If no traffic relation was determined, 
go to step 5. 
Otherwise choose x as proposed and 
go to step 2. 

5. End with the best solution 

x(opt), n(opt), C(opt). 

A basic problem arlslng in solving (B) 
is that the total number of circuits 
required depends on the flow distri
bution in the entire network. This is 
illustrated in the following example. 

Example 2: 
A traffic relation vb(1,3) with AV(1,3) 
= 80 Erl. can make use of two routes. The 
first route uses the edges el and e2 and 
the second one the edges e3 and e4 ,the 
latter being chosen only if edge e l is 
busy. The required grade of service is 
(13 = 0.55 and the costs per unit are 
cl = c2 = 1 and c3 = c4 = 1.5. 

3 4 ~ AV(1,3) ~ 
-- I ;? ! 

1 -2 

Fig. 2 Example 2 

The grade of service is achieved if the 
traffic is carried only on one route 
(e.g. the second one, cf. Fig. 3) which 
has 60 circuits per edge. 

~ o 0 

Fig. 3 Feasible solution, C = 180 

In contrast, this does not apply to the 
solution shown in Fig. 4, since 
EEB13 ~ 0.66 > \3 although the number 
of circuits is the same as in Fig. 3. 

~ 
30 30 

Fig. 4 Un feasible solution 

In a mathematical optimization procedure 
it is determined by which direction and 
steplength a given solution is to be 
modified in order to achieve an improve
ment of the solution. 
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Due to the multiplexing hierarchy of the 
transmission links a "steplength" is 
given as a number of circuits which in 
our case is a multiple of 30. Further
more the solution can be modified 
only'by adding or removing circuits 
on at least one edge, i.e. by "rerouting 
the traffic". Even if the right direction 
is chosen temporary increases in costs 
cannot be excluded. Under the condition 
that exactly 30 circuits per edge are to 
be installed on the first route, the un
feasible solution in Fig. 4 of example 2 
leads to the feasible but more expensive 
solution in Fig. 5. 

~ I 2 3 

30 30 

Fig. 5 Feasible solution, C = 240 

Another rerouting of 30 circuits from 
the second to the first route yields 
the optimum solution. 

~ o 0 

1~2~3 

Fig. 6 optimum solution, C = 120 

If the procedure presented here i~ . 
applied to this example the solutlon ln 
Fig. 5 is not taken into account. Based 
on the feasible starting point 

xl = x2 = I and x3 = x4 = 0.2 (step 1), 
the algorithm (step 2 and 3) calculates 
as the first feasible solution the one 
shown in Fig. 3. The heuristic for 
improvement indicates that when using 
the first route costs can be reduced 
("direction"), and determines a total 
of 60 circuits as one "steplength", 
which immediately leads to the optimum 
solution (Fig. 6). 

In more extensive examples with several 
traffic relations, however, more expen
sive interim solutions (cf. Fig. 5) 
cannot be avoided due to the mutual 
interference of the traffic on common 
edges. That is why the algorithm does 
not represent a method of descent as far 
as the costs are concerned, although it 
allows the effects of the flow distribu
tion on the overall network to be ob
served quite well. 

4. APPLICATIONS 
This algorithm was applied to a number 
of network examples which differed from 
one another w1th respect to their struc
tures, the number of nodes (N), edges (M), 
and traffic relations (K). In these exam
ples the dependence of the solution on 
the starting point selected was examined. 
The result was that various solutions 
were obtained which, however, normally 

. differed only slightly. The time needed 
for calculating the first feasible solu
tion mainly depends on the number of 
traffic relations and edges (cf. steps 2 
and 3 of the algorithm). In an example 
with the values K = 1550 and M = 820 
not more than 60 secs. were required on 
an IBM 8031. The calculation time for 
the remaining iterations is shorter 
since in these cases only the number of 
traffic relations whose traffic was re
routed must be taken into account. 
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